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Abstract

We extend existing multiple scattering theory to consider cases in which some scatterers are removed, shifted, or
The study helps us understand the stability of scattering systems, and provides a powerful analytical tool for treating pe
in few-body scattering experiments, particularly in atomic and mesoscopic physics.
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1. Introduction

Scattering theory has been well studied in the past century [1]. Initially developed to help study atom
nuclear structures, scattering theory was soon also applied to condensed matter physics, and then we
quantum scattering on microscopic and mesoscopic scales to find applications in classical, macroscopic
in optics [2,3], and more recently in acoustic scattering experiments [4,5]. As Maynard [6] pointed out,
quantum scattering is derived from the Schrödinger equation and classical scattering is based on a class
equation, many analogies between them exist under appropriate conditions. However, it remains to be s
impact a small perturbation has on a scattering system. A perturbation theory can give important insight
system’s internal dynamics, which are often too difficult to analyze directly.

Our work is motivated by the recent experimental and theoretical studies on perturbations in acous
reversal focusing [7,8]. As the first part of our ongoing project on perturbed time reversal focusing, this
gives an analytical formulation of perturbations in multiple scattering, applicable to both quantum and c
systems [6]. A following piece of work [9] will explore perturbations in acoustic time reversal focusing in
detail, and not only provide an analytical model to reproduce the observations [7], but demonstrate an
features in quantum scattering systems as well. By developing a perturbative multiple scattering theory in a
form in this Letter, we expect its future broad applications to both theoretical study of stability of scattering s
and experimental research in atomic and mesoscopic physics. For example, studies on photon interac

E-mail address: jhuang@physics.harvard.edu (J. Huang).
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atoms, atomic collision in Bose–Einstein condensates, and electronic transport in mesoscopic/nanoscopi
can all benefit from an understanding of the influences of small changes on scatterers (atoms or impuritie
perturbations like temperature fluctuations, etc. Also the knowledge of perturbation effects could be used t
apparatus to monitor gradual changes over long time in various systems, such as the proposed industria
imaging and wireless communication schemes based on time reversal focusing [7].

The Letter is organized as follows. First we review the conventional formulation of multiple scattering sy
Then the change in the overall incoming wave on an arbitrary scatterer is derived in terms of the unperturb
field for removing a scatterer, shifting a scatterer, and replacing a scatterer with a different one, respec
the end, the collective perturbation due to changes on multiple scatterers is given in a compact form.
interpretation is given along with mathematical derivations. All formulations are given for a general m
scattering system. For simplicity, onlys-wave scattering is considered, since it’s the most commonly exp
case in multiple scattering research and can be easily obtained in mesoscopic systems by lowering tempe
achieve wavelengths comparable to scatterer size.

2. The conventional s-wave multiple scattering theory

Consider an open, linear, scalar-wave system consisting of a source and a number ofs-wave scatterers whos
scattering strength is uniform and given byε(ω). Denote the source’s andN scatterers’ positions, respective
as �xs and{�xi; i = 1,N}. From ans-wave multiple scattering theory [1], the total resulting wave fieldφN(�x;ω)

at an arbitrary point�x can be expressed in position-frequency space using the free propagation Green f
G(�x, �x ′;ω) as

(1)φN(�x;ω) = φs(�x;ω) + ε(ω)

N∑
i=1

G(�x, �xi;ω)φN(�xi;ω) = φs(�x;ω) + ε(ω)

N∑
i=1

G�x,iφ
N
i ,

whereφN
i = φN(�xi;ω), G�x,i = G(�x, �xi;ω), φs(�x;ω) is the unscattered signal directly from the source,φN(�xi;ω)

is the overall incoming wave at theith scatterer, and the superscriptN denotes the total number of scatter
present.

Setting�x = �xi successively in Eq. (1) for alli leads to a series of equations that can be expressed forma
the matrix representation

(2)MN · φN ≡



m11 · · · m1N

· · · · ·
· · · · ·

mN1 · · · mNN






φN
1·
·

φN
N


=




φ1,s

·
·

φN,s


 ,

whereφi,s = φs(�xi;ω), mii = 1, andmij = −ε(ω)Gi,j for i �= j . The standard method of solving heterogene
matrix equations gives

(3)
∣∣MN

∣∣φN
i =

∣∣∣∣∣∣∣
m11 · m1(i−1) φ1,s m1(i+1) · m1N

m21 · m2(i−1) φ2,s m2(i+1) · m2N

· · · · · · ·
mN1 · mN(i−1) φN,s mN(i+1) · mNN

∣∣∣∣∣∣∣ .
The determinant on the right-hand side is obtained by replacing theith column with the vector{φi,s}. From the
standard matrix theory [10], the determinant|MN | can be written as

∑
p ±[mp(1)1mp(2)2mp(3)3 · · ·mp(N)N ], where

the sum is extended over all permutationsp of the integers 1,2, . . . ,N and a+ or − sign is affixed to each
product according to whetherp is even or odd forp(1),p(2), . . . , p(N). Given that, fori �= j , mij describes free
wave propagation from thej th scatterer toward theith scatterer, any termmp(1)1mp(2)2mp(3)3 · · ·mp(N)N can be
reordered to have indices linked asmjlmlhmhkmksmst · · ·mpj after removing factors likemhh (= 1, which means
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Fig. 1. (a) Diagram of a typical scattering path from the source to theith scatterer, which visits thej th scatterer twice. The entire path can
decomposed into two parts described in (b) and (c), respectively. (b) The basic component of the scattering path which visits every s
more than once. (c) The loop component of the scattering path that begins and ends at thej th scatterer. There can be none or multiple loops
an arbitrary scattering path.

the hth scatterer isn’t involved in scattering). Each such term corresponds to a unique scattering path th
every scatterer at most once and that starts and ends at thej th scatterer, i.e., a closed loop as the one in Fig. 1
So |MN | describes all kinds of possible loops in scattering paths. Similarly, the right-hand side determi
Eq. (3) is the sum of terms each of which can be reordered into the formmijmjhmhkmksmst · · ·mpqφq,s , i.e., the
index begins ati and finishes ats on the right-hand side. Each term corresponds to a unique scattering pa
visits every scatterer at most once, starting from the source and ending at theith scatterer as the one in Fig. 1(b
Now a scattering path interpretation to Eq. (3) is manifest. SinceφN

i describes the overall incoming wave on theith
scatterer from source, it contains contributions from the various scattering paths from source to the scatte
of the various paths, such as the one in Fig. 1(a), can be decomposed into one basic path that visits every
at most once, as the one in Fig. 1(b), and a possible second part that consists of one or more loops each
starts and ends at an intermediate scatterer on the basic path, as the one in Fig. 1(c). Interestingly, the
left-hand sides of Eq. (3) describe all possible choices of basic paths and loops that may be involved in sc
thereby offering a convenient and intuitive way to explain later results.

One should notice that if|MN | is small,φN
i will be large for theith scatterer with a non-trivial right-han

side determinant in Eq. (3), which usually corresponds to certain resonance of the system. The form in
is particularly useful for generating approximations to the changes in the wave field due to removing, shif
changing the strengths of some of the scatterers. For most applications, the natural next step is to invert{mij }
matrix in Eq. (2) or calculate the left- and right-hand side determinants in Eq. (3) to obtainφN

i , almost always don
numerically. But here we stay with the matrix form to develop analytical formulas for the various perturbat
the following sections.

3. Removing an s-wave scatterer

As a starting point, let us focus on the changes that will be introduced by removing an arbitrary scatterer
by the indexN . According to Eq. (1), the change in the wave field is

(4)δφN(�x;ω) ≡ φN−1(�x;ω) − φN(�x;ω) = ε(ω)

(
N−1∑
i=1

G�x,iδφ
N
i − G�x,NφN

N

)
,

whereδφN
i = φN−1

i − φN
i for 1 � i � N − 1 is the change in the overall incoming wave on the remainingith

scatterer. For later convenience, here we defineδφN
N = φN,s − φN

N . Eq. (4) expresses the change in the wave fi
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as the sum of the propagated changes from the remaining scatterers minus the propagated field from t
scatterer. An expression for the{δφN

i } is sought in terms of the unperturbed orN -scatterer wave field quantities.
For the wave field generated with just the firstN − 1 scatterers, a similar matrix representation exists as

N -scatterer case except with one fewer row and column. Thus,

(5)MN−1 · φN−1 ≡



m11 · · · m1(N−1)

· · · · ·
· · · · ·

m(N−1)1 · · · m(N−1)(N−1)






φN−1
1·
·

φN−1
N−1


=




φ1,s

·
·

φN−1,s


 .

Substituting the left-hand side of Eq. (5) into the firstN − 1 elements of the vector{φi,s} on the right-hand side o

Eq. (2) and subtracting
(

MN−1 0
0 1

)
· φN from both sides leads to a solvable series of equations

(6)

(
MN−1 0

0 1

)
δφN

1·
·

δφN
N


=




0 · · · 0 m1N

· · · · · ·
0 · · · 0 m(N−1)N

mN1 · · · mN(N−1) 0






φN
1·
·

φN
N


=




m1N

·
·

m(N−1)N

m′
NN


φN

N ,

wherem′
NN = 1

φN
N

∑N−1
i=1 mNiφ

N
i . The changes in the wave field due to removing a single scatterer now appe

on the left-hand side of the equation, whereas the right-hand side contains only the original wave field qu
Using the same method of solution of matrix equations as before gives for 1� i � N − 1

(7)
∣∣MN−1

∣∣δφN
i =

∣∣∣∣∣∣∣
m11 · m1(i−1) m1N m1(i+1) · m1(N−1)

m21 · m2(i−1) m2N m2(i+1) · m2(N−1)

· · · · · · ·
m(N−1)1 · m(N−1)(i−1) m(N−1)N m(N−1)(i+1) · m(N−1)(N−1)

∣∣∣∣∣∣∣φ
N
N ,

where both determinants are of(N −1)×(N −1) matrices. The right-hand side is obtained by first replacing theith
column with theN th column, and next removing theN th row and column fromMN . Now the right-hand side term
are likemijmjhmhkmksmst · · ·mpNφN

N , i.e., the index begins ati and finishes atN . Given the ordering sequence
the terms in the expanded determinants has a path interpretation, one sees that, after theN th scatterer is removed
the information ofφN

N ’s absence can reach theith scatterer through paths described on the right-hand side,
possible loops at intermediate scatterers given by the left-hand side terms as shown in Fig. 2. To obtainδφN

i , one
can numerically solve either Eq. (6) or Eq. (7). The sum of the various terms in either of the two determin
Eq. (7) strongly depends on the convergence of high order scattering terms.

Before proceeding to a different perturbation, let us examine the implications of Eq. (7). The left-han
|MN−1| is usually non-zero for real frequencies in non-absorbing medium. Thei-dependent right-hand sid
determinant must be non-zero for at least part of the remaining scatterers. Therefore when|MN−1| is very small,
δφN

i will be large for theith remaining scatterer with a non-trivial right-hand side determinant. In such situ
removing theN th scatterer could either induce a resonance in a scattering system or suppress an existing r
if |MN | is small in Eq. (3).

Since eachmij (i �= j ) contains oneε(ω), in the weak scattering limit in a ballistic transport system (s
as a clean quantum wire), it’s possible to obtain an approximate analytical solution toδφN

i using only the few
lowest order terms in Eq. (7). For example, keeping up to the first order terms inε(ω) in Eq. (7) leads to
δφN

i ≈ miNφN
N = −ε(ω)G(�xi, �xN ;ω)φN

N . Thus, among the remaining scatterers, the amplitude ofδφN
i varies in

proportion to that ofG(�xi, �xN ;ω), which is, fork|�xi − �xN | � 1, 2π/k in 1D;
√

2π
k|�xi−�xN | in 2D; and 1/|�xi − �xN | in

3D (k = 2π/λ andλ is the wavelength) [11]. This implies that in the weak scattering limit the amplitude ofδφN
i

is not only small, but non-increasing in distance|�xi − �xN | from the perturbed scatterer. But in the strong scatte
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Fig. 2. (a) Diagram of a typical path for the absence of theN th scatterer to reach theith scatterer, which visits thej th scatterer twice. The entir
path can be decomposed into two parts described in (b) and (c), respectively. (b) The basic component of the path which visits eve
no more than once. (c) The loop component of the path that begins and ends at thej th scatterer. There can be none or multiple loops in
arbitrary path.

limit, such a simple relationship no longer holds and the amplitude ofδφN
i could be larger in far field than nea

field given appropriate conditions.

4. Shifting a scatterer

Analogous equations can be developed to account for the effect of displacing a scatterer. The whole
can be viewed as a two-step operation. First, remove theN th scatterer from its original position, and second, pl
it in its new location. The first step can be described by the same set of equations developed above for r
a scatterer. The reverse process of the second step is to remove the scatterer from its new location, whi
described by the same set of equations except thatφN

N , δφN
i , andmiN in Eq. (7) are replaced by primed versions

the new location of theN th scatterer. The total effect follows by subtraction of the two sets of equations. L
δφN

i (i < N ) denote the full change of the compound processδφN
i = (φN

i )
′ − φN

i gives

∣∣MN−1
∣∣δφN

i =

∣∣∣∣∣∣∣
m11 · m1(i−1) m1N m1(i+1) · m1(N−1)

m21 · m2(i−1) m2N m2(i+1) · m2(N−1)

· · · · · · ·
m(N−1)1 · m(N−1)(i−1) m(N−1)N m(N−1)(i+1) · m(N−1)(N−1)

∣∣∣∣∣∣∣φ
N
N

(8)−

∣∣∣∣∣∣∣
m11 · m1(i−1) m1N ′ m1(i+1) · m1(N−1)

m21 · m2(i−1) m2N ′ m2(i+1) · m2(N−1)

· · · · · · ·
m(N−1)1 · m(N−1)(i−1) m(N−1)N ′ m(N−1)(i+1) · m(N−1)(N−1)

∣∣∣∣∣∣∣φ
N
N ′ ,

whereφN
N ′ is the overall incoming wave at theN th scatterer when placed at its new location. Note that the

determinants on the right-hand side are not identical because of their dependence on theN th scatterer’s locations
But Eq. (8) is not the best way to express the changes since it involvesφN

N ′ , which isn’t present in the origina
wave field. A better solution is to first write an equation similar to Eq. (2) for the new wave field

(9)
(
MN

)′ · (φN
)′ ≡




m11 · · · m1(N−1) m1N ′
· · · · · ·

m(N−1)1 · · · m(N−1)(N−1) m(N−1)N ′
mN ′1 · · · mN ′(N−1) mN ′N ′






(φN
1 )′
·
·

(φN
N )′


=




φ1,s

·
·

φN ′,s


 ,
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(10)
(
MN

)′ · (φN
)′ =




0
·
0

φN ′,s − φN,s


+ MN · φN .

DefiningδφN
i = (φN

i )′ − φN
i for all i and subtracting(MN)′ · φN from both sides leads to

(11)




m11 · · · m1(N−1) m1N ′
· · · · · ·

m(N−1)1 · · · m(N−1)(N−1) m(N−1)N ′
mN ′1 · · · mN ′(N−1) mN ′N ′






δφN
1·
·

δφN
N


=




m1N − m1N ′
·

m(N−1)N − m(N−1)N ′
�mNN


φN

N ,

where�mNN = [(φN ′,s − φN,s) +∑N−1
i=1 (mNi − mN ′i )φN

i ]/φN
N . The equations can be solved to give for alli

∣∣∣∣∣∣∣
m11 · · · m1(N−1) m1N ′
· · · · · ·

m(N−1)1 · · · m(N−1)(N−1) m(N−1)N ′
mN ′1 · · · mN ′(N−1) mN ′N ′

∣∣∣∣∣∣∣ δφ
N
i

(12)=

∣∣∣∣∣∣∣
m11 · m1(i−1) m1N − m1N ′ m1(i+1) · m1N ′
· · · · · · ·

m(N−1)1 · m(N−1)(i−1) m(N−1)N − m(N−1)N ′ m(N−1)(i+1) · m(N−1)N ′
mN ′1 · mN ′(i−1) �mNN mN ′(i+1) · mN ′N ′

∣∣∣∣∣∣∣φ
N
N .

Now only the original wave field quantities andmiN ′/mN ′i (related to the new location of theN th scatterer and thu
necessarily included) are used to express the changes in the overall incoming wave on theith scatterer. Moreove
Eq. (12) givesδφN

i for all i, including the shiftedN th scatterer itself.
Similar to the preceding section, if|(MN)′| is small,δφN

i will be large for theith scatterer with a non-trivia
right-hand side determinant in Eq. (12). In such situation, shifting theN th scatterer could either induce a resona
in a scattering system, or suppress an existing resonance if|MN | is small in Eq. (3).

5. Changing a scatterer’s strength

It is also straightforward to apply a similar method to the case in which theN th scatterer changes its scatteri
strength by a factor of an arbitrary constantγ . This can be viewed as a special case of Eq. (8) by replacingmiN ′
with γmiN in the second determinant on the right-hand side. One should note that, fori �= N , it’s miN instead
of mNi that is multiplied byγ (mNi describes a scattering by theith scatterer toward theN th scatterer), and tha
φN

N ′ �= φN
N (despite the same position for the scatterer) because the change in scattering strength of one

modifies the wave field at every point. However, as in the preceding section, there is a better expressio
changes in wave field not involvingφN

N ′ . Similar to Eq. (2), the new wave field has

(13)
(
MN

)′′ · (φN
)′′ ≡




m11 . . . m1(N−1) γm1N

· . . . · ·
m(N−1)1 . . . m(N−1)(N−1) γm(N−1)N

mN1 . . . mN(N−1) mNN






(φN
1 )′′
·
·

(φN
N )′′


=




φ1,s

·
·

φN,s


 .
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Compared with Eq. (2), Eq. (13) gives

(
MN

)′′ · (φN
)′′ ≡




m11 · · · m1(N−1) γm1N

· · · · · ·
m(N−1)1 · · · m(N−1)(N−1) γm(N−1)N

mN1 · · · mN(N−1) mNN






(φN
1 )′′
·
·

(φN
N )′′




(14)=



m11 · · · m1N

· · · · ·
· · · · ·

mN1 · · · mNN






φN
1·
·

φN
N


≡ MN · φN .

SettingδφN
i = (φN

i )′′ − φN
i for all i and subtracting(MN)′′ · φN from both sides gives

(15)




m11 · · · m1(N−1) γm1N

· · · · · ·
m(N−1)1 · · · m(N−1)(N−1) γm(N−1)N

mN1 · · · mN(N−1) mNN






δφN
1·
·

δφN
N


= (1− γ )




m1N

·
m(N−1)N

0


φN

N .

Solving Eq. (15) gives

∣∣∣∣∣∣∣
m11 · · · m1(N−1) γm1N

· · · · · ·
m(N−1)1 · · · m(N−1)(N−1) γm(N−1)N

mN1 · · · mN(N−1) mNN

∣∣∣∣∣∣∣ δφ
N
i

(16)= (1− γ )

∣∣∣∣∣∣∣
m11 · m1(i−1) m1N m1(i+1) · m1(N−1)

m21 · m2(i−1) m2N m2(i+1) · m2(N−1)

· · · · · · ·
m(N−1)1 · m(N−1)(i−1) m(N−1)N m(N−1)(i+1) · m(N−1)(N−1)

∣∣∣∣∣∣∣φ
N
N ,

or

(
γ
∣∣MN

∣∣+ (1− γ )
∣∣MN−1

∣∣)δφN
i

(17)= (1− γ )

∣∣∣∣∣∣∣
m11 · m1(i−1) m1N m1(i+1) · m1(N−1)

m21 · m2(i−1) m2N m2(i+1) · m2(N−1)

· · · · · · ·
m(N−1)1 · m(N−1)(i−1) m(N−1)N m(N−1)(i+1) · m(N−1)(N−1)

∣∣∣∣∣∣∣φ
N
N .

Once again, the perturbationδφN
i on every scatterer, including theN th scatterer, is represented using only

original wave field quantities. Eq. (17) has a rather surprising implication. If one could freely controlγ (which
needs further careful examination in certain cases) and|MN | �= |MN−1| (which is usually true), one could alway
induce resonance in a non-resonant scattering system by settingγ = 1/(1−|MN |/|MN−1|). Since resonance ofte
corresponds to persisting bouncing of wave between scatterers, it’s possible to trap wave inside a scattere
a significant amount of time by tuning the scattering strength of an arbitrary scatterer, according to Eq. (1
could be an alternative to the recent experimental work of freezing photons in an atomic cloud [12].
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6. Perturbing multiple scatterers

By repeated use of Eq. (4), the removal of a total ofm scatterers can be viewed as the sequential remova
single scatterer at a time, i.e.,

φN−m(�x;ω) − φN(�x;ω) =
m∑

j=1

(
φN−j (�x;ω) − φN−j+1(�x;ω)

)=
m∑

j=1

δφN−j+1(�x;ω)

= ε(ω)

{
m∑

j=1

(
N−j∑
i=1

G�x,iδφ
N−j+1
i − G�x,N−j+1φ

N−j+1
N−j+1

)}

(18)= ε(ω)

(
N−m∑
i=1

G�x,i

m∑
j=1

δφ
N−j+1
i −

N∑
i=N−m+1

G�x,iφ
N
i

)
,

whereδφ
N−j+1
i are given by equations similar to Eq. (7). In the last form given, all the canceling terms hav

removed. Interestingly, the differential contributions coming from the remaining scatterers are summed ovm

systems havingj scatterers removed, whereas the missing contributions from the removed scatterers rely
theN -scatterer system. It’s the consequence of the linearity of the system, which makes the overall chang
remaining scatterer equal the linear sum of the changes induced in each removal of them scatterers.

By linearity, the collective change in wave field due to shiftingm scatterers is conveniently given as

(
φN(�x;ω)

)′ − φN(�x;ω) = ε(ω)

N∑
i=1

G�x,i

m∑
j=1

(
δφN

i

)
j
,

where(δφN
i )j is the changeδφN

i in the incoming wave on theith scatterer due to thej th shifting, given by Eq. (12)
Similarly, whenm scatterers change their scattering strength, the collective change in wave field is

(
φN(�x;ω)

)′′ − φN(�x;ω) = ε(ω)

N∑
i=1

G�x,i

m∑
k=1

(
δφN

i

)
k
,

where(δφN
i )k is the changeδφN

i in the incoming wave on theith scatterer due to thekth scatterer’s change i
scattering strength, given by Eq. (16). Them scatterers can change their scattering strength by different factoγ .
That is,γ in Eq. (16) can be replaced with a differentγk each time calculating(δφN

i )k .
Above are the collective perturbations due to modifying multiple scatterers. They are analytical and s

certain weak scattering limit, the variousδφN
i can be approximated using low scattering terms, therefore offe

a convenient analytical study of perturbation effects.

7. Conclusion

In the preceding sections, we have expressed the changes in the overall incoming wave on an arbitrary
in terms of the unperturbed wave field for removing a scatterer, shifting a scatterer, and replacing a scatter
different one, respectively, and then given the overall perturbation due to changing multiple scatterers in c
forms. Most of the results can be intuitively understood in the scattering path picture. The equations can b
solved numerically to compare the changes on different scatterers, which can help reveal the correlation
between a remaining scatterer and the removed one(s). Also at the weak scattering limit in a ballistic t
system, the few lowest order scattering terms may approximate the change on a scatterer’s overall incom
field analytically. The formulas are simple and intuitive, should be very helpful to research on perturbat
atomic, mesoscopic and even classical scattering systems.
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