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Scattering Approach to Quantum Transport: Toward a Consistent Physical Picture
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Quantum transport in disordered systems can be studied via the transfer matrix M. In a previous pa-
per, the statistical distribution of M at the mesoscopic level was constructed from single-scattering units.
The assumption of “isotropy,” that restricted the model to certain observables for quasi-1D systems, is
relaxed in this Letter. The new limiting distribution satisfies a diffusion equation, is universal, specified
by the mean free paths between all pairs of channels, and is insensitive to other microscopic details. Re-
sults for the ballistic, metallic, and localized regimes are promising.

PACS numbers: 72.10.Bg, 02.50.+s, 05.60.+w, 72.15.Rn

The scattering approach to quantum transport, initiat- matrix [2,3] M relates the 2N-component wave function
ed by Landauer [1], has been applied by a number of au- (N waves travel in either direction) on the right of the
thors to discuss the problem of disordered conductors system to that on the left. Time-reversal (T) symmetry
[2-4] (for a review, see Ref. [2] and references contained implies M* =X, MX, and flux conservation (FC) re-
therein). For instance, Ref. [3] relies on a maximum- quires M3,MY=3,.5 3. are Pauli matrices, with 1 and
entropy criterion to find the statistical distribution of the 0 replaced by the unit and zero matrices. M has
transfer matrix. Reference [4] shows that the result of NQN+1) independent parameters and can be represent-

Ref. [3] is the consequence of a central-limit theorem ed as [12]

(CLT) of a novel kind, thus representing a universal lim-

iting distribution. For quasi-one-dimensional (quasi-1D) u 0 ||V1+2 Va v O

systems the model of Refs. [3] and [4] gives excellent re- “lo u* Ji JiFxn) lo v* > Oy
sults [5-7], in agreement with perturbative calculations

[8,9] and consistent with experiments [10], for the weak- where u,v are N XN, unitary, and X is real, diagonal, with
localization correction to the conductance, universal con- positive elements A, ...,Ay. Quantities of interest can
ductance fluctuations, the backscattering enhancement, be written in terms of u,v,A; e.g., the total transmission
long-range correlations between pairs of transmission or coefficient is 7=2,(1+1,) ~! and the conductance mea-
reflection coefficients, and time-reversal-symmetry break- sured in a two-probe experiment [13] is g =2T..

ing by a magnetic field. This model, despite its successes, Let our system consist of n units [4], each being a slice
suffers from the rather unphysical “isotropy assumption,” of microscopic thickness with transfer matrix M, its

a generalization of the random-phase hypothesis [11] in probability density being p(M). For two units in series,
ID. In the isotropic model (IM) there are N channels, independent and identically distributed, the resulting p;
each one being mixed randomly with all the others. This is the convolution [3,4,14] p,*p, giving the recursion re-
implies that diffusion in the transverse direction occurs  lation p,+;=p,*p,. In Ref. [4], p, (M) is isotropic, i.e.,
instantaneously and the dimensionality can enter only a function of the (A;), only and independent of u,,v,
through the number of channels N~ (kzW)9~!, where which are then distributed according to the invariant

W denotes the width: The physics of the transverse direc- measure of the unitary group [15]. The weak-scattering
tion is thrown out by construction. Our aim here is, first, limit (WSL) is then taken [4]: The density of units, v,
to present a more general approach not incorporating and their number n approach oo, while the total reflection
isotropy—again leading to universal limiting distribu- coefficient of one unit (summed over outgoing and aver-
tions— and, second, to discuss some of the predictions. aged over incoming channels) approaches 0, so that n/v

In the scattering approach, the system is placed be- =L is the fixed length of the sample and N ~'v
tween two perfect leads, where the scattering states at the x X a{(R)ap)=1o ! is finite, /¢ being the overall mean

Fermi energy define NV channels. The 2N X2N transfer = free path (mfp) for reflection. The probability density

wyg (L) then obeys the diffusion equation

aw, M) 1 2 & 9 9 wr()
oL lo N+1 a2='.l Mg ha(1422)70) M, JA) |’
where J(A) =TT, <|*a —As|; the initial condition is wo(A) =5Q).
In (2), the information about the microscopic distribution enters only via the parameter /o, other details being ir-
relevant. Thus, whatever the solution of (2), it is universal once [ is specified (this constitutes a CLT).
The isotropic distribution of M, for an individual scattering slice (the fundamental assumption) was driven
by the mathematical convenience of the “polar representation” (1), which automatically satisfies FC and T sym-

(2)
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metry. However, a more physical interpretation of disor-
der, through either a model of random § scatterers or a
Born approximation applied to a more general potential,
leads, for M, to the form

1+ih n

M= n* 1—ih*

]=I+e, 3)

for which we cannot assume an isotropic distribution. In
(3), h=nh", n=nT are NXN matrices. In this approach,
the “Cartesian representation” (i.e., the actual matrix
elements M,;) is the more natural to work with. While
(3) satisfies T symmetry, FC is not trivial to impose. To
circumvent this problem, we first propose a statistical dis-
tribution for 4 and 7, and impose FC on average; it can
then be shown that, when the WSL described above Eq.
(2) is taken, exact FC is recovered: Roughly speaking,
this is because, in the WSL, FC is violated, for each unit,
only to second order in 1/v. Our statistical model consists
in assuming that 4 and 7 are statistically independent,
(e) =0,

Whaphea) =8248bc0ab (4a)
<77ab 770(1) =0’ and
V(T]abnf‘ﬂ =(1+6,) _l(5ac5bd+5ad5bc)0'ab . (4b)

The WSL was taken in Egs. (4), which define the inverse
mfp’s from channel b and a for forward and backward
scattering (o4 =1/l3p, o =1/14p), respectively. From
average FC we find X004 =2s0m =1/1,. We denote
the M matrix elements by (M2)?”; a,b=1,2 label the
four N XN blocks; a,=1, ... ,N label rows and columns
in each block; and i =1,2 indicates a matrix element or
its complex conjugate. The recursion relation p,+
=p.*p, gives, for p, (M) in the WSL, the diffusion
equation

op; (M . . . .

—!i;(L—’ = L) D (el D (Ag) D (Mh)
asz (M)

dM) Pam,)$) P

(%)

where a sum over repeated indices is understood.

We again have a CLT: p.(M) reaches a universal
limiting distribution that satisfies (5); the only micro-
scopic parameters that survive in the limit are the mfp’s
of (4), contained in v{ee). In the IM we had only one
overall mfp /o; now all the mfp’s (4) enter and the struc-
ture of the o matrices depends on the dimensionality d.
Finally, given a function of M, the evolution of {(F(M)),
satisfies 8,(F), =(HF);, H being a linear differential
operator arising from the right-hand side of (5) after
multiplying by F and integrating by parts.

The diffusion equation (5) has a more satisfactory
physical basis than Eq. (2) and constitutes the central re-
sult of the present Letter. Its most important conse-

quences obtained thus far are discussed below.

1. Traces.— Quantities like T, expressible entirely in
terms of the {A,} of Eq. (1), will be called traces: Their
average depends only on the {o,} and not on the {o.}.
In the special case ou=0% =1+8.,)/(N+1)l, [the
equivalent-channel model (ECM)I, the average of a
trace is the same as in the IM, and the distribution of the
fAs} of Eq. (1) satisfies the same Eq. (2) as in the IM.
ol is precisely the value of v((R;)a) of the IM; the
derivation of Eq. (2) in the ECM is more satisfactory,
though, than in the IM, because it never needs the as-
sumption of isotropy (that involves random phases) for
individual scatterers. We conclude that the applications
of the IM to traces test the equivalent-channel rather
than the isotropy assumption and that, for traces, any
improvement on the IM results must be sought in a
nonequivalent-channel model (NECM).

We discuss some properties of 7.

Using the initial condition (T); =¢9=/ one finds, in
the general NECM, (9,(T);.)o=—X.(1/1,)=—N/l,,
which defines an overall mfp /o, and (8H{(T);)o=22,(1/
12); these results reduce to those of the ECM when
l,=1lo. We see that the curvature of (T, at L =0 is posi-
tive and, for a given /o, larger when the /,’s have a spread
around /. That a spread in the /,’s “helps conduction”
in the ballistic regime can be understood in a two-
scatterer problem treated classically (fluxes are added).
The description provided by the NECM is thus reason-
able in this regime.

In the metallic regime, we first make the ECM approx-
imation, using a “common mfp” /, so that Eq. (2) applies.
The results reported elsewhere [5-7] (for /<L <K NI/
~¢&p) are in remarkable agreement with microscopic
Green’s-function calculations for quasi-1D systems, indi-
cating that for L>W all channels are so thoroughly
mixed that replacing all the /,’s by a common / is a good
approximation. For instance, one obtains (T); =NI//L
—1/3+ ---, the first term being Ohm’s law and the
second one the weak-localization correction. For the
fluctuation one finds varT =2/15+ - - -, a result indepen-
dent of L,/,N (universal conductance fluctuations).

To go beyond quasi-1D and describe 2D and 3D sys-
tems (with L~W) we need to take into account the
spread among the mfp’s (NECM) that depends on the
system dimensionality. As a first attempt, to see if the
NECM corrections go in the right direction, we consider
a small departure from the ECM, for a separable
o =1,7, (attainable, for example, with a § potential).
Let 7,=to+ €, with 79=N "'X,7.. If |e,| K10, the
leading term in (7); has the same form as above, with
I=1o(0+1¢ %vart,) and Ig ' =Nt$=X.,""'. We thus
have an explicit value for the common mfp / used above
that differs from /¢. This is similar to the distinction one
makes, in transport theory, between the scattering and
the transport mfp’s. For a given /o, departure from ECM
helps conduction in this regime. This can be understood
in a simple classical model: The Boltzmann equation for
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N=2 gives (T, = (r,7,L) ~'=1/74L, where to=(t,
+1,)/2; if 71,727 10, we can write {T); = NI/L, with [
given as above. This NECM correction is thus satisfacto-
ry; we have not calculated yet the NECM modification to
the weak-localization correction and to the variance.

2. Quantities other than traces.— These quantities are
even more “‘sensitive” than traces to the relaxation of the
isotropy assumption: They usually behave differently in
the IM and in the ECM (supplemented with some model
for the f{o.s}), the latter performing better and the
NECM being a further improvement.

(a) Individual T,5,R..—In the ballistic regime one
finds

(Toadr=1— [o,',,,+2 > o;,,,]L+ e (6)
b(#a)

while (Tuxp)r =0cwL+ -+ and (Rup)p =0cul+ ---.

The reasonable feature that, for L=0, {T,)0=1, (Tux=s)o

=0 is realized now even for the ECM. In contrast, the

IM gives (Tz20=1/N, Va,b. The present model thus

provides a more reasonable physical description.

In the metallic regime, the backscattering enhance-
ment and averages and correlations of the T,’s and Rgp’s
are reasonably well described by the IM, for quasi-1D
systems [6,7]. In Refs. [6] and [7], isotropy plays a cen-
tral role; since it is also responsible for the missing of the
backscattering and correlation ‘“‘cones,” we expect the
present model to provide a better description of these
phenomena.

(b) The angular and radial parameters uq,Ap [Eq.
(1)].— For the model o,, =7,7, one can estimate that, in
the localized regime, {|ugs|%) departs from the IM result
1/N as A, gets larger. For the largest A, Ay, one finds
(Juan|®~14. In particular, for a § potential and d =2,
T,~1/(N?2—n?) 172 We thus find a correlation between
u and A, as well as an appreciable anisotropy in the u ma-
trix elements, in contrast with the IM, where u,A are sta-
tistically independent and u is isotropically distributed.
Numerical evidence has been found [16] that the worst
transmitting eigenchannels (largest 1) are preferentially
projected on the modes of large transverse kinetic energy,
a result consistent with the above estimate.

We see that, as we go from 1 to 2(a) and 2(b) above,
more aspects of the present model become relevant for
the description of the problem.

(c) The phase of the transmission amplitude t for
N =1.—One finds

(/t*)=+L/1)e 3L, (7)

In the IM [3,14] this average vanishes by construction
VL; now we find a “randomization length” ~1/3.

(d) Nonlocal quantum-mechanical effects in a three-
probe 1D system [17-21].—Classically, a “dangling
wire” [19] of length L3 hanging from a wire of length L1,
has no effect on the conductance of the latter, whereas
quantum mechanically there is an effect, as in wave
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guides. It is shown in Ref. [20] that one cannot describe
this problem in the IM. The present model is thus ap-
plied. When the main wire is a perfect conductor, its re-
sulting averaged transmission coefficient is

(T1)="tT1+e Y cos(2krL3)] , (8)

showing clearly the nonlocal effect of the dangling wire.
For L3=0, varT»=0. For L;— oo, varT,— % ; disor-
der thus masks the nonlocal effect for large L.

In conclusion, the problem of quantum transport has
been formulated in the scattering approach, starting with
a more physical description of the individual scatterers
than in the IM, and thus providing a more satisfactory
physical picture. The results are universal at a macro-
scopic level, once the various mfp’s are specified. It is
shown that the successes of the IM for traces, like the
two-probe conductance for quasi-1D systems, are to be
interpreted as successes of the equivalent-channel approx-
imation rather than of the isotropy assumption: The IM
results can thus be improved only in the NECM. Only
the correction to the Ohmic term was investigated; other
corrections of the NECM will be studied in the future.
On the other hand, individual transmission coefficients
T, are not properly described, in the ballistic regime, by
the IM, while within the present theory even the ECM
gives reasonable results. In the metallic regime, a better
description (than in the IM) of backscattering and corre-
lations between T,’s is also expected, and will be investi-
gated later. Anisotropy of the u,, parameters and corre-
lations with the A,’s predicted by the present model have
been observed in numerical simulations and deserve fur-
ther attention in the future. For N=1, a “randomization
length” ~1//3 is found here, instead of the instantaneous
randomization of the IM. Finally, the present model, and
not the IM, is appropriate for the description of nonlocal
quantum effects in multiprobe measurements.
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