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Abstract

We present an exploration of the stability of long-range propagation through random media. As a
ray travels through a medium, it encounters variations which cause slight changes in velocity. Sound in
the ocean, for example, propagates through varying temperature and salination. Over long ranges, these
variations cause the ray to become chaotic. In order to determine the behavior of the ray, the evolution of
its stability matrix must be studied. Through creation of an adaptive step-size Runge-Kutta differential
equations solver, we examined the stability matrices of several hundred rays to determine the transition
with increaing propagation time between stable propagation and chaos. Our findings suggest the timing of
the transition is dependent on the initial kinetic energy in proportion to the average maxima and minima
of the randomized plane potential. We would like to understand if rays with larger intial momentum
tend to chaos as fast as rays with lower initial momentum. Our results relate to our understanding of
the phenomenon of coherent branching of electron flow through quantum point contacts (Ref. [3]) and
long range acoustic propagation through the ocean (Ref. [1]) as well as other physical contexts.

1 INTRODUCTION

The study done by Wolfson and Tomsovic in Ref. [4] investigated sound traveling in the ocean using classical
rays. They found that the rays tends to become chaotic due to sound speed variations due to temperature
and salination. As the sound propagates further from its source, these variations cause the sound rays to
become chaotic. They argue that the stability exponents characterizing the chaos should follow a log-normal
distribution and demonstrate this to good agreement for all but the tails of the distribution. A log-normal
distribution has long tails implying stable rays with small exponents will exist at all ranges yet it is known
that the rays become chaotic after a certain range, the predictability horizon.

This study attempts to discover a better model for the distribution of the stability exponents times close
to the predictability horizon. Ray simulations through a Gaussian random potential with zero-mean and
unit variance are done for a large number of rays and the distribution of the stability exponents is found.
Using Fortran, we coded a program to send rays through the randomized potential. Utilizing fourth order
Runge-Kutta techniques, we found the solution to several differential equations which govern our system
including ray location and stability matrix components.

2 MODEL

The energy of a classical ray at location (z,y) is described by the classical Hamiltonian

H(z,y) = (p7 +py)/2m + V(z,y) (1)

where V(z,y) is the potential energy at said location, p, and p, are the momenta in the x and y directions,
and m is the mass. Without overgeneralization, m is taken to be 1. Further, the total momentum p;,; =

\/P3 + P2

2.1 Classical Propagation

Classical rays with the Hamiltonian in Eq. (1) propagate according to Hamilton’s Equations simplified to
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Figure 1: A contour plot of the Gaussian random potential function V(z,y) in Eq. (3) with scale length L
as a function locations ' and ¥’ in units of L/2m.
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where z and y are the location of the ray, p, and p, are the momenta of the ray in the x and y directions,
and V(z,y) is the potential function. The trajectory of the ray is defined by (z(t), y(t), p=(t), py(t)). Note
that the Hamiltonian is not explicitly dependent on time t, so the energy of each ray is conserved as it
propagates. The energy simply sloshes between kinetic and potential energy.

2.2 Potential

The desired potential for this study is a Gaussian random field with zero-mean and unit variance. To achieve
this, the potential function V(x,y) is created from a superposition of N random plane waves with random
direction 6;, random phase ¢;, and constant wavelength L. This section describes the construction of this
potential and verifies it has the appropriate properties.

Consider a single plane wave with wavenumber k = 27 /L, where L is wavelength oriented at an angle
counter clockwise from ' axis with wavevector k = (k cos, ksin ). Let the phase at (0,0) be ¢;. Then the
potential at &' = (2/,y’) is

vy — R ei<ﬁ,f/+¢j>1 1 (ke cosd; + k' sinf), + )
T,y )= Re = cos(kx’ costl; + ky sinb; + ¢;).
2L V2rL
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Figure 2: The Gaussian random potential in Eq. (3) is plotted at locations x and y which are dimensionless
variables in units of L/2.

Now consider the superposition of N such plane waves with random angle ;, random phase ¢;, and each
with the same wavelength L to create the potential

V(z'y) = ka' cosO; + ky'sin; + ¢;)

;N
— Zcos(
V2rL =

where the random variables 6; and ¢; are both uniform distributed on [0,27]. Dimensionless variables allow
for our model to be applicable on any scale or situation, such as the ocean of Ref. [4] or the electrons of
Ref. [3]. Therefore, let x = kz’, y = ky’ where k = 2n/L. Then the potential in dimensionles variables (x,y)
takes the form

N
1
Viz,y) = cos(zcosb; +ysinb; + ¢;)
j=1

2w L

;

If N is sufficently large then V is a large sum of random variables and by the central limit theorem, V'

is Gaussian. Let X; = ﬁ cos(xcos; + ysinb; + ¢;) and (-) denote averaging of a quantity over all the

random variables. Then

N
vy = Z<Xj>
and
N
7= ((V = (V) = (V3) = (V) = D (X3) — (X)),

The potential V' needs to have zero-mean. Note that since 6,¢ € UJ0, 2] their probability distribution
functions are f(6) = 1/27 and f(¢) = 1/27 and

27 27
(x;) = / a6 [ d6X(6,0)11(6) f2(6)

0
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where the integral has been transformed using Euler’s formula and separation of 6, ¢ integrals and finally,
fQﬂ' do 7,¢ —0.
0
The potential must also have unit variance. Since (X;) =0, 0% = (X?) and

(X2 = /2”/27r d9d¢cos (xcosf + ysinbh + ¢)
g B 21 21w 2rL
1 2 27
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s
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Since

and we want o2 = 1. Let the normalization potential be V' = ¢V and let c=1/4/c%. So we normalize V
using

so that

So our normalized potential function in dimensionless variables (x,y) is

N
2
V(a:,y):\/NZcos(xcosﬁj—|—ysin0j+¢j). (3)

j=1

As demonstrated, this potential satisfies zero-mean and unit variance and in taking N=10000, the central
limit theorem grants that our potential is a Gaussian distribution. See appendix B for a discussion of
programming pseudo-random variables. Contours and a 3D graph of the potential in Eq. (3) are illustrated
in Fig. 1 and 2.



2.3 Stability Matrices

One of the key tools of our investigation is the stability matrix M where

Pz | Opy | Opa | 9py |
mii Miz M3 M %;l;ro Zo,Yo %ppro Zo,Yo ggg PzgsPyg ggg PzgsPyg
x T Yy
M = ma1 moo MTo3 1Mo4 _ apyo |900,y0 3;Dyg |$071/0 ayg |onypy0 8yg |onypy0 ) (4)

m31 M3z MM33 1MM34
Ma1 Mgz 143 1M44

apL |r0 Yo 8p.n |10 Yo awo |Pm »Pyg awo |Pm »Pyg

pr |$0:y0 apyo |$D7UD 81/0 |pzo7py0 81/0 |p1'01py0

This matrix describes the dynamical behavior of rays that propagate infinitesmally close to a given ray r with
initial conditions (2o, Yo, Pag,Pyo)- Stable propagation means that all the rays with initial conditions in an
infinitely small neighborhood {dz, dy} about (xo, Yo, Pao, Py,) move elliptically around r. These neighboring
rays follow the path of r after small perturbations away from r. Chaotic propagation is marked by exponential
movement away from r after a small perturbation.

For a system with one degree of freedom, such as the ocean in Ref. [4], it is easily apparent whether
the ray is stable or unstable based on the trace Tr(M) of the matrix. If |Tr(M)| is less than 2, the ray is
stable, else it is unstable. For a system with two degrees of freedom, there is no clear cut boundary between
stability and chaos. Instead, the evolution of the matrix aids in determining the type of propagation of a
ray. As the ray propagates, the matrix evolves according to

d
EM KM (5)
where
52V 1 52V 1
S e 7
K=|00 - sysgéy syﬂ/ (6)

10 0 0
0 1 0 0

with initial condition M = I, where I is the identity matrix.
The trace of the stability matrix Tr(M) is calculated by summing the entries on the diagonal,

4
= E M-
i=1

Tr(M) changes through time. Furthermore, the stability matrix M can be diagonalized by the similarity
transform M = L~'AL where A contains the eigenvalues A of M,

A0 0 0
o xn 0 0
A=10 0 x o

0 0 0 A

Since this transformation does not change the trace of the matrix M,

1
Tr(L)

Tr(M) =Tr(L 'AL) = Tr(A)Tr(L) = Tr(A) = Ay + A2 + As + As. (7)

The eigenvalues A; can be real or complex numbers; since Tr(M) is a real number complex eigenvalues
come in conjugate pairs.
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Figure 3: One hundred rays propagated to time ¢ = 25 with p;, = py, = 1000 and yo = 0 with dy = 0.01
The trajectories are plotted as a function of x,y in units of L/27r. Note that due to their high kinetic energy
they propagate in a stable bundle and cannot be distinguished from each other in the plot.

2.4 Stability and Lyapunov Exponents

Infinitely close rays separate by a factor of A = ¢”* with v being the stability exponent. As the ray propagates,
its stability is determined by v where

In |Tr(M)|
= —— (8)
The stability exponent evolves through time ¢ and is dependent on one ray only. It describes the stability of
a particular ray at time ¢t. The Lyapunov exponent vz, on the other hand, is

In|Tr(M
v = lim w 9)
t—o0 t
As t — oo Tr(M) is dominated by one eigenvalue A = maz{\;}. The Lyapunov exponent differs from the
stability exponent in that it is ray independent and independent of the particular realization of the potential

(see Ref. [4]). Thus, all the stability exponents v; converge to vr,.

3 Numerical Simulations

In order to find the distribution of the stability exponent v, we ran 100 rays at a time through the potential
in Eq. (3). We peformed several of these runs and changed only the intial x-location for each individual run.
Each ray was given the same intial momenta p., and p,, and the same initial x-location xg. The y-location
was varied by dy = 0.01 for each ray. The rays were allowed to propagate to a user defined time ¢.

3.1 Ray Propagation

Rays are extremely sensitive to initial conditions; this causes an exponential growth of separation of nearby
rays. The kinetic energy of a ray is p?,/2. At short ranges, the initial momenta determine how quickly
the rays fan out and become chaotic. Rays with kinetic energy less than V,.,,s tend to be reflected by the
potential and are not of interest to us. In Fig. 4 ten rays were propagated for a short time to demonstrate
what happens to rays with low initial kinetic energy. However, rays with kinetic energy greater than V.,
are of interest. Their transition to chaotic propagation is not well defined. Indeed, the rays in Fig. 3 have
such a high initial kinetic energy that at time ¢ = 50 they are still propagating together.
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Figure 4: Twenty rays propagated to time ¢t = 10 with p,, = py, = 1 and yo = 5 with éy = 0.1. Although
these rays have not yet begun exponentially propagating away from each other, they soon will. Note that
these rays propagate parallel to each other until they reflect from the potential and diverge form each other.
The kinetic energy of these rays is less than V..

When the initial momenta are large values, such as 1000, the rays tend to be stable for longer times.
Meanwhile, small initial kinetic energies, such as 1 or 3, tend to chaos much sooner. This is because the ray
with a large kinetic energy does not feel the changes in potential as much as the ray with a smaller kinetic
energy. This is much like a car traveling on a bumpy highway, the faster the car travels, the smoother the
road seems.

3.2 Linear Regression and Stability Exponent

In order to establish the difference between stable propagation and chaotic propagation, we need a way to
distinguish between algebraic growth and exponential growth of Tr(M). A good model for the time evolution
of Tr(M) is given in Ref. [2] as

|Tr(M)| ~ the>tvt (10)

where ¢ is time, o and p are constants describing stable propagation, and v is an approximation of the
stability exponent. Since the model In |Tr(M)| ~ a4+ vt + p1n(t) is linear, a least square regression can be
used to minimize the integral

/ ds (In |Tr(M)| — o — plns — vs)*. (11)

tmin
This can be solved using ratio of determinants:
~ 1 o
f=(XTX) X"y (12)

where (-)7 signifies transpose of a matrix, (-)~! signifies matrix inverse and

1 tl 1nt1 a In TT‘(Ml)
X — 1 tg In tg : B _ U : g,: In TT‘(MQ)
1 tN hltN H th’I"(MN)

3.3 Distribution of Stability Exponent

After the rays propagated, we calculated v(t). For a given time ¢, we calculated v using all the data points
before time t; with Eq. (12). This was repeated several times to create a discrete function v(t) for each ray.
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Figure 5: The heavy line is the curve fit to the data using Eq. (13). The lighter line is vsy+(t) produced
using 100 rays propagated to time ¢t = 50 and Eq. (12).

Next, a time ¢o was selected and all the values for v were collected from each ray’s v(t). These values were
sorted increasingly to create vsop¢(t). Finally we plotted vgort(i) versus i/N where N is the total number of
rays; refer to Fig. 3.3. This created a cumulative distribution which is a Gaussian distribution because the log
of a product of random variables acts like a sum of random variables. The stability matrix should have the
statistical properties of an ensemble of products of uncorrelated, random matrices. Thus, our distribution

was fit to a curve using
x— (v
. 13
202 1) (13)

~

F,(z) = %<1+erf

N

where (1) is the average value of v and o2 is the variance.
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A Simulations

In order to follow the dynamics of the Tr(M) of each ray, fourth order Runge Kutta was coded to solve the
20 differential equations in Eq. (2) and Eq. (5).

At first, we utilized a fixed step process. The error is dependent on the chosen step size, which we set to
0.0001 with error equal to 0.0001°. Although this error is very small, this process is very inefficent. First,
the step size never changes, so during linear parts of the solution little steps were taken when larger steps
would be more efficient. Second, if the step size is not small enough, vital parts of the solution could be
missed. Finally, this process is very slow. In fact, to run 20 rays with 10,000 points each with a step size
of 0.0001 it took nearly two hours. This was without calculating the elements of the stability matrix or the
trace. The solver only needed to find the numerical solution to Eq. (2). A much faster process was needed.

Adaptive step size Runge Kutta changes the step size based on an error tolerance defined by the user.
Using the Cash-Karp method of solving differential equations, the error in the solution is the difference
between the fourth- and fifth- order solutions. This change in the program solved the three aformentioned
problems. The program will take a larger step if the calculated error is low and a smaller step if the error
is high. Furthermore, the code prevents the step size from getting so small that computer round-off causes



the step size to basically be zero. Even more beneficial is the drastic cut in computing time. Calculating
the solution to six differential equations using 20 rays, finding the trace, and writing files took this program
one hour whereas the fixed step would take approximately 7 hours.

For our study, we allowed the error tolerance € to be 0.001. Starting the initial step size at h = 0.0001
and taking 10,000 adaptive steps could propagating the ray to x>200. Had the step size not been adaptive,
the ray would end at x=1. Thus, the adaptive step size has significant advantages over the fixed step size
only in part due to the significant decrease in computing time and increase in data collection.

B Calculating the random potential

Programming the potential in fortran is fairly easy. A function was created with a do-loop that calculates
the value of Eq. (3) at a given = and y. The difficulty arises in creating the random 6;s and ¢;s. Random
number generators created by computers are not truely random; the algorithm can be calculated and the
results predicted. However, most programs come very close to creating truly random variables. The debate
boils down to two issues: randomness and computing time. We needed a program that could create pseudo-
random variables fairly quickly. Thus we sacrificed slightly more random variables for a cut in computing
time. The program we chose comes with the computer and uses a seed to calculate a float between 0 and 1.
The same seed will produce the same random variables.
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