Ray dynamics in long-range deep ocean sound propagation
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Recent results relating to ray dynamics in ocean acoustics are reviewed. Attention is focused on
long-range propagation in deep ocean environments. For this class of problems, the ray equations
may be simplified by making use of a one-way formulation in which the range variable appears as
the independenttimelike) variable. Topics discussed include integrable and nonintegrable ray
systems, action-angle variables, nonlinear resonances and the KAM theorem, ray chaos, Lyapunov
exponents, predictability, nondegeneracy violation, ray intensity statistics, semiclassical breakdown,
wave chaos, and the connection between ray chaos and mode coupling. The Hamiltonian structure
of the ray equations plays an important role in all of these topics.2003 Acoustical Society of
America. [DOI: 10.1121/1.1563670

PACS numbers: 43.30.Cq, 43.30.Re, 43.30[Q4B]

I. INTRODUCTION nally, the motion of rays in a range-independent environment
) ) ) o is discussed. For this class of problems the ray equations are
The chaotic dynamics of ray trajectories in ocean acoUSiytegrable and the ray trajectories are most naturally de-

tics hqveSl_bl(Yaen explored in a number of receniyeripay ysing action-angle variables. In anticipation of the
p.ubllcatlor_l -~ The purpose of the Preser,“ paper is to PrO"material that follows, the action-angle formalism is intro-
vide a review of results relating to this topic. Our exposition ..

is brief but is intended to be self-contained. We introduce a
sequence of ray-based simplifications to the mathematica

description of underwater sound propagation in order to get Ef‘he action-angle formalism is used here to introduce nonlin-

more complete and clear understanding of the underlyin .
propagation physics, especially in range-dependent enviror%—ar resonances and the KAM theorem. The notion of ray

ments. We consider these simplifications as the starting poiﬁ‘{}aosflshmsculfsked, as ?re_ Lyapunov Exponzr_]ts. é)lur d|fscus-
of developing a quantitative theory. It is our opinion that sion of the(well known) limitations on the predictability o

even full wave simulations cannot be used effectively With_isolated chaotic trajectories is complemented by a discussion

out some understanding of the material described in this pa2f the (generally unappreciatgatability of families of cha-
per. otic trajectories. Also in this section we discuss an important

To make our discussion more concrete. we focus oufonnection between the background sound speed structure

attention on long-range propagation in deep ocean cond@nd ray stability. _ _ o
tions. Theoretical results are emphasized, but with an eye N Sec. IV we discuss ray intensity statistics and related
toward analyzing measurements. For this reason considetopics, including the distribution of finite range estimates of
able attention is paid to results that can be applied in théyapunov exponents. The results presented here were first
presence of complicatednonperiodi¢ range-dependent described in the analysis of an idealized underwater acoustic
ocean structure. In a separate paper many of the results preroblem, but have since been encountered in other applica-
sented and discussed here will be applied to the analysis oftions. Problems associated with the important task of con-
particular data set. necting ray intensity statistics to finite frequency wave field
In the next section we review important preliminary ma- intensity statistics are discussed.
terial. First, we introduce ray-based solutions to the Helm-  In Sec. V, we provide a more general, but brief, discus-
holtz equation. We then introduce the one-way form of thesion of “wave chaos”—the study of wave systems that, in
ray equations and the standard parabolic approximation. Fthe ray limit, exhibit chaotic motion. This topic falls slightly

Section IIl focuses on the behavior of rays in range-
ependent environments, i.e., on nonintegrable ray systems.
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outside the bounds of providing a review of ray dynamics,and the transport equation,
but is too important to omit. Strong results relating to this V(A2VT)=0 ®)
topic are dificult to obtain. Much of our discussion focuses '
on the question of whether semiclassi¢aly-basetl wave  For notational simplicity we have dropped the subsdripn
field representations break down at the so-called EhrenfegtandA in (4) and(5). The solution to(4) can be reduced to
range, which scales as fr)(where f is the appropriately the solution to the ray equations,
nondimensionalized wave frequency. dr gH dp IH

In Sec. VI, we describe the connection between ray —=— —=——, (6)
chaos and mode coupling. This work builds on well-known 47 @p " d7 ar
results on ray-mode duality. The results described here praand
vide a promising means of attacking the wave chaos problem
; Y o dT dr
inasmuch as finite frequency effects are built into the modal — —[=p. —— @)
description of the wave field. dr dr 7

Ig'the flnalhsectlo'n, yvelbn(;flytdlscgss twfo issues. F'rStt'wherep=VT is the ray slownessalso referred to as the
we discuss the principal shortcoming of our curren momentun vector and

knowledge—our relatively poor understanding of the wave
chaos problem. Second, we discuss the manner in which H(p,r)=3(p?>—c2(r))=0. (8)

ideas relating to deterministic chaos complement and/or Ccong o independenttimelike) variable + satisfiesdr/dl=c
flict with more traditional ideas relating to the study of wave wheredl=|dr|, anddH/d=0. The sum in(3) is over all

propagation in random media. ray pathsz(r) that connect the source aty(0) and the re-
ceiver at(z,r). The ray equation$6)—(8) are seen to have
Hamiltonian form, which allows many well-known results to
be applied to the acoustic problem in the short wave limit.

This section provides background material that is necesEduations(6)—(8) describe the so-called optical-mechanical

sary to understand the material that is presented in the seflalogy of wave propagation in the short wave limit.

tions that follow. Starting with the Helmholtz equation we __ ~OF guided wave propagation in the direction of increas-
introduce the ray equations and their one-way form, the stad"9 " the variabler can be used as the, independgimelike)
dard parabolic approximation, and the action-angle descrip'@/1able and Eqsi6)—(8) may be rewritten

tion of ray motion in range-independent environments. dz oH dp JH

ar ®

II. PRELIMINARY RESULTS

A. Waves and rays dr dp’

Fixed-frequency(cw) acoustic wave fields satisfy the and

Helmholtz equation, dT dz

V2u+a?c%(r)u=0, (1) ar - L=Pg—H (10)

whereu is the acoustic pressure=2f is the angular fre-
guency of the wave field, and(r) is the sound speed. We
consider propagation in a vertical plane (z,r) wherezis H(p,z,r)=—+c %(z,r)—p? (11
depth andr is range; the Laplacian operator (&) is V? . .

= 321922+ 32 or2. For largekr, wherek=o/c, azimuthal 'S Minus the r-component of the slowness vector, and

spreading of sound generated by a point source can be ag_l—l/dr:haHf/&r. 'I;hesed_a_re tt;e SE-caII?g_onef-waé/ ray eqhua-
counted for by multiplyingu by r ~2if a flat Earth model is tions. The formal condition for the validity of reducing the

assumed, orr(sin(/ry)) 2 wherer, is the radius of the two-way ray equation¢6)—(8) to the one-way ray equations

Earth, if a spherical Earth model is assumed. The so-calle&g)_(ll) is thatdr/dr>0 following all rays of interest; see,
short ,wave approximation can be used when e.g., Ref. 9. All subsequent analysis is based on the one-way

ray equationgor a parabolic approximation to these equa-
o>|Vc|, (2)  tions, as described belowrather than the slightly more gen-
i.e., when the acoustic wavelengthrix is smaller than all €ral Eqs.(6)=(8). Ray angles are defined by the condition
length scales that characterize variationscirUnder such dZdr=tang whereg is measured relative to the horizontal.
conditions the solution td1) can be written as a sum of USing(9) and(11) this reduces t@p=sine. An immediate
terms, each representing a locally plane wave, consequence of Eqs(9), independent of the form of
H(p,zr), isd(dz/dr)/dz+a(dp/dr)/dp=0. This is a state-
o T (1) ment of Liouville’s theorem, expressing the incompressibil-
u(r,cr)—; Aj(rje 1. @ ity of flow in phase spacép,2.

The transport equatiofb) can be reduced to a statement
of constancy of energy flux in ray tubes. In a notation appro-
priate for use with the one-way ray equations, the solution to
the transport equation, assuming a point source, forjthe
(VT)?=c?, (4  eigenray can be written

wherep=4dT/dz is the zcomponent of the slowness vector,

Substitution of the geometric ansa®) into the Helmholtz
equation(1) gives, after collecting terms in descending pow-
ers of o, the eikonal equation,
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Aj(zir):A0j|q21|j_1/2e_il‘«j77/2_ (12) corresponding Hamiltonianglt is useful to note the analogy
between quantum mechanics and acoustics because many
tools that have been developed to study quantum chaos, dis-
cussed below, can be applied to the study of solutiond Of

The matrix elemend,,, defined below, describes the spread-
ing of an infinitesimal ray bundle. At any fixed one has

5p 8Po or (1) under conditions in which the ray equatio(®), or (6),
52) =Q 520): (13 admit chaotic solutions. In this regard it is noteworthy that
- ] there is no direct quantum mechanical counterpart to tran-
where the stability matrix sient sound fields as these are characterized by the simulta-
ap ap neous presence of a continuum efvalues.(An indirect
07_po f?_Zo analog, known as inversie spectroscopy? has been devel-
- ( REE] (hz) B % Po (14 oped, howevey.
O21 Q22 oz, Jz '
apo|, 20|, C. Integrable ray systems
) ) ° ° _ It is well known that when the sound speed is a function
Elements of this matrix evolve according to of depth only and the ocean boundaries are surfaces of con-
d stant z, the Helmholtz equatiorfand the parabolic wave
ar Q=KQ, (15  equation admit separable solutions. Under the same condi-
] ) ) . tions the ray equations also admit simple solutions that make
whereQ atr =0 is the identity matrix, and use of action-angle variables, and are said to be integrable.
J°H J’H The action-angle formalism is important in the material in
3 - much of the remainder of the paper, so the essential results
zdp iz
K= 5 5 ) (16) ~ are presented here.
gH - IH When the sound speed is a function of depth only, ray
ap? azap trajectories are periodic; the ray equatidd$ can be trans-

At causticsq,, vanishes and the Maslov indgx advances formeq, via a cgnomcal traqsfor.mat|or.1, to a new set of ray
equations in which the Hamiltoniad(1) is a function of the

by one unit.(For waves propagating in three space dimen- . o
sions, advances by two units are possjbig. these points new mqmentum \{anablda but is mdepende_nt of the new
diffractive corrections tq12) must be applied. The normal- generalized coord[naté. .In terms of the action-angle vart-
ization factorA; is chosen in such a way that close to theables (,0), ray trajectories are described by the equations
source(12) matches the Green’s function for the correspond-  dé dH dl JH

ing wave equation(1) or a parabolic approximation to the gy ~ =) ;=7 5570 (20)
one-way form of this equation AG; is different for Helm- ] ) o

holtz equation and parabolic equation rays; this small differ- N€ solution to these equations is simgly-const, 6(r)
ence is of no consequence in any of the results presenteg®(/)r+6(0). These equationsand their higher dimen-

below) Ray intensity statistics are discussed in detail in SecSional counterparjsdescribe motion on a torus. The action
IV, variable can be writtefsee, e.g., Ref. 1%s a function oH

(which is constant following each ray trajectory in a range-

independent environment
B. The parabolic approximation

1 1 (zH)
The standard parabolic wave equation is = > fﬁ dz p(H,z)= p f“(H) dz p(H,z). (21
zZ

i 2
Lo C_02 a—z—U(z,r))\P, (177  The integration is over one cycle of the periodic ray trajec-

o \20°0z tory, and at the turning depths *(z(H))=c 1(2(H))

whereu(z,r)~explko)¥(zr), ko= /¢y, = —_H. The generating fl_Jnction for the canonical transfor-
5 mation from(p,2 to (1,0) is
1 (o )

Uizr=-—1-=5—+|, 18 z

(zr) 2Co( c(zr) (18 G(z,l)zf dz' p(H(l),z"), (22

and cg is a reference sound speed. The corresponding r

a . . :
equations aré9) and (10) with H(p,z,r) replaced by YWhere theH(l) can be obtained by inverting Eq@21), p

=9dG(z,1)/dz, and 6= dG(z,1)/4l.
_Co >

Hee(p.2.r) =5 p +U(zD). (19 ||| NONINTEGRABLE RAY SYSTEMS

Ray angles satisfggp=tane. The parabolic approximation This section is concerned with the behavior of rays in
is valid when ray angles are small and deviations(,r) range-dependent environments; under such conditions the
from ¢, are small. The parabolic wave equati@iv) coin- ray equations define nonintegrable dynamical systems. The
cides with the Schidinger equation withr playing the role  action-angle formalism is used to introduce nonlinear reso-
of time ando ! playing the role of Planck's constait ~ nances and the KAM theorem. The notion of ray chaos is
[Note that#/t and (or) ! have the same dimension as theintroduced. Lyapunov exponents and the predictability of
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both isolated rays and families of rays are discussed. Also, aN components, each of which is periodic in ranfjkeis as-
important connection between ray stability and the backsumed to be finite but is otherwise unrestricted. The spatial
ground sound speed profile is discussed. periods need not be commensurable and there may be depth
structure associated with each periodic component. Realistic
ocean sound speed structure—internal-wave-induced
perturbationg® for example—can be described by a model

Consider ray motion in an environment consisting of aof this type. A consequence is that the mixture of chaotic and
range-independent sound speed profile to which a smategular trajectoriegdiscussed belowthat characterizes ray
range-dependent perturbation is added. Because of the smathotion in environments with periodic range dependence ap-
ness of the sound speed perturbation, the perturbatid¢h to plies to a much larger—and more oceanographically
may be assumed to be additive, realistic—class of problems.

H(p,2,r)=Hq(p,2)+sH(p,Z,r). (23) Because t.he mixture qf chaotic _and regular .traject_ori(_as

that characterizes ray motion in environments with periodic

For simplicity, first consider the case whetg is a periodic  range dependence carries over to a much larger class of prob-
function of r with WaVElength)\IZ’ﬂ/Q. It is well known lems, there is reason to Study the forn@amp|er) prob|em
(see, e.g., Ref. )4that for this class of problems canonical with the expectation that many of the observed qualitative
perturbation theory fails as nonlinear ray-mEdiUm resonanCegatures carry over to the |arger class of prob|ems_ The prin-
are excited for those rays whose action vallgs the un-  cjpal advantage of studying ray dynamics in environments

A. Nonlinear resonances and the KAM theorem

perturbed environment satisfy the condition with periodic range dependence is that in systems of this
lw(1g)=mQ (24) type _the structure of phase space can be seen by constrgcting
o a Poincaremap. To construct such a map, the ray equations
for any pair of integers, andm. (6) and (8) are integrated numerically to givep(r),z(r)).

_A simple analysigsee, for exgmple, Ref)4&hows that e sequence of points p(ro+n\),z(ro+n\)), n
actlc_)n variables of rays captured |n_to the resonance belong ta 0,1,2,..., whera is the wavelength of the range-dependent
the intervall = Al e, <I<I+Al g, with sound speed perturbation, is then plotted. A Poincaap

_ = , constructed in this fashion is a 2-D slice of the ray motion in
Alma=2VeH, /o], @9 ihe 3-D spacép, z, r mod\).
wherew’'=dw(l)/dl atl=I,, andH, is the magnitude of For some special problems ray dynamics and associated
H,. The quantityAl ., represents the width of the reso- phase space structures can be studied using an even simpler
nance in terms of the action variable. The width of the resotechnique which eliminates the need to numerically trace
nance in terms of spatial frequency can be approximatelyays. An example is described in Ref. 5. Here, ray motion in

estimated as a bilinear model(constant sound speed gradient above and
— below the sound channel axisf the deep ocean sound chan-
Ao=|o'[Al /2= VeH |o'|. (26)  nel was considered. It was shown that when the upper ocean

The phenomenon of nonlinear ray medium resonance p|aygpund speed gradient oscillates'periodically in range, succes-
an important role in the emergence of ray chaos. If there aréVe (Separated by one ray cygleerates of axial ray angle

at least two nonlinear resonances centered at spatial freque?d range satisfy

ciesw andw+ dw, chaotic motion, according to Chirikov’s bni1= Ppt+e[sinp,+sin(p,+ d,+e sinp,) ],
criterion?>~* takes place when the condition . 28)
Ao Pn+1=PnT Pntesinpy+ydn,q.
%>1 (27) Here ¢ is the dimensionless perturbation strengthis the

ratio of the average upper ocean sound speed gradiémt

is satisfied, i.e., when the resonances overlap leading to thde fixed lower ocean sound speed gradien,,
stochastic instability of the system. =(4m/g\) @, and p,=(27/\)r,. These equations define

One might expect that, even for very smallall rays are  an area-preserving mapping(én+1,pn+ 1)/ (bn.pn)=1;
captured into a nearby resonance. This turns out not to be thais condition is a discrete analog of Liouville’s theorem.
case. According to the KAM theorefsee, e.g., Ref. 23for  Because of their relative simplicity, area-preserving map-
sufficiently smalle some of the tori of the unperturbed sys- pings are widely used to study properties of nonintegrable
tem are preserved in the perturbed system, albeit in a slightljgamiltonian systems. Some of these properties will now be
distorted form. A condition for the applicability of the KAM described.
theorem is that the nondegeneracy conditgri# 0 must be
satisfied. This condition guarantees that resonances are is
lated providede is sufficiently small. Nondegeneracy viola-
tion will be discussed in more detail below. Figure Xa) shows iterates of Eq28) for many sets of

Realistic sound speed structure in the ocean does neay initial conditions in an environment with moderately
have periodic range dependence, so it is important to corstrong =0.15) range dependence. Phase space is seen to
sider a larger class of perturbation terig(p,z,r). In Ref.  consist of a mixture of regular and chaotic regions, often
24 it is shown that the KAM theorem applies to problems fordescribed as regular islands in a chaotic sea. For much
which the perturbation terid ; consists of a superposition of smaller values o, chaotic regions occupy only thin isolated

8._ Ray chaos
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FIG. 1. Numerical simulations based on the area-
preserving mapping (28) with g=1/(30 km), \
=10 km, y=4, ande =0.15. In both plots the ray ini-
tial conditions correspond to those of an axial point
source afr =\/2. Left panel: 500 iterates of the map-
ping for 50 rays whose launch angles are uniformly
distributed between 8° and 9°. Right panel: range after
250 ray cycleqgeach corresponding to one iteration of
the mapping for 10 000 rays whose launch angles are
uniformly distributed between 8° and 9°. In most re-
gions this sampling interval is too large to resolve what
should be a smooth function.

r/lambda mod 1
r/lambda mod 1

- . ~— e 0.0
9.0 80 85 9.0

85
angle (deg) launch angle (deg)

bands of phase space. Each such thin chaotic band is assofjz is a measure of information increase following a trajec-
ated with an isolated resonance. As increased, the widths  tory; a readable discussion of this topic can be found in Ref.
of the resonances increase and nearby resonances overlag, For bounded dynamical systefmss~ v, holds; in open
leading to an intricate mixture of regular and chaotic regionsgiffusive systems, their difference is proportional to a diffu-
as seen in Fig. (8). Behavior of this type is typical of sys- sjon constant® A consequence of the extreme sensitivity of
tems that are constrained by KAM theory. Figuf)lshows  chaotic rays is that the number of eigenrays connecting a
a plot of range versus launch angle after 250 ray cycles intheiyed source and receiver grows exponentially, like
same environment, and using rays emanating from the SaM&p(hysr), on average in range®2Also, the magnitudes of
fixed.point that was used to produce Figa)l The ray initial  the variational quantities;; [see Eq.(14)] can grow expo-
conditions used in both Figs(a and(b) fall on a horizontal  nentially, on average, in range. Reference 17 contains a de-
line (atr =A/2) through the middle of Fig.(&. Note thatthe  (5jleq discussion of this topic. A consequence of this expo-
islands that intersect this line in Fig(al are readily identi-  antial growth is that the amplitudes of chaotic rays
fiable in Fig. Xb). This observation is significant because [proportional t0|az(r)/ap(0)|‘1’2 for (9) or |f9Pn/f9¢o|_1/2
plots like Fig. Xb)—ray position versus some continuous ray o, (28), assuming a point sourbelecay exponentially, on
label—can be constructed in environments with nonperiodi%werage in range. Note, however, that for moderate to large
range .dependence, providing a simple means of identifying . (measured in units of a typical value 0[1), plots of
islandlike structures. az(r)/ap(0) vs p(0) (see Fig. B or dp,/dpg VS ¢y (See

i At the boundaries of chaotic ahd .relzgular domains—inFig_ 1) have fractallike structure when both chaotic and regu-
Fig. 1(a), for example—are usually invisible cantori. These lar trajectories are present.

are Cantor-type invariant sets with fractal structure contain-
ing an infinity of holes. Cantori act as partial barriers that
inhibit the diffusion of rays. Boundaries of chaotic regions

contain small island chains around which the density o hreshhold(which is proportional tdN, /v, whereN, is the

p0|.nts IS Very h'gh' A common phe_nomenon Is “stickiness number of bits used to specify the mantissa of floating point
of island boundaries; after wandering in an apparently ranhumber$ This limitation on one’s ability to make determin-
dom fashion in phase space, a chaotic trajectory may a

. ; . Rstic predictions of chaotic ray trajectories at long range is
proach a stable island, and stick to its border for s¢es- tempered by two related factors. First, the shadowing
sibly long time, during which it exhibits almost regular '

. . . lemm&’ guarantees that, for a large class of problems, nu-
behavio® The presence of regular islands in phase spac 9 9 P

. : 2 ) . .ﬁwerically computed chaotic trajectories at long range corre-
alters the dispersion characteristics of the trajectories that “Spond fo trajectories of rays whose initial conditions are

in the surrounding chaotic séaDetails depend on the struc- close to the specified values but are generally unknown. Sec-

ture of phase space but the phenomenon of anomalous diffu-_ ... . - ; .

. . ) o ond, it is easy to verify that statistical properties of discretely

sion (mean square displacements of trajectories in phasg S ) .

. . . Sampled distributions of chaotic ray®ccupying, for ex-

space obeying scaling laws different than those of a tradi- L )

. . ample, a small but finite area in phase space=ad) evolve
tional random walk seems to be generic.

. . ; L in a way that does not exhibit extreme sensitivity.
An important property of chaotic trajectories is that they o A
S e ! " A somewhat stronger form of stability of distributions of
exhibit extreme sensitivity, characterized by a positive

Lvanunoy exponent chaotic rays is illustrated in Fig. 2. In phase space an
yap P ' aperture-limited compact source is represented as a line seg-
(1 D(r)) ment at constant depth=z, bounded by limiting values of

Another consequence of extreme sensitivity of chaotic
rays is that deterministic predictions using finite precision
umerical arithmetic is limited to ranges less than some

VL= I|m

r—o

— lim '”m (29 po; this is an example of a Lagrangian manifold. Each point
on such a manifold evolves inaccording to the ray equa-
Here D(r) is a measure of the separation between rays ations(9). As a Lagrangian manifold evolves, it gets stretched
ranger. Suitable choices foD(r) are separations inor p; and folded, but does so without breaking or intersecting itself
another choice is described in Sec. IV. The Kolmogorov—(owing to phase space area preservatiéigure 2 illustrates
Sinai entropyhs is closely related to, . Loosely speaking, one aspect of a phenomenon that can be termed manifold

D(0)—0
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FIG. 2. Left panel: segment of a Lagrangian manifold
for a fan of rays with z(0)=—1.100 km, 8.575°
<6(0)=<8.625° atr =500 km in the background envi-
ronment shown in Fig. 3 with an internal-wave-induced
sound speed perturbation superimposed. Right panel:
segment of a Lagrangian manifold for a fan of rays with
z(0)=-1.101km, 8.575%¢(0)<8.625° at r
=500 km in the same environment. The endpoints of
both Lagrangian manifolds are marked with small open
circles. In both panels, portions of the manifold seg-
ments, consisting of long thin tendrils, extend beyond
the plot boundaries. The dashed curve in the right panel
is a portion of a surfacé=const.

0.675 0.680 0A0‘75 0.680
slowness (sec/km) slowness (sec/km)

stability. In this figure two Lagrangian manifolds with field was assumed. An exponential buoyancy frequency

slightly different initial conditions are plotted in phase spaceN(z)=Ngyexp@B) (note that depthg are negative withe

at a fixed ranger =500 km. Each manifold has initial con- =0 at the sea surfag&ith Ny=6 cycles/hour was used. The

ditions z=2z; (a constant 8.575°< #,<8.625°. For one of dimensionless strength parametErand u were taken to be

the manifoldsz,=1.100 km; for the otherz,=1.101km. 6.3x10 ° and 17.3, respectively. Numerically, &*2point

Both manifolds evolved in the same environment, which isFFT was used withAk,=27/1638.4 km, Ky max=27/1 km

described below. In this environment almost all trajectoriesandj,,,=30. It should be noted that this perturbation field is

evolve chaotically, which leads to exponential growth inhighly structured and fairly realistically describes typical

range of the length of each manifold. The combination ofdeep ocean environments. Also, the assumed background

chaotic ray motion and the small difference in initial mani- profile is similar to profiles found in much of the North At-

fold depth might lead one to expect that the two manifoldslantic Ocean.

should evolve very differently. Figure 2 shows clearly, how- The unpredictability associated with ray chaos is, of

ever, that they have not. This can be explained by noting thatourse, partially mitigated by finite frequency smoothing ef-

phase space area is preserved. Because of this constraint, feets. This will be discussed in Sec. V. We have seen, how-

exponential stretching of each manifold is balanced by arever, that even without accounting for finite frequency

exponential contraction of phase space in the transverse dsmoothing, loss of predictability associated with ray chaos is

rection. This contraction causes the two manifolds to getess severe than might be expected due to the constraining

squeezed closer to one another. Note, however, that, in gemfluences of Liouville’s theorem, and, for a large class of

eral, points on the two manifolds with the same valug/gf

do not lie close to one another. Loosely speaking, the two 0 ! ; s

manifolds have slid relative to one another while being

stretched, folded, and squeezed toward one another. Trajec-

tories with nearby initial conditions will also be squeezed

toward the same locus of points. Thus, although individual

trajectories exhibit extreme sensitivity under chaotic condi-

tions, the associated exponential contraction of phase space —

elements imparts a surprisingly strong form of stability on e

continuous distributions of trajectories. The impact of mani- =

fold stability on wave field evolution and stability is consid- <
)
©

ered in Ref. 29.

The environment used to produce Fig. 2 is also used in
subsequent numerical work. It consists of a range-
independent background profile, shown in Fig. 3, on which
an internal-wave-induced sound speed perturbation field is -4 1 -
superimposed. The background profile is a Milngrofile
modified in the upper ocear(z)=cy(1+e(expy—n—1))
+cy(2), with cg=1.49 km/s,e=0.0057,p=2(z—z,)/B, B 5 . ! ‘
=1km, z,=—1.1 km, andc,(z)= & sirf(m(z—z,)/z,) for z 1.48 1.50 152 1.54
>z, with §=0.018 km/s. The internal-wave-induced sound sound speed (km/sec)
speed perturbation was computed using @) of Ref. 25
with y=t=0, i.e., a frozen vertical slice of the internal wave FIG. 3. Background sound speed profile used to produce Figs. 2, 4, and 5.
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problems, the coexistance of chaotic and nonchaotic trajec- 3 dz
tories. Because of these influences chaotic ray systems have R(pr)=2prjimz)7, (32
r

more subtle dynamics than purely stochastic systems. Sys-
tems of the latter type arise—in studies of wave propagationvhere p, is the r-component of the ray slowness vector,
in random media, for example—when sound speed perturbavhich is constant following a ray trajectory in a range-
tions to a homogeneous background are assumed to be deitalependent environment. The upper turning depth of a ray
correlated. The topic described in the following subsection ig(p,) satisfiesc(2(p,))=p, }, and similarly for the lower

an example of a topic that fits naturally into a dynamicalturning depthz(p,). Also, cp,=cose. The action can be
systems framework, but not into a purely stochastic framewritten

work.

1z
1(p0= [ ‘date 22— pp= 33
C. Ray stability and o'’ ‘

Recall from Sec. Il A that in order for the KAM theo-
rem to apply the nondegeneracy condition,

Because Zdl/dp,=—R(p,), a=(27l/R?)dR/dp,. This
expression fora is convenient to evaluate numerically. A
deep-oceam-curve, corresponding to the sound speed pro-
do file shown in Fig. 3, is shown in Fig. 4.

W#)’ (30) In Fig. 4 zeros ofa—where the nondegeneracy condi-

o ) tion (30) is violated—are seen to be isolated. Such points are
must be satisfied in the backgroufrange-independenen-  referred to in Ref. 21 as accidental degeneracies, in constast

vironment. Systems in which the nondegeneracy condition i, intrinsic degeneracy where' vanishes for all trajectories.
violated may admit chaotic solutions, but su.ch systems arparanolic equation rays in environments in whidiiz) is
characterized by the presence of a stochastic*ivets per- quadratic and Helmholtz equation rays in environments in
haps some other structyrerather th_an the regular island/ \yhich c(2) = co cosh(¢—z,)/h) are intrinsically degenerate.
chaotic sea mixture that characterizes chaotic systems thghese special problems are not realistic oceanographically.
are constrained by KAM theory. Note, in addition, that Egs.p|so, it is worth noting that perturbations to intrinsically de-
(26) and (27) show thatw’ =dw/dI also plays an important  generate systems often break up the degeneracy, leading to
role in systems that are constrained by KAM theory; if the phase space structure that is essentially the same as that seen
perturbation strengthH, is fixed, then rays are expected to in nondegenerate systefisAccidental degeneracies, on the
become increasingly chaotic 4&’| increases because as other hand, are structurally stable and, as illustrated in Fig. 4,
|o'| increases the number of overlapping resonances shoulgte common in realistic deep ocearcurves.

increase. These observations suggest that ray behavior Reference 33 presents an extensive set of numerical
should be influenced by the background sound speed strugimulations and some nonrigorous theoretical arguments that
ture via the quantityw’. Numerical evidence, including an complement those given above in an attempt to better under-

example described below, confirms this expectation. stand the connection betweeri and ray stability. The con-
It is convenient to introduce, following Zaslavsi&the  clusions of that study are that ray stability is largely con-
dimensionless stability parameter trolled by |w’| and that ray instability(as measured by
| do Lyapunov exponents, for examplecreases with increasing
=T (831) |e'|. These statements are consistent with the argument pre-

sented above based on E@26) and (27). The connection
The stability paramete(l) is a property of a range- betweenlw’| and ray instability is illustrated by comparing
independent environmen{z) and is a function of the action Figs. 4 and 5. Figure 5 shows ray depth at a range of 1000
variable|—or some equivalent ray label such as horizontalkm as a function of launch angle for an axial source in the
ray slowness, or axial ray anglea(l) can be computed environment shown in Fig. 3 on which an internal-wave-
from more familiar ray quantities. The angular frequency induced sound speed perturbation was superimpda3eck
=2m/R whereR is the ray cycle distance. For Helmholtz internal-wave-induced perturbation used to produce Fig. 5
equation rays was identical to that used to produce Fig. 2 apart from a
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First, ray intensity distributions are a useful diagnostic tool
to study and quantify ray dynami¢§especially in environ-
ments with nonperiodic range dependence where Poincare
maps cannot be constructed. Second, one expects—on the
basis of the local plane wave expansi@—that a useful
starting point for understanding wave field intensity statistics
is understanding ray intensity statistics. We emphasize that
gaining an understanding of ray intensity statistics is only the
first step in this process, as diffraction and interference ef-
fects must be accounted for in making the transition to wave
field intensity statistics. These complications will be dis-
cussed in more detail in the section that follows. The mate-
rial presented here builds on the material presented in Sec.
Il A that relates to ray intensities.

We shall confine our attention to a discussion of ray
intensity statistics in a simple idealized ocean model. A more
detailed account of the results presented here can be found in
, , : : Ref. 17. Some related results for the same idealized problem

8 9 10 " 12 13 14 are presented in Ref. 16. The model consists of an un-
launch angle (deg) bounded homogeneous background on which an isotropic,
FIG. 5. Ray depth versus launch angle for an axial source at a range of 1oo%'ng|e. scqle{descrl'bed by a Gaus.SIEfm sp.ectbmamdom per .
km in the background environment shown in Fig. 3 with an internal-wave-turbatlon is superimposed. In this idealized problem, which
induced sound speed perturbation superimposed. In most regions the sais the basis of much work on the study of wave propagation
pling interval (A¢,=0.0005°) is too large to resolve what should be a in random medi&?> all rays are chaotic. It should not be
smooth function. expected that all of the properties of ray intensity distribu-
o ] ) tions in our idealized problem carry over to long-range deep
factor of 2 reduction in the strength parameierIn Fig. Sit  ocean propagation conditions, which are characterized by the
is seen that rays in the 10° to 12° band are evidently muchesence of a background sound channel on which strongly
less stable than those outside this band. Outside of this bar?ﬁ’homogeneous and isotropic internal-wave-induced sound
there is evidence of apparently nonchaotic islandlike Struc'speed fluctuations with a power-law spectrum are superim-

tures (compare to Fig. | inside this band, there is no hoseq. In spite of the idealized nature of the problem consid-

indication—at the resolution shown, at least—of the preseq here, there is ample justification for studying this prob-

ence of such structures. Note that the unstable band of rays ja, First, this simple problem has surprisingly rich structure
Fig. 5.overl|es _the band of rays near the peakqh COITe- _ that must be understood before more complicated problems
sponding to axial ray angles near 11.1°, seen in Fig. 4. Thea pe successfully attacked. Second, the results presented
) - o N ) afe expected to comprise a limiting case of those that apply
in |af seen in Fig. 4. This is because rays whose initial axial, ore complicated problems. And third, preliminary results
angle falls slightly outside the unstable band get scattereguggest that many of the results presented here apply gener-

ipto th(_a unstable b_and. Neither Fig. 5 nor the numericala”y to systems that are far from integrable. This topic will be
simulations shown in Ref. 33 show any evidence of StruCjiscussed in more detail elsewhere

tures resembling stochastic webs near isolated zerps'of
Presumably this is due, in part at least, to the complexity oher
the internal-wave-induced sound speed perturbations th@ta
were used in the simulations, but this issue deserves to Rﬁit
studied more systematically.

Because significant variations i’| are common in

It is also worth mentioning that the results presented
e are expected to apply to other fields, as well. Twinkling
rlight is a familiar example, but far more exotic systems
h the same dynamical foundation exist. Two such ex-
amples are the gravitational bending of light passing through
galaxy clusters® and quantum mechanical waves associated

reallstlc_mo_dels otbgckgroqn@l oc_ean_structure, we expegt with the transport of low-temperature conduction electrons
the qualitative behavior exhibited in Figs. 4 and 5 to be fairly . . .
through semiconductor materiais Recent experiments of

common in ocean acoustics. Reference 34 first investigated . .
) . this latter system show the electron transport breaking up
the connection between ray stability and the sound speed .
. 14 . . into coherent channels that follow bundles of classical rays
structure. Later Simmeet al.** showed that, for identical

sound speed perturbation fields, characteristics of ray stabi}—h at are only weakly unstable in spite of the semiconductor

. acting as a random mediutfiThis is a manifestation of the
ity versus launch angle curves depend strongly on the back-

. o L : remaining stable and nearly-stable rays mentioned in Sec. lll
ground sound speed profile. Variations|in'| are a likely . . . ‘ .
B in connection with the KAM theorem; such rays will show
cause of the latter finding.

up again later in this section.
Ray stability analysis relies on the stability mati@x
defined in Eq.(13) from which a great deal of information
Ray intensity distributions are discussed in this sectioncan be deduced. The stability matrix describes the behavior
There are two principal reasons for investigating this topic.of all rays that remain within an infinitesimal neighborhood

IV. RAY INTENSITY STATISTICS
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in Eq. (12), geometric amplitudes for a point source are con-¥'~ 972 | =2y 972 ‘ =2,
trolled by the matrix elemend,,; for a plane wave initial P=Py P=Po
condition g,, is the relevant quantity. For pedagogical pur- (39

postels,. fhowivert,_ tis sqppler 0 cotpsl|detr th;e_trace of th%nd the brackets,..), denote ensemble averaging over dif-
matrix, for chaoctic rays, 1ts exponential rate ol INCrease anGq ot reglizations of the potentiél. Numerical evaluation

gross statistical properties are the same as those of any of “b"? Eq. (38) for model systems with some realism is usually
Q matrix elements. Sinc® is diagonalizable by a linear,

ilarity t P i necessary, but analytic results are available for simplified
simiiarity transtormation models such as Gaussian random single scale potentials.

of a reference ray over the course of its propagation. As seen ( 1 J'oo < PU(z;r— g)‘ 82U(z;r)‘ > ) 13
d L

N Interestingly,»’ is greater than the Lyapunov exponent,
A=LQL1:>( _1), (34) indepe_ndem of the range involved. In fact,_with incre:?\si.ng
0 A range it rapidly approaches a constant. The important distinc-

. ] . . . tion lies in whether the ensemble averaging occurs before or
its trace is an invariant equal to the sum of the eigenvaluesfter taking the natural logarithm. The fluctuations are strong

The last form applies to systems with a single degree ognough that' > v, (=(v)) or alternatively
freedom because the determinant is unity. Three distinct

cases may arise. The first [Br(Q)|<2 which is linked to In{|Tr(Q)[?)_ /In|Tr(Q)|
stable motion, and it is customary to denate exp(6r). The 2r - r
second case ifTr(Q)|=2, and it is often called marginally _
stable because it is the boundary case between stable afff all appreciabler. o
unstable motion. The third case represents unstable motion, [N the environment consisting of a homogeneous back-
and is characterized yr(Q)|>2. There it is customary to gropnd on which a smglg_ scale G_ausglan perturbation is su-
denote\ = = exp(r) where is positive and real. perlmposed, the.probablllty'densny ofis very negrly(ex-

In systems that are far from integrable, the vast majoritycePt in the far tailsa Gaussian of mean_and variance
of rays fall into this last category. Their largest Lyapunov v — v
exponent takes on an alternative form to E2f), which can o= = (40)
be expressed as r

(39

This distribution has also been observed in numerical simu-
v = lim In[Tr(Q)| ' (35) lations based on more realistic ocean models. This topic will
o r be discussed in more detail elsewhere. Numerical calcula-

tions also suggest that the Gaussian statistics are obtained for
For unstable trajectories we may approximate Q)re A each realization of the random medium just by choosing dif-
+1/A~\ with little inaccuracy. In the system described in ferent initial conditions; i.e., an ensemble of media is not

Refs. 16 and 1%, is the same for all rays. But finite range necessary. A Gaussian density foimplies a lognormal den-

estimates ofy,, sometimes referred to as stability expo- sity for |Tr(Q)| whose parameters are fixed by the Gaussian

nents, density’s mean and variance. A property of lognormal densi-
ties is that any power of the variable also has a lognormal

In|Tr(Q)| density. Thus|Tr(Q)|” has a lognormal density as wel,
;e (36) =—1 relates to the semiclassical approximation. However,

note that depending on the value gfthe lognormal density

generally differ fromwp, . If one introduces an ensemble of Mmay fail as an approximation less far out in the tails.
potentialsU, each member of which generates a dynamical  In the limit of long range, the fluctuations ifTr(Q)|
system with the same, , then the ensemble average of grow without bound despite approachingy, for every ray.
converges tav, , except at very short range. The statisticalJust as there are highly unstable rays, there are also rays
properties ofy will be described in more detail below. We Which are stable or nearly stable. The lognormal density
note here, however, that the fluctuationsiiare very impor- ~ gives a prediction for what approximate proportion is left for
tant because even modest fluctuations roduce immense @ given propagation range. Asymptotically, the proportion of
fluctuations in TrQ) which imply similar fluctuations in nearly stable rays, whose stability exponent is less than some
01. These large fluctuations i, are important because in small value v., decreases exponentially with range as
a chaotic system at long range the number of eigenrays cdifo/4r)"?exp(~r/ag) whereag=2(v' — v)/ (v —v)%.
be enormous, but the wave field may be dominated by a tiny ~ The connection to the statistical behavior of wave field
fraction of these whose values faf,,| are small. intensities arising from the lognormal density of classical ray

An analytic expression for the root mean square expoll”ltenSitieS is not yet understood. There are a number of
nential rate of increase of TQ) has been derived using tech- subtleties. To begin with, for long ranges of propagation, the

niques relying on Markovian assumptiotfs: most naive picture of semiclassical theory leads to the expec-
tation that the wave field is made up of an extremely large

Tr(Q)rus~exp(v'r). (37 number of extremely small contributions. On average, if dif-
fusive growth in phase space is neglected, the growth of the

where number of eigenrays and the decay of a typical ray intensity
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(squared amplitugeshould occur at the same exponential gence of neighboring raysthe underwater sound propaga-
rate. If this is true, energy conservation considerations dictatdon problem can be thought of as a wave chaos problem. A
that at long range the constituent ray arrivals have effectivelgompletely analogous definition of the phrase “quantum
random phases. In other words, a seNofandom, uncorre- chaos” is widely used. These two subjects are similar enough
lated numbers of scald~ Y2 maintains an order unity sum- that much, if not most, of the progress in either domain car-
mation asN—o. Chaotic dynamics is deterministic, and at ries readily over into the other; we therefore do not bother to
best, the semiclassical phases generated by the dynamics alistinguish them here. It turns out that there are significant
pseudo-random at long range. For shorter ranges, correlgonceptual difficulties with attempting to associate wave
tions amongst the magnitudes and phases could alter the stehaos with an unbounded, exponential growth of wave field
tistical predictions. These correlations remain to be studiedcomplexity in the hope that a straightforward generalization
Furthermore, the possibility mentioned earlier that one oiof the underlying ray chaos manifests itself. The shorthand
few very strong terms at short range could dominate the suraxplanation of this difficulty is often crudely stated some-
increases the difficulty in finding a unique approach to arthing like “the finite wavevectofnonzero Planck’s constant
asymptotic statistical limit. f) smooths over the intricate, fine scale details of the chaotic
A second difficulty is that the lognormal distribution has dynamics, not allowing them to be seen.” The correspon-
long tails, indicative of a broad range of fluctuations. Thedence principle for chaotic systems, in fact, is quite subtle,
lognormal distribution of intensitieg has the formy~2"Y  and we avoid going into this fascinating subject except for
which can be verified to approach zero for large or smiall the issue of the breakdown of semiclassical theories which
faster than any power gf but does not decay exponentially. we summarize next For further details though, we refer the
A sum of random numbers chosen from long tailed densitieseader to Ref. 43 for a discussion of some aspects of wave
may not approach a standard central theorem lifti®  chaos in underwater acoustics, and to some recent literature
Lorentzian density remains Lorentzian under repeated contelating to quantum chadé:*®
volution), or may approach it very slowly. For the ray chaos  The aspect of the breakdown of semiclassical theories
problem, as the number of eigenrays grows with increasingyhich interests us most for the purposes of this paper is
range, the breadth of the density is also increasing. If thgyhether or not it is possible to construct, on solid theoretical
approach to a central limit theorem is slow enough, then iground, a ray-based theory valid beyond where ray chaos has
might never be reached under these circumstances; the linfy|ly developed. If not, ray-based predictions under chaotic
iting density still needs to be worked out. conditions that match data in long-range propagation experi-
A third, extremely important difficulty is the appearance ments would have to be considered accidental, and not an
of caustics. Their number proliferates at the same exponensxplanation of the essential physics of the problem. It may
tial rate for chaotic systems as the number of eigenrays. Afym out that the eventual answer to this question is not
the caustics, the semiclassical expressions diverge and intrgpique, and depends upon which quantity one wishes to ex-
duce infinities. Caustics correspond to the extremely smalbjain. For example, statistical predictions may be more ro-
values of instabilities in the tail of the lognormal density st than detailed, pointwise, wave field predictions. On the
where breakdown of the statistical laws are likely. The l0g-gther hand, if the breakdown occurs on a scale much longer
normal expression does not capture the physics of singularify,an that of the development of ray chaos, there remains a
dominated fluctuations that are characterized by tWink"nggreat deal of theoretical work to be pursued.
exponer;tsm which depend on the types of causticS There is some hope for optimism in this regard. We
present®~*! Thus, some incorporation of deviations from pegin by distinguishing between two classes of dynamical
lognormality appears to be inescapable. In addition, the préssystems. The first class is that of simple, chaotic systems.
ence of exponentially proliferating numbers of caustics CaHSEquations(28) define a system of this type. The equations of
into question the very relevance of semiclassical methodg,stion may be deceptively simple to write down, yet the
and their usefulness in predicting the statistical properties of | ;iions highly complicated, and, for all intents and pur-
the wave field. This consideration is intimately linked with poses, analytically intractablehaotid. The second class has

discussions of the validity of the semiclassical approximatior, ;. hjicated equations in the sense that the medium satisfies
for chaotic systems of which we give an overview in the neXtmany of the criteria of randomness even though it is taken

section. o lication arises in th sis of ET€ 0 be deterministigve may not know which determin-
A final noteworthy complication arises in the analysis ofigyc reajization is given in a particular cas@®ne cannot

sound fields produced by a broadband source. Interferenqgke for granted the equivalence of the properties of these

mESt still b? _accomfmltled_ :\gr,.but o?ly ?mong ray arr IVz?]lstwo classes of systemghaotic versus random meglidut
whose travel times fall within intervals whose duration is t €we note that in certain limits there exist a number of com-

. . 71 .
remprqcal bandW|dth4_f) of the source. This phenom- mon resultgsuch as exponential ray instability with respect
enon is further complicated when pulse shapes and pha§8 initial conditions
shifts at caustics—corresponding to Hilbert transforms in the In simple chao.tic systems, about which more is known

time domain—are taken into account. concerning semiclassical breakdown, we have to be careful
to distinguish three levels of dynamics: classical, quantum,
and semiclassical. We emphasize that the last level should be
“Wave chaos” is the study of wave systems that, in thedistinguished from the classical in that it takes classical in-
ray limit, exhibit unstable dynamic§.e., exponential diver- formation as input, but it actually generates an approximate

V. WAVE CHAOS
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construction of the quantum dynamics at the level of wavevl. CHAOS AND MODE COUPLING
amplitudes and phases. The distinctions between time-

evolving classical and quantum expectation values of opera- In this _sect_|on the _connectlon between ray chaos _and
mode coupling is described. The results presented provide a

tors or classical and quantum probability densities have been "~ ° . .
studied since the development of quantum mechanics ThogeromISIng means of addressing the wave ghe_ms problem in-
. L ) asmuch as finite frequency effects are built into the modal
quantities thgt F:orrespond to.each other mma!ly arg known tQ:iescription of the wave field. The material presented here
propagate similarly before diverging over a finite time scaley,axes yse of the action-angle formalism introduced in Sec.
called the Ehrenfest time. For simplicity, we shall_focus only|; . The connection between ray and modal expansions of
on the fact that one cannot delay the onset of interferencgcoystic wave fields in range-independent environments is
phenomena in the quantum dynamics beyond the Ehrenfegfe|| understoodsee, e.g., Refs. 55-5&nd some generali-
time, and interference is necessarily excluded from the claszations have been deriv&d®for range-dependent environ-
sical dynamics. For chaotic systems, the Ehrenfest time dements. Thus, it should come as no surprise that there is a
pends logarithmically ot,*® and beyond this time scale one quantifiable connection between ray chaos and the modal
finds all manner of complications such as an exponentiatlescription of the wave field. Some details omitted in our
proliferation of rays, increasing uncertainty whether the raygpresentation of this material can be found in Refs. 61 and 62.
can even be calculated, and proliferating caustics in semifo simplify the presentation somewhat, we make use of a
classical theories. There is no debate whether the classicd/KB analysis of the parabolic wave equation. Consistent
and quantum dynamics diverge beyond the Ehrenfest tim@ith our use of the parabolic wave equation, the variables
(they do by definitioly the relevant debate centers uponP’=Cop, H'=coHpg, U'=coU, andl’=cyl are used in
whether a ray-based, semiclassical theory can surmount theés section after dropping the primes. Als®sc,T is used
difficulties. in place ofT. _ o _
There are various “flavors” of semiclassical approxima-  1he principal result of this section is an approximate

tions possible. For example, the Wigner—Wey! calculus OIanalyt.igal expresgion for mode amplitudes in term of raylike
other constructions of pseudo-phase spHcese ideally quantities. We discuss how typical features of ray chaos,

suited for exhibiting how the classical limit emerges from such as exponential growifwith rangg of eigenrays con-

guantum mechanics in a semiclassical limit, but they aré”bUtlng 0 th? ﬂelq point gnd coexistence .Of chaotic and
L regular ray trajectories, manifest themselves in the mode am-

poorly adapted for describing interference phenomena. In-: .
litude range dependence. The phenomenon of nonlinear

deed, mathematical proofs exist that such phase—space—ba%l -medium resonance that plays a crucial role in the emer-
semiclassical approximations cannot be extended beyond nce of ray chaos is shown to have an analog for modes
logarithmic time scale; see Ref. 48. In this scenario, it can b hich we call the mode-medium resonafitéccording to
fruitful to examine smoothed features of the wave fiéd the heuristic criterion proposed by Chirik®;22chaos is a
opposed to pointwise comparisonsuch as can be obtained gt of an overlap of different resonances. In terms of nor-
through the ray-based construction of the coarse-grainegha| modes, chaos is shown to result from overlapping mode-
Wigner function’® However, the development of semiclassi- medium resonances leading to complicated and irregular
cal approaches that can be roughly described as timgange variations of the modal structure.
dependent WKB theory handle interference naturally though  The normal mode representation of the solution to the
multiple stationary phasésaddle point contributions. This  parabolic wave equatior{17) is obtained by expanding
approach has been applied to a number of paradigms oF(z,r) in a sum of eigenfunctions of the unperturbed
chaos(the bakers map, the stadium, and the kicked jotor Sturm—Liouville eigenvalue probleff;>*
with excellent, numerical results extending well beyond the 2
logarithmic time scalé®~>?Arguments leading to the expec- 1 0%
tation that the breakdown time depends algebraicallyron 2 dz
have also been present¥d> where ¢, and E,,, are the eigenfunctions and eigenvalues,
Semiclassical breakdown in an idealized, but highlyrespectively:
structured, ocean model consisting of a single realization of a
ensemble with prescribed statistics has been investigated by \If(z,r)zz B,.(r)th(2). (42)
Brown and Wolfson. They constructed the full semiclassical m
approximation using the classical dynamics and a Maslov—

ch iformizati d In thei . Here it is assumed that)(z,r)=Uqy(z) +eV(z,r). Each
apman uniformization procedure. in ther comparsonsq ., i the sum42) represents a contribution from an indi-

they .found .the semiclassical approximation appeareq to bﬁdual normal mode. In order to get simple semiclassical
working quite well beyond the onset of ray chabsThis _ expressions for the amplitudeB,,, we project the ray rep-
work and those quoted for simple chaotic systems are clainyggentation of¥ (z,r) of the form of Eq.(3) onto the normal

ing that it is possible to extend a semiclassical theory fornodes. Assuming the latter to be normalized in such a way
both chaotic and random media problems beyond a logarithy 5

mic time (range scale, and, thus, that ray-based semiclassi-
cal theories are viable candidates purporting to explain the fx Az () thn(2)= 5 43)
essential physics of wave chaotic dynamical problems. —o m " mn

+k3Uo(2) hm=K3Emim, (41)
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we need to evaluate the integrals yields an equation fop,, whose solutions define the initial
" momenta of the rays that contribute to timth mode. We
Bm(r):f dz¥(z,r)m(2). (44) shall refer to these as the eigenrays of i mode.
e The process of identifying modal eigenrays is illustrated

Since we consider the geometric approximatioWt,r), it in the right panel of Fig. 2. Two curves are pIotted:.a surface
is natural to use the same approximation m(z) The of Const{:lntl and.a Segment of a Lagranglan manifold. The
corresponding formulas are usually referred to as the WKB-2grangian manifold corresponds,rat 0, to a small angular
approximations to the eigenfunctiorfes364 aperture point source. Each intersection of the two curves

We shall assume that the potenti&j(z) is smooth, has corresponds to a modal eigenray. Eleven such intersections
only one minimum, and its walls tend to infinity as are shown. Under chaotic conditions this number can grow
— *o0. When this assumption is combined with use of theexponentially in range(In contrast, in all range-independent
WKB approximation, the eigenvalues of the action variable€nvironments there are two modal eigenrays for each mode,

|, are determined by the quantization rule independent of range, whose launch angles have opposite
sign)
Kol m=m-+3. (45 The mode amplitude is given by the sum
Then the eigenvalues of the “energy” are given by the rela-
tion E,=E(l,,), where the functiorE(l) is determined by B.=S 1 aiko®n+iBy (51)
Eqg. (21). In the same approximation thath eigenfunction mo4 /ko|(9|/<9po|p o '
¥m(2) between its turning points can be represented s o ron
2) =0 (2)+ v (2), 46 where each term represents a contribution from an eigenray
_ Vinl2) = Um(2)F m(2) 49 with an initial momentunypg, . The explicit expressions for
with the phase terms afsince the subsequent formulas describe
TN characteristics of a single eigenray, the subsarijg omit-
z)= z
¥m(2)=Qm(2) ted
. z T
Xexp| i koLdZ’ V2[En—Uo(z)]= 7] ], ® =S~ Sy(2,I m)Sgrp) (52
(47) and
1 ap/apo> T
= , 48 :(s r( —-s —2u |- 53
Qm(2) R2EnUy)] " (48) B 921 9p, gnip) —2u | (53

whereR,, is the cycle length of the ray in the unperturbed Herez is the depth ang is the momentum of the eigenray at
waveguide withE=E,. In this form the eigenfunction is a ranger, whereS and u are its eikonal and Maslov index,
represented as a sum of two terms with rapidly varyingrespectively.
phases and slowly varying amplitudes. Substituting E4f). Equations(50)—(53) provide the analytical description
and the ray representation ¥f(z,r) of the form(3) into Eq.  of mode amplitudes in a range-dependent environment
(44) yields a sum of integrals which can be approximatelythrough the parameters of ray trajectories, i.e., through solu-
evaluated by applying the stationary phase techniqiéis  tions to the Hamilton equation®). These equations reduce
has been done in Ref. 61. Earlier, a related result was olthe mode amplitude evaluation to a procedure quite analo-
tained in Ref. 65. Here we present only the final expressiongous to that generally used when evaluating the field ampli-
for B,,. tude at the given point. This involves solving the Hamilton

The amplitude of thenth mode at the given rangeis  (ray) equations, finding the eigenrays, and calculating ray
formed by contributions from the rays whose action valuesikonals and some derivatives with respect to initial values
are equal to that of the given mode, i.e., with of ray parameters. An important point should be stressed.
=1 (49) Although we expand the wave field using eigenfunctions of

m the unperturbed waveguide, smallness of the perturbation has
Herel,, is defined in(45); that expression is used becausenot been assumed. Our small parameter is the acoustic wave-
the normal modes in the background environment are bein@ngth, 2r/k, that should be substantially smaller than any
used as a set of basis functions. Phase space is foliated byiysical scale in the problem.
surfaces of constarit defined in the background environ- Having the comparatively simple expressions relating
ment, so at each range, each ray falls onto one of these sihe mode amplitudes to rays, we can now discuss how the
faces. Thug on the left side 0f49) may be considered as a complicated ray trajectory dynamics reveals itself in the
function of range and the initial ray phase space coordinatesnode amplitude variations. For simplicity, we restrict our
i.e., attention to a waveguide with a weékis now considered as

I =1(pg.20.1)- (50) a small parameteiperiodic range dependence with a spatial

period 27/(), and we consider the case when only one mode
This function is determined by the solutions to E(®.and s excited ar =0, i.e.,

(19), and Eq.(21). For a point source the value & is the
same for all rays; substitution of E0) into Eq. (49) then u(0,2)= ¢(2). (54
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Analysis of the ray structure for this type of distributed order of at least ten inverse Lyapunov exponents. This result
source(see Refs. 61 and §&hows that for all rays initial is rather encouraging. It gives us hope that energy redistri-
values of the action variableare equal td,,. A situation  bution between modes can be comparatively easily analyzed
which we call mode-medium resonanaaccurs when the using simple ray calculations at ranges of the order of a few
value ofl, satisfies Eq(24). Due to the resonance, at rangesthousand km.

of order of 1Aw there will appear a bundle of rays with the So far, we have considered only a cw field. For a signal

action variabled in the interval|l — I | <Al .. Herelgis  with a finite bandwidth, the mode sum must include an inte-

the action value of the resonant ray. This mefsse Eq. gration over frequency. The pulse signal at the poif,r)

(49)] that starting with such ranges, timeth mode is split can be represented as

into a group of M modes with

M = Al /o =2\ Vi [ [/ko, (55 U D=2 un(200), 9

whereV is the magnitude of the perturbation potential  where

This expression is the modal analog of the standard expres-

sion[Eq. (25)] for the width of a ray resonance. In the case Um(ZJ,t)IJ do s(a)B(r,0) (2,00~ (57)

of overlapping modal resonances it is natural to expect a

further broadening of a group of modes. Moreover, as W&yjth s(o) being the spectrum of the initially radiated pulse.
discussed earlier, the overlapping of resonances causes thﬁEq. (57) we have indicated explicitly the dependence of
emergence of ray chaos with exponential proliferation ofg and ., on &, which has been omitted until now. Each
eigenrays. Under chaotic conditions the number of eigenraygrm, u,(z,r,t), in the sum56) can be interpreted as a pulse
contributing to a given mode also grows exponentially withsgrried by an individual mode and we shall call it the
range, giving rise to a very complicated range dependence ofode” pulse. The mode pulse, in turn, can be regarded as a
mode amplitudes. Numerical simulations presented in REfssuperposition of elementary pulses representing contribu-

61 and 62 support these statements. _ _ tions from different terms in the suK2):
It might be assumed that that exponential proliferation

of eigenrays contributing to a given mode leads to statistical f io((®+1)/co—1t)

. . . . Up(zr,t)= dos(o)Gy(z,r,0)e' 7! ®n oY,
independence of mode amplitude fluctuations under chaotic m( ) ; 7 8(0)Gm(21,0)

conditions. We expect, however, that the problem of describ- (58
ing mode amplitudes is considerably more rich and compli-

cated. First, it should be recalled that generically the phas\(lavhere

space of a chaotic Hamiltonian system contains both chaotic eifn

regions and “stable islands” formed by regular periodic tra- Gn(z,r,o)=

jectories. Some such regular rays will be eigenrays for some \/k0r|‘9|/‘9p0|po=%n

modes. Their contributions to modes cannot be considered as __ -
stochastic. Thus, we expect that under chaotic conditions chosk(’fidz V2[En—Uo(2')]—7/4)
there will be modes with amplitudes composed of two con- JR[2(En—Uo(2)]Y4

stituents: a chaotic one and a regular one. Numerical results (59
illustrating this statement have been presented in Ref. 62.

Another important phenomenon typical of chaotic dynamics,;The above expressions depend on mode parameters with the
which may affect modal structure variations is stickinesssubscriptm and eigenray parameters with the subscript

i.e., the presence of segments of a chaotic trajectory whichlote that both types of parameters depend on frequency.
exhibit almost regular behavior. The interval over which ap-Although the trajectories of eigenrays contributing to the
parently regular behavior is observed can be long. In pringiven mode obey frequency-independent Hamilton equations
ciple, one can presume that stickiness may cause some lon(®), their starting momenta determined by E49) depend
lasting correlations of mode amplitud&s. on the eigenvalué,,. But the latter, according to E@45),

Our ray-based description of normal mode amplitudesdoes depend on frequency. Under chaotic conditions the
has restrictions that are very much like those of standard ragumber of terms in Eq(58) can be huge, leading to a very
theory. In particular, at some points the contribution from ancomplicated shape of the mode pulse.
eigenray to a given mode can be infinite. This occurs when  The expectation that mode pulses are very complicated
the derivative in the denominator in E¢1) vanishes[The  under chaotic conditions is consistent with the numerical re-
same comment applies to E&9) below,)] Such divergences sults in Ref. 66, where broadband parabolic-equation simu-
represent analogs of standard ray theory caustics. Under colations of sound transmission through a deep water acoustic
ditions of ray chaos the number of such caustics grows exwaveguide with inhomogeneities induced by random internal
ponentially with range, spoiling applicability of the ray- waves are described. It was shown that, due to mode cou-
based description already at short distances. This issue @ing, mode pulses were several times longer than was the
discussed in Ref. 62. On the other hand, in Ref(&%® also case in the background range-independent environment, and
Ref. 49 it was demonstrated numerically that the approachacquired irregular shapes. In contrast, from the ray perspec-
considered in this section can properly predict squared modive, the same weak inhomogeneities caused steep eigenrays
amplitudes smoothed over the mode number at ranges @b split into clusters of eigenray8nicromultipath$ whose
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travel time spreads were small and whose centroid had ehaos point of view, the excitation of ray-medium resonances
travel time that was close to that of the eigenray in the backgenerally leads to a mixed phase space. Most approaches to
ground environmentRecall also Sec. Il of the present pa- WPRM, on the other hand, invoke the assumption that the
per) The authors of Ref. 66 concluded that “while the high perturbation to the background sound speed structure is
modes may be strongly affected by internal waves they ardelta-correlated; this leads to stochasticity, but not to a mixed
coherent enough that when they are synthesized together lphase space. Also, most long-range underwater acoustic
calized wave front results.” A qualitative explanation of this propagation WPRM theorigsee, e.g., Ref. §8&ssume that
phenomenon has been offered in Ref. 67. In that paper it wastochasticity is caused exclusively by internal waves. From
shown that mode pulses may be considerably distorted due tbe deterministic chaos point of view, this assumption is dif-
mode coupling already at ranges so short that chaotic rafjcult to justify inasmuch as non-internal-waye.g., mesos-
dynamics has not yet had a chance to reveal itself and evegale structure may excite ray-medium resonances and chaos.
mode is formed by contributions from only two eigenrays. It Although we have argued that a traditional WPRM frame-
was also demonstrated how distorted pulses carried by indiwork is a good starting point for some purposes, such as
vidual modes can combine to produce much less distortednderstanding ray intensity statistics, it is unable to provide
raylike pulses at the receiver. an explanation for other phenomena that we have described
Although the mode coupling relations presented abovesuch as the connection between ray stability aid We
are not easy to test experimentally, we emphasize that thesaticipate that, over the next decade or so, ideas relating to
results are important because of the insight they provide intdeterministic chaos will gradually be incorporated into theo-
the underlying propagation physics. In this regard, it shouldies of WPRM.
be noted that the mode coupling relations presented above Finally, we wish to remark that the importance of ray
directly address the connection between ray chaos and finitmethods is not diminished by recent advances, both theoret-
frequency propagation effects, i.e., the wave chaos problenical and computational, in the development of full wave
models, such as those based on parabolic equations. The lat-
VII. DISCUSSION ter are indispensible computational tools in many applica-

In this paper we have reviewed results relating to rayt|ons. In contrast, the principal virtue of ray methods is that

dynamics in ocean acoustics. All of these results are inti:[hey provide insight into the underlying wave physics that is

mately linked to the Hamiltonian structure of the ray equa-dif_ﬁcu“' if not impossible, to ob_tai_n by any other means. For
tions. Most previous studies have emphasized the applicabi?hls reason ray methods remain important.
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