Ray dynamics in a long-range acoustic propagation experiment
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A ray-based wave-field description is employed in the interpretation of broadband basin-scale
acoustic propagation measurements obtained during the Acoustic Thermometry of Ocean Climate
program’s 1994 Acoustic Engineering Test. Acoustic observables of interest are wavefront time
spread, probability density functidi?DPF of intensity, vertical extension of acoustic energy in the
reception finale, and the transition region between temporally resolved and unresolved wavefronts.
Ray-based numerical simulation results that include both mesoscale and internal-wave-induced
sound-speed perturbations are shown to be consistent with measurements of all the aforementioned
observables, even though the underlying ray trajectories are predominantly chaotic, that is,
exponentially sensitive to initial and environmental conditions. Much of the analysis exploits results
that relate to the subject of ray chaos; these results follow from the Hamiltonian structure of the ray
equations. Further, it is shown that the collection of the many eigenrays that form one of the
resolved arrivals is nonlocal, both spatially and as a function of launch angle, which places severe
restrictions on theories that are based on a perturbation expansion about a background2@93 ©
Acoustical Society of America[DOI: 10.1121/1.1600724

PACS numbers: 43.20.Dk, 43.30.CQAS]

I. INTRODUCTION shown that the early AET arrivals could be temporally re-
) i i o solved, were stable over the duration of the experiment, and
~ The chaotic dynamics of ray trajectories in ocean acousgq |4 pe identified with specific ray paths. These features of
tics have been explored in a number of recentye AET ghservations are consistent with those of other long-
publications;~?? including two recent review$:?? In these nge data sef&2' The AET arrivals in the last 1 to 2 (he
publications a variety of theoretical results are presented angrival finale COl..l|d not be temporally resolved or identified

illustrated, mostly using idealized models of the ocean sound . s o .
: with specific ray paths, however. Also, significant vertical
channel. In contrast, in the present study a ray-based wave-

. N ) : . ; ... Scattering of acoustic energy was observed in the arrival fi-
field description is employed, in conjunction with a realistic . . .

environmental model, to interpret a set of underwater acousr]"?de' These features of the AET arrival finale are cons_|stent
tic measurements. For this purpose we use both ocean?ﬂ\{'th measurements and simulatioimth ray- and parabolic-

graphic and acoustic measurements collected during the Ng_quatlon-base)dat 250-Hz and 1000-km rantfe*’ and at
vember 1994 Acoustic Engineering Testthe AET 133-Hz and 3790"“" ran@@s ” o
experimenk In this experiment phase-coded pulse-like sig- 1€ analysis of Colosetal™ focused on statistical
nals with 75-Hz center frequency and 37.5-Hz bandwidtrPrOPert'es of the early resolved AET arrlvals. Measurements
were transmitted near the sound-channel axis in the easteff time spreada measure of scattering-induced pulse broad-
North Pacific Ocean. The resulting acoustic signals were re€ning, travel time variancéa measure of scattering-induced
corded on a moored vertical receiving array at a range oPulse wander and probability density function€PDFs of
3252 km. We present evidence that all of the important feaP€ak intensity were presented and compared to theoretical
tures of the measured AET wave fields are consistent with @redictions based on a path integral formulation as described
ray-based wave-field description in which ray trajectories arén Ref. 31. Travel time variance was well predicted by the
predominantly chaotic. theory, but time spreads were two to three orders of magni-
The AET measurements have previously been analyzetlide smaller than theoretical predictions, and peak intensity
in Refs. 23-25. In the analysis of Worcesatral?® it was ~ PDFs were close to lognormal, in marked contrast to the
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predicted exponential PDF. The surprising conclusion of this
analysis was that the measured AET pulse statistics sug -1
gested propagation in or near the unsaturated reganar- 7
acterized physically by the absence of micromultipaths and £
mathematically by use of a perturbation analysis based or * —1.4
the Rytov approximation while the theory predicted propa-

gation in the saturated reginteharacterized by the presence 18 .
of a large number of micromultipaths whose phases are ran —1p, 4
dom).

In Ref. 25 it was shown that in the finale region of the i
measured AET wave fields, where no timefronts are re- =®
solved, the intensity PDF is close to the fully saturated ex-
ponential distribution. This result is not unexpected because
the finale region is characterized by strong scattering of bott =T |
rays* and modeg? .
The work reported here seeks to elucidate both the phys g
ics underlying the AET measurements, and the causes of th «
successes and failures of the analyses reported in Refs. 23
25. We show that a ray-based analysis, in which ideas assc —1.6 = =
ciated with ray chaos play an important role, can account for 2193.5
the stability of the early arrivals, their small time spreads, the
associated near-lognormal PDF for intensity peaks, the Vel g, 1. Measured and simulated AET wave fields in the time—depth plane.
tical scattering of acoustic energy in the reception finale, andpper panel: a typical measurement, shown on a gray-scale plot with a
the near-exponential intensity PDF in the reception fina|egynam'ic range of 30 dB, of wave-field intensity: Midd!e panel: ray_simula-
Par of the siccess of his nterpretation comes about due 7 % Herl weves, Lover panel ey simuaon wivout rienl
the presence of a mixture of stable and unstable ray trajego the local density of dots, each corresponding to a ray.
tories. Also, an explanation is given for differing intensity

statistics in the early and late portions of the measured WaVBerformed to produce the measured wave field shown in Fig.
fields, and the fairly rapid transition between these regimes; as is common practice in ocean acoustics, we treat me-
The remainder of this paper is organized as follows. Ingoscale ocean structuferhose horizontal length scales are

the next section we describe the AET environment and th@)(loo km and whose time scales aréXOmonth] determin-
most important features of the measured and simulated wave

fields. In the simulated wave fields both measured mesoscale

and simulated internal-wave-induced sound-speed perturbe T L odie

tions are taken into account. It is shown that even in the — 01T T s
absence of internal waves, the late arrivals are not resolver 'g ob ' ,‘}* o
and the associated ray paths are chaotic. In Sec. Il we i ,
present results that relate to the structure of the early portior = _¢ 1}
of the measured timefront and its stability. The micromulti- S .
pathing process is discussed, and a quantitative explanatio
for the remarkably small time spreads of the early ray arriv- . 0.1t

als is given. Section IV is concerned with intensity statistics.

_16ks

T [s]

M

-1

An explanation is given for the cause of the different wave- —‘E 0
field intensity statistics in the early and late portions of the 5l |
arrival pattern. In the final section we summarize and discuss IS “. f
our results. ' .
Il. MEASURED AND SIMULATED WAVE FIELDS = 01 Yy '
: B
Figure 1 shows a measured AET wave field in the time— = Or qm,w ]

depth plane and ray-based simulations of such a wave fielc "o R L

. : . . ; -0.1f TR :
with and without internal waves. Figure 2 is a complemen- e . . ‘ .
tary display that shows measured and simulated wave field: 2191 2192 2193 2194 2195 2196 2197
after plane-wave beamforming. In this section we describe T — (2 — 20)p [s]

the most important qualitative features of measured ana

simulated AET wave fields. We begin by reviewing funda- FIG. 2. Same as Fig. 1 except that plane-wave beamformed wave fields are

mental ray theoretical results so that our ray simulations caghown. The beamformed ray simulations assume a dense receiving array
: : : . whose upper and lower bounds coincide with the bounds of the AET receiv-

be fu”y understood. A|§0, th|§ material provm_ies a founqatlonlng array. The reference depth was taken to be the depth of the uppermost

for some of the later discussion. We then briefly describe th%ydrophone,zo= —0.9km. The vertical slowness is defined in the text

AET environment and the signal-processing steps that werellowing Eg. (7).
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istically, and internal gravity wave variabilitfwhose hori- These equations constitute a nonautonomous Hamiltonian
zontal length scales are(Dkm) or more and whose time system with one degree of freedomandp are canonically
scales are (10 min) to O(1 day] using a statistical descrip- conjugate position and momentum variabless the inde-
tion. Our treatment of internal-wave-induced sound-speegendent variablet is the HamiltonianL is the Lagrangian,
perturbations is briefly described. Finally, we return to de-and the travel tim& corresponds to the classical action. The
scribing and comparing qualitative features of the measuredystem is nonautonomous becaul$elepends explicitly on
and simulated wave fields. the independent variabte Note also thap=p,=dT/dz and
p,=dT/dr=—H are thezandr components, respectively, of
the ray slowness vector. The ray angle relative to the hori-
zontal ¢ satisfiesdz/dr=tane, or, equivalently,cp=sine.
For a point source, rays can be labeled by their initial slow-
Fixed-frequencycw) acoustic wave fielda(z,r;o) sat- nessp,. The solution to the ray equations is thefr;p,),
isfy the Helmholtz equation p(r:po), T(r;:po). The terms in2) correspond to eigenrays,
Y2+ o2c2(2,r)u=0, (1) which are solutions to the twojpoint bogndary value proplem
Z(rg;po) =2zr, Where the spatial coordinates of the receiver
where o=2=f is the angular frequency of the wave field are (zz,rg). The transport equatio@) can be reduced to a
andc(zr) is the sound speedThe extension to transient statement of constancy of energy flux in ray tubes. The so-
wave fields is straightforward using Fourier synthesis. It islution for thejth eigenray can be written
not necessary to consider this complication to present the -~ =112, —ipi(7/2)
most important results needed belpWe assume propaga- Aj(z,1)=AoHap; e, ®
tion in the vertical plane with Cartesian coordina®sn-  whereH, the matrix elementj,;, and the Maslov indey

creasing upwards wita=0 at the sea surface, and range are evaluated at the endpoint of the ray, &ads a constant.
Ray methodssee, e.g., Ref. 33 for a thorough discussion inThe stability matrix

a broader contextcan be introduced when the wavelength

A. Theoretical background

2mc/o of all waves of interest is small compared to the PP P
length scales that characterize variationscinSubstituting dPo 9z,
. iz a2 % Po
the geometric ansatz Q:( ) = , (9)
O21 Oz Jz)  Jz
u(z,r;o)=2 Az r)emizn, () IPol, 92|,
]
representing a sum of locally plane waves, into the HeIm—quantlfles ray spreading
holtz equation gives, after collecting terms in descending Sp 8po
powers ofo, the eikonal equation 57 =Q 820) (10)
(VT)?=c"?, (3 Elements of this matrix evolve according to
and the transport equation d
—Q=KQ, 11
V(A2VT)=0. @) ar9=Ke (1)
For notational simplicity, the subscripts ok and T have whereQ atr=0 is the identity matrix, and
been dropped iri3) and (4). Each term in the sun) rep- 5 )
resents an “eigenray” connecting a source and receiver, as 9 H _ ﬂ
discussed below. More generally, eagh in (2) can be Jzap Fria
thought of as the leading term in an asymptotic expansion in K= 2 o | 12
powers ofo~ 1, but the higher-order terms in such an expan- a_ J
sion play no role in our analysis. ap? azap

The solution to the eikonal equati@8) can be reduced
to solving a set of ray equations. If a one-way formulation, . i . )
valid whenr increases monotonically following all rays of space dimensions, the Maslov index advances by one unit.

. . . In ocean environments with realistic range dependence
interest(see, e.g., Ref. 22is invoked, the ray equations are . . . ) . -
( 9 2 yed including the AET environment, ray trajectories are predomi-

At causticsq,; vanishes and, for waves propagating in two

dz oH dp JH nantly chaotic. Chaotic rays diverge from neighboring rays at
dr ap’ ar oz’ G an exponential rate, on average, and are characterized by a
positive Lyapunov exponent
and
daT d li ! lim | D(r)) (13
z vi=Ilm|— Im In==|.
ar L=Pg—H (6) e\ Fpo)—o  P(0)
where Here, D(r) is a measure of the separation between rays at
ranger; suitable choices fo are any of the four matrix
H(p,z,r)=— \/C*Z(z,r)— pz. (7) elements ofQ or the trace ofQ. The chaotic motion of ray
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trajectories leads to some limitations on predictability. This

will be discussed in more detail below. Additional back-

ground material relating to this topic can be found in Refs. 0
21, 22 and references therein.

B. The AET experiment 02
In the AET experiment a source, suspended at 652 m 04

depth from the floating instrument platform R/P FLIP in deep E

water west of San Diego, transmitted sequences of a phase- N

coded signal whose autocorrelation was pulse-likih a —0.6

pulse width of approximately 27 msThe source center fre-

guency was 75 Hz and the bandwidth was approximately —0.8

37.5 Hz. The resulting acoustic signals were recorded east of

Hawaii at a range of 3252.38 km on a moored 20-element

!

1
|
I

— E= Fau
- - E=LEou
o East Mooring

A

West Mooring

receiving array between the depths of 900 and 1600 m. After !
Correcting for the motion of the source and receiving array'FIG_. 3. Measured and simulated rms sound-speed quctuat_ions in the AET
. . . . . nvironment. The measurements shown were made approximately 1000 km
|nclud|r_19 r_emoval of associated Doppler _Shlfts’ the_ reCelve[‘?eworthwest of the sourcgabeled eastand approximately 1000 km northeast
acoustic signals were crosscorrelated with a replica of ther the receiving arraylabeled west Simulated rms fluctuations due to
transmitted signalto achieve the desired pulse compresgion internal waves are shown for bota=0.5Egy and E=1.0Egy, as de-
and complex demodulated. To improve the signal-to-noisécribed in the text.
ratio, 28 consecutive processed receptions, extending over a
total duration of 12.7 min, were coherently added. The durausing internal wave fields in which the hard upper bound on
tion over which this coherent processing yields improvedk, was replaced by an exponential damping of the ldtge
signal to noise is limited by ocean fluctuations, mostly due tcenergy. The qualitative ray behavior described below did not
internal waves. The statistics of the acoustic fluctuationglepend on the manner in which the large cutoff was
were shown in Ref. 25 not to be adversely affected by thdreated)
12.7-min coherent integration. Nearly concurrent with the A mode number cutoff of ,,,,=30 was used in all the
week-long experiment, temperature profiles in the upper 708imulations shown. Contributions from approximately® 2
m were measured with XBTs every 30 km along the trans{2'%/5x 21%5x 30, where the factors of 1/5 are present be-
mission path. An objective mapping technique was applied cause the assumed wave number cutoff was one-fifth of the
to these measurements to produce a map of the backgroumdsumed Nyquist wave numbeénternal wave modes were
sound-speed structufecluding mesoscale structyralong  included in our simulated internal-wave-induced sound-
the transmission path. The sampling interval in range of thespeed perturbation fields. A sparse set of measurements of
resulting sound-speed field is 30 km so that no structure witlsound-speed variance made near the midpoint of the trans-
horizontal wavelengths less than 60 km is present in thisnission path during the AET experiméhsuggests that the
field. More details on the AET experiment, environment, andnternal wave energy strength paramefewas close to half
processing of the acoustic signals can be found in Ref. 23.the nominal Garrett—Munk valugg,,. More extensive and
Internal-wave-induced sound-speed perturbations in ouaccurate measurementsee Fig. 3 made in 1998/1999 at
simulations are assumed to satisfy the relationship two locations along a path displaced about 800 km to the
=(dcldz),¢, and the statistics off, the internal-wave- north of the AET transmission path favor a valueto€lose
induced vertical displacement of a water parcel, are assumdd Egy. Ray simulations were performed using bdEh
to be described by the empirical Garrett—Munk spectrum= 0.5Egy, andE=1.0Eg)y. All of the simulations shown in
(see, e.g., Ref. 34 The potential sound-speed gradientthis paper useE=0.5Eg),. The difference between these
(dcl3z),, the buoyancy frequendy, and the sound speed  simulations and those performed usifig=1.0Egy (not
were estimated directly from hydrographic measurements ushown will be discussed where appropriate.
ing a procedure similar to that described in the Appendix of
Ref. 30; it was found that a good approximation for the AET
environment is {c/9z) ,/c~(1.25 $/m)N?. Individual real-
izations of the vertical displacemedt(r,z) were computed With the foregoing discussion as background, we are
using Eq.(19) of Ref. 35 with the variablex used to denote prepared to discuss our ray simulations in the AET environ-
the range variable, angi=t=0. Physically, this corresponds ment. These are shown in Figs. 1, 2, 4-11, and 14. The
to a frozen vertical slice of the internal wave field that in- points plotted in Figs. 1, 2, and 4 were computed by integrat-
cludes the influence of transversely propagating internaing the coupled ray equatiortS) and(6) from the source to
wave modes. A Fourier method was used to numerically genthe range of the receiving array. Several fixed and variable
erate sound-speed perturbation fields within a 32 768-poinstep-size integration algorithms were tested. In the presence
3276.8-km domain in range—sax=0.1km and Ak,  of internal waves, convergence using a fixed-step fourth-
=2m/3276.8 km. A hard internal wave horizontal wave order Runge—Kutta integrator required that the step size not
number cutoff,|K,| <kn.»=27/1km, was used in all of the exceed approximately 1 meter. All ray-tracing calculations
simulations shown(Ray calculations were also performed presented in this paper were performed using double-

C. Simulated wave fields
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FIG. 4. Simulated Lagrangian manifolds in the AET
environment withoutleft pane) and with (right pane)

a superimposed internal-wave-induced sound-speed
perturbation field. The ray density used in the plot on
the right and for smallp| in the plot on the left is too
sparse to resolve what should, in each plot, be a smooth
unbroken curve that does not intersect itself.

z [km)]

01 0 0.1 —0.1 0 0.1
pskm™] plskm™']

precision arithmetic(64-bit floating point wordsize The neighboring rays grows exponentially, on average, in range.
wave-field intensity is approximately proportional to the den-The complexity of the Lagrangian manifold grows at the
sity of rays(dot9 that are plotted in Figs. 1 and 2. A some- same exponential rate. The Lyapunov exponent is the recip-
what more difficult calculation in which the contributions to rocal of the e-folding distancé¢see, e.g., Ref. 22 Finite
the wave field from many rays are coherently added will berange numerical estimates of Lyapunov exponénéseafter
discussed below. referred to as stability exponentsre shown as a function of
In the presence of internal waves, rays with launchlaunch angle in Fig. 5. It is seen that in this environment the
angles between approximatety5° form the diffuse finale flat rays (¢o/=5°) have stability exponents of approxi-
region of the arrival pattern arriving after approximately mately 1(100 km), while the steeper rays (62| ¢o|=11°)
2196 s. The sound speed at the source was approximatehave stability exponents of approximately300 km). It fol-
1.48 km/s, so|¢o|=<5° corresponds approximately tpg| lows, for example, that the complexity of the flat ray portion
=<0.06 s’/km. Steeper rays contribute to the earlier, mosthof the Lagrangian manifold grows approximately like
resolved arrivals. It is seen in Fig. 1 that our ray simulationexp/100 km).
in the presence of internal waves slightly underestimates the  Not surprisingly, stability exponents show some sensi-
vertical spread of the finale region, although an ensemblévity to parameters that describe the internal wave field. Our
average over several pulses would be needed to quantify ttegmulations show that the stability exponents of rays with
effect. Our experiené@ suggests that the variability of the axial angles of approximately 5° or less approximately
spread is of the order of the discrepancy seen in Fig. 1, andouble whenj ., increases from 30 to 100, while steeper
that some details of the internal wave field may be importantays show very little sensitivity t@,,4«. In contrast, stability
in controlling this spread. We note also that a slight underexponents of rays with axial angles from approximately 8° to
estimate in our ray simulation is expected inasmuch as difi5° approximately double whéq,,,increases from /1000
fractive effects that are not included in this simulation con-m to 27/250 m, while the flatter rays show little sensitivity to
tribute approximately an additional 200-m vertical spread ofk,,,.. With these comments in mind, one should not attach
energy at 75 Hz(This number can be estimated from para-too much significance to the details of Fig. 5. We note, how-
bolic equation simulations, examination of lower-orderever, that in all of the simulations performed, rays with axial
modes, or a local Airy function analysidVith these caveats, angles of approximately 5° or less had higher stability expo-
the agreement between simulated and measured verticaénts than rays in the 5° to 10° band.
spreads of energy in the finale region is fairly good. A strik- Note that what appears to be temporally resolved arriv-
ing feature of Figs. 1, 2, and 4 is the contrast between the
diffuse distribution of steep ray@with large p and z excur-
siong in (p,z) seen in Fig. 4 when internal waves are  0.024
present and the tightly clustered distributions of the same . ..¢
rays in the time—depttFig. 1) and time—angléFig. 2) plots. T
The cause of the complexity seen in Fig. 4 is ray E 0.012
chaos??’most ray trajectories diverge from initially infinit- 5
estimally perturbed rays at an exponential rate. A total of 0.006
48000 rays, sampled uniformly in launch angle between . , )
+12°, was traced to produce Figs. 1, 2, and 4 in the presenc Z19°0 —8° —4° 0° 4° 8° 12°
of internal waves. This fan of rays is far too sparse to resolve ©0
what should be an unbroken smooth curve—a Lagrangiap,; o g i exponentinite range estimates of Lyapunov expongnts
manifold—which does not intersect itself in phase spacgs a function of ray launch angle in the AET environment including a su-
(Fig. 4). Under chaotic conditions the separation betweerperimposed internal-wave-induced sound-speed perturbation field.
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z [km]
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z [km)]

0° 2° 4° 6° 8° 10° 12° 9.0° 9.1° 9.2° 9.3° 9.4° 9.5°
®o %o

FIG. 6. Ray depth vs launch angle in the AET environment witapper ~ FIG. 7. Expanded view of the lower panel of Fig. 6 showing ray depth vs

pane) and with(lower panel a superimposed internal-wave-induced sound- launch angle in two small angular bands in the AET environment including

speed perturbation field. In both pandlg,=0.0005°. a superimposed internal-wave-induced sound-speed perturbation field. In
both panelsA ¢,=0.000 125°.

als in the measured wave field correspond in our simulationte background sound-speed structures will be given in
to contributions from an exponentially large number of raySec. IV.
paths.(Only a small fraction of the total number is included In this subsection we have briefly described and com-
in our simulations, however, because of the relative sparsg?@red the gross features of measured and simulated AET
ness of our initial set of raysThe observation that the travel Wave fields. Ray trajectories in our S|mulat¢d wave fleld.S in
times of chaotic ray paths may cluster and be relativel)lh? presence o_f internal waves are predominantly chaotic. In
stable was first made in Ref. 8. spite of this, Figs. 1 and 2 show that many features of our
Simmenet al} have previously produced plots similar simulated wave fields are s’FabIe a_nd in good qualitative
to our Figs. 1 and 4 for ray motion in a deep ocean modefdreement with tr_le observ_atlt_)ns. Simulated and measured
consisting of a background sound-speed structure very simgPreads of acoustic energy in time, depth, and angle are gen-

lar to ours on which internal-wave-induced sound-speed pelsgrally in good agreement, both in the early and late portions

turbations were superimposed. Although our results are Simlc_)f the arrival pattern. We shall not discuss further the spreads

. L . f energy in depth and angle, except to note that Figs. 1 and
lar in many respects, it is noteworthy that the right panel ofcz) show that these spreads can be accounted for using ray

our Fig. 4 S.hOWS more chaotic behav?or than is pre;ent_in th(ranethods in the presence of realigficcluding internal-wave-
corresponding plot in Ref..14. This difference pgr3|sts .|f ourinduced sound-speed perturbatipmeean structure. In the
?hzjijﬁékgnra&%%g Isnglsﬁ;n;aasriégglicgif ﬁzmg)uulﬂ;n: %\t/vo sections that follow, we shall consider in more detail the
especially thg steeper rays, are more chao.tic t.han tho);,e' time spreads of the early ray arrivals, and intensity statistics

- o : both the early and late portions of the arrival pattern.
Ref. 14. This difference is likely due to the increased com- y P P

plexity of our internal wave field over that of Simmen
et al,” who included contributions from ten internal wave !Il- MICROMULTIPATHS AND TIMEFRONT STABILITY

modes in their simulated internal wave fields. In this section we consider in some detail eigenrays,
Figures 6 and 7 show plots of ray depth at the AETtimefront stability, and time spreads. We focus our attention
range vs launch angle. In Fig. 6 the same régcluding  on the early branches of the timefront, where measured time
those with negative launch anglebat were used to produce spreads were, surprisingly, only approximately 2 ms, in sharp
Figs. 1, 2, and 4 are plotted. In Fig. 7 two small angularcontrast to the theoretical prediction of approximatelyf s.
bands of the upper panel of Fig. 6 are blown up; the raye focus our attention on the early arrival time spreads be-
density is four times greater than that used in Fig. 6. Figur&ause measured time-spread estimates are available only for
6 strongly suggests that, even in the absence of internahese arrivals. In the first subsection we discuss micromulti-
waves, the near-axial rays are chaotic. Not surprisingly, irpaths, and describe the important qualitative features of the
the presence of internal waves, steeper rays are also predomiicromultipathing process. Also, we explain how the micro-
nantly chaotic. Note, however, that Figs. 5, 6, and 7 shownultipath travel time spreads of(@0 ms in our simulations
that the near-axial rays are evidently more chaotic than thean be reconciled with @ ms measured wave-field time
steeper rays. An explanation for this behavior that relates tgpreads. In the second subsection a quantitative estimate of
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FIG. 8. Ray depth vs travel time in the

— —1 — -1 AET environment including a super-

g E imposed internal-wave-induced sound-

T : L speed perturbation field, but only for
-9 -2 rays with identifiers+137 (left pane)

and +151 (right pane). The points
plotted are a subset of those plotted in
the lower panel of Fig. 1.

-3 -3
2194.2 2194.3 2194.4 2194.5 2195.6 2195.7 2195.8 2195.9
T [s] T [s]

steep ray micromultipath travel time spreads is shown to béerm is widely used but is rarely unambiguously defiped.
consistent with the (A0-m9 spreads seen in our simula- What distinguishes sets of micromultipaths with smilll
tions. (e.g., 137, corresponding to relatively steep rays, from those
A. Micromultipaths and pulse synthesis with larger M (e.g., 15}, corresponding to relatively flat
rays, in the AET environment is that, except near ray turning
Here, + is the sign of the launch angle andiis the number depths and _accidental crossings, the former are temporally
of ra;l/?urning pointswherep changes sigrfollowing a ray reso!ved whllle the latter are ndtNote that in orQer for a set

- of micromultipaths to be temporally resolved it must have a

In Fig. 8 rays with two fixed values of ray identifi¢i137 . o ; . .
and+151) are plotted in the time—depth plane. In both Casestravel time distribution that is separated from neighboring

the points plotted are a subset of those plotted in Fig. 1. It ifiStributions by @) - or more] _
seen that the relatively steep137 rays have a small time An important(and surprising feature of sets of micro-
spread and form one of the resolved branches of the timgnultipaths is that they are highly nonlocal in the sense that
front seen in Fig. Xsimilar behavior was noted in Ref. 4 interspersedi.e., having intermediate launch anglesnong
while the relatively flat+151 rays have a much larger travel @ group of micromultipaths are rays wikh values that differ
time spread and fall within the diffuse finale region of the by several units. We shall refer to this behavior, which is
arrival pattern seen in Fig. 1. illustrated in Fig. 10, as spectral nonlocalitiere, the term
Eigenrays at a fixed depth correspond to the intersecspectral is used in the sense that an integral representation of
tions of a horizontal linez= constant, with the curve(¢,);  the wave field over ray-like contributions with variable
these intersections are the roots of the equa#iere(¢o)  launch angle is a spectral representalidn. view of the
=0. Although the discrete samples zff¢() plotted in Figs.  observation that, in the presence of internal waves in the
6 and 7 are too sparse to reveal what should be a SMOORET environment, ray motion is strongly chaotic and the
curve, it is evident that the number of eigenrays at almost al};nction M(¢o) has local oscillations of several units, it is

depths is very large; because rays are predominantly ChaOﬁFemarkable that the early portion of the timefrésee Fig. 1
this number grows exponentially in range. In principle,.

: . L . _’is not destroyed. As ray launch anglg is continuously
eigenrays can be found using a combination of interpolation . .

. . . . . increased, a continuous curve is traced outTnzf at the
and iteration, starting with a set of discrete sample® ¢f). . o

. . . ! . range of the AET receiving array. Surprisingly, for larger

In practice, this procedure reliably finds only those elgenray? h | h hat i d
in regions wherez(¢g) has relatively little structure. These aunc ar.lg ?S the .curve t.at is traced out nZ) very
rays have the highest intensity and are the least chaotic. Atearly coincides with the timefront that would have been
most depths there are many eigenrays with each value of tHgaced out in the absence of internal waves—except that in
ray identifier= M. An incomplete set of eigenrays with iden- the presence of internal waves the curve includes numerous
tifier +137, found using the procedure just described, iscusps at which the direction of motion along the timefront
shown in Fig. 9. We shall refer to a set of eigenrays with the'everses. Spectral nonlocality of micromultipaths is revealed
same identifier in the presence of an internal-wave-induceéh the (T,z) curve by the many direction reversals and the
sound-speed perturbation as a set of micromultipaffisis  associated temporary local excursions over several branches

It is useful to assign a ray identifiet M to each ray.

r [Mm]
00 0.05 0.1 1.4 1.45 1.5 1.55 3.15 3.2 3.25
FIG. 9. Three segments of the range—depth plane along
-1 the AET transmission path showing a subset of a set of
= micromultipaths. The dashed line shows the path of the
= three rays with the largest amplitudes; these three rays
WD are not resolved on this plot.
-3
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150 }- nal waves, it is extremely difficult to find a complete set of

f micromultipaths. Indeed, the constituent ray arrivals used in
146 the Fig. 11 synthesis do not constitute a complete set of

s 142} micromultipaths. This is less important than might be ex-

pected because standard eigenray finding techniques easily

138} locate the strongest micromultipaths; the missing micromul-
TTIITTT DL tipaths in the Fig. 11 synthesis are highly chaotic rays that

1343; - = 90 B 110 have very small amplitudes. An interesting result of this syn-

thesis is that the micromultipath-induced time spread in the
synthesized pulse is only about 1 ms, which is in very good
FIG. 10. Ray identifier vs launch angle for a subset of the rays that armgreement with the AET measuremeffté® This approxi-
plotted in Fig. 6. mately 1-ms spread is the difference in the wigspproxi-
mately 25 m$ of the transmitted pulse, two cycles of a
of the timefront, each branch corresponding to a different75-Hz carrier, and the width of the coherent sum of micro-
value of M. multipath contributiongsee Fig. 11 Note that the travel-
The nonlocality of a set of micromultipaths in the time spread among the micromultipaths found—about 11
range—depth plane, which we shall refer to as spatial nonloms—is much greater than the resulting spread of the synthe-
cality, is seen in Fig. 9. Note that there are significant differ-sized pulse. The principal cause of this difference in our
ences in the upper and lower turning depths of the plottedimulations was that the travel-time spreads of the dominant
micromultipaths, and that these rays are spread in range byricromultipaths were much smaller than the total micromul-
significant fraction of a ray cycle distance. In simulationstipath travel-time spreads.
usingE=1.0Egy, not shown, the spatial nonlocality, espe-  The qualitative features of micromultipath travel time,
cially in range, of a set of micromultipaths is much strongeramplitude, and Maslov index distributions shown in Fig. 11
than that shown in Fig. 9. are typical of distributions found at other locations along the
The result of performing a ray-based synthesis of whagarly portion of the timefront in our simulations usirtg
appears in the measurements to be an isolated arrival i§0_5EGM_ Micromultipath travel-time spreads were typi-
shown in Fig. 11. This involves finding a complete set ofca|ly 10 to 15 ms, with only a few of these micromultipaths,
micromultipaths, including their travel times and Maslov in- \yhose travel-time spread was typically less than 2 ms, hav-
dices, and coherently summing their contributions. Unfortu-ing dominant amplitudes. One surprising aspect of this be-
nately, owing to the predominantly chaotic motion of ray hayior is the very small travel-time spread of the dominant
trajectories in the AET environment in the presence of imer‘micromultipaths. We speculate that the explanation for this
behavior is that the dominant micromultipaths are frequently

®o

o 10° ¢ : organized locally by a simple caustic structure. This would
L;: A account, in addition, for the observation that the dominant
=it %;‘; 8o, micromultipaths have Maslov indices that differ by no more
S 388 ° than one unit.

& © B Simulations (not shown using E=1.0Egy, result in
U = ' synthesized steep ray pulses that are spread in time much
135 — more than is shown in Fig. 11. With the stronger internal
1341 I wave field, the total micromultipath travel-time spread in-
L 133} @@ o creases by approximately a factor of 2—to about 25 ms.
132F P— More importantly, however, the dominant micromultipaths
i have travel-time spreads comparable to the total micromulti-
2 1 path travel-time spread, leading to synthesized pulses that are
é spread by 5 to 10 ms, rather than 1 to 2 ms. Thus, measured

ﬁ . early arrival time spreads are in better agreement \Eith

e =0.5Egy simulations than withE=1.0Eg,, simulations.

§ The question of which value of the internal wave strerigth

z STol 0 T 5154 5413 in our simulations gives the best fit to the observations will

T be revisited in the next section.
An interesting and unexpected feature of our simulations
FIG. 11. Upper panel: normalized ray intensity vs travel time for a subset ofs that the Maslov inde)p, was consistently lower than the

the eigenraygmicromultipathg with identifier +137 that connect the AET number of turnd made by the same rav. The distribution of
source and a receiver at depth 1005 m at the AET range. Middle panel: th y Y.

corresponding Maslov indices vs travel time. Lower panel: envelope of theéV! — &4 typically had a p?ak at3to4 units and a W'dthv W'th'n
waveform synthesized by coherently adding the contributions from all thewhich all but a few outliers were contained, of 3 units in the
micromultipaths showrtsolid curve, and the normalized envelope of the E=0.5Eg), simulations(see Fig. 1}, these numbers in-

AET source waveformdashed ling The solid circles in the upper and ; ; _ ; ;
middle panels identify the three raysvo of the three solid circles fall on creased slightly in thé=1.0Egy simulations. The Maslov

top of one anothgrwhose intensity is greatest; open circles identify the INd€X was computed t_)y counting zerospf (9) fOIIO_Wing
remaining rays. ray paths. The quantity,, was computed by solving the
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FIG. 12. |H| vs range following a ray emitted on the sound channel axis
with a launch angle of 11° in a canonical environment with an internal-
wave-induced sound-speed perturbation field superimposed.

.. . FIG. 13. Schematic diagram showing a twice apex-scatteredheagvy
COUpled ray'var'atlonal Equatlo(ﬁ)' (6), (7)’ (11), and(12). line) and the path that the same ray would have followed in the absence of

The discrepancy betweel and w in our simulations is  apex scattering eventtight line).
mildly surprising because it is knowh that in range-

independent environments these numbers differ by no more ) o )
than 1 unit. course, an idealization &3(r) must be a smooth function

for any smootlc(z,r). (The validity of the apex approxima-
tion is linked to the anisotropy and inhomogeneity of oceanic
internal waves; details of the background sound-speed profile
In the preceding subsection we saw that associated withre not important. For this reason we have chosen to illus-
the chaotic motion of ray trajectories is extensive micromul-trate this effect using a background canonical profile rather
tipathing, and that the micromultipathing process is boththan the AET environment.Figure 13 shows a schematic
spectrally and spatially nonlocal. Surprisingly, on the earlydiagram of two rays. One ray has undergone two internal-
branches of the timefront the micromultipathing processwave-induced apex scattering events; the other ray is an un-
causes only very small time spreads and does not lead toszattered ray with the same launch angle as the scattered ray.
mixing of ray identifiers. The foregoing discussion centering  Our strategy to build the eigenray constraint into an es-
on Fig. 11 described how micromultipath travel-time spreadsimate of travel-time spreads can now be stated. We consider
of 10 to 15 ms can be reconciled with measured wave-fiel& scattered and an unperturbé@tat is, in the absence of
time spreads of 1 to 2 ms. To complete this picture it isinternal-wave-induced scattering eventay with the same
necessary to explain why the micromultipath travel-timeray identifier; the rays shown schematically in Fig. 13 have
spreads of the earlisteep ray arrivals are only 10 to 15 ms. identifier +3. In addition to having the same ray identifier,
We shall now provide such an explanation. the scattered and unperturbed rays are assumed to start from
Computing time spreads is conceptually straightforwardhe same point and end at the same depth, but they will
using ray methods. In a known environment one finds a larggenerally end at different ranges. We assume that the scat-
ensemble of rays with the same identifier that solves théered ray has travel tim&, and is one of many scattered
same two-point boundary value problem; the spread in travetigenrays with the same ray identifier at ramg@/e estimate
times over many ensembles of such rays, each ensembilee travel timeT(r) of an unperturbed eigenray at range
computed using in a different realization of the environmentwhose ray identifier is the same as that of the scattered eigen-
is the desired quantity. The constraint that all of the com+ay. It will be shown thatT(r)=T,—T(r) vanishes to first-
puted rays have the same fixed endpoints complicates thizrder if the apex approximation is exploited. Because the
calculation. In the following we exploit an approximate form same result applies to all of the scattered eigenrays, it fol-
of the eigenray constraint that simplifies the calculation; thdows that the time spread vanishes to first-order, independent
approximate form of the eigenray constraint is first-order acof r, if the apex approximation is exploited. Note that this
curate in a sense to be described below. result is not expected to apply, even approximately, to the
Before describing the manner in which the eigenray con{ate near-axial rays where the apex approximation is known
straint is imposed, it is useful to describe the physical settingo fail.
in which the constraint will be applied. Figure 12 shojg The travel timeT(r) of the eigenray in the unperturbed
vs r following a moderately steep rai@xial angle approxi- ocean can, of course, be computed numerically, but this pro-
mately 119 in a canonical environmetfton which the pre- vides little help in deriving an analytical estimate oT.
viously describedbased on the measured AR z) profile] Instead, consider a ray in the unperturbed ocean with the
internal-wave-induced sound-speed perturbation field wasame launch angle as one of the scattered eigenrays, as
superimposed. It is seen thid{r) consists of a sequence of shown in Fig. 13. In general, the range of this ray at the
essentially constarii segments, separated by near-step-likereceiver depth, after making the appropriate number of turns,
jumps which are caused by the sound-speed perturbatiomill be ry#r. But, T(r) can be estimated from(ry). This
The near-step-like jumps occur at the ray’s upper turningollows from the observation that ray travel tifessuming a
points. A simple model that captures this behavior—the sopoint source initial condition, for instangé a continuously
called apex approximatidh—assumes that the transition re- differentiable function oz andr, with VT=p, wherep is the
gions can be approximated as step functions. This is, ofay slowness vector. Because of this propérfg,r) can be

B. Micromultipath travel time spreads
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expanded in a Taylor series. If we consider rays with the o' (1)

same ray identifier and fix the final ray depth to coincide —pr(ro)(r—r0)~ﬁ(lo) =2m(l1—1g) 5|
with the receiver depth, then ((lo)) 20
T(r)=T(ro) +p(ro)(r—ro), (14

_ . These terms are seen to cancel. Note that if additional com-
wherep,= —H is ther component of the ray slowness vec- .
plete cycle ray segments are added to the center section of

tor. [More generally,T(z,r) consists of multiple smooth
sheets that are joined at cusped ridges; in spite of this corﬁ[he ray, Egs.(19) and (20) are unchanged except the

o . . LSO - —lo=Al, is replaced by={_;Al;=1,—1,; again, the two
pll_cat|on, the property of continuous differentiability is main %erms cancel. In the findincomplete cyclgray segment the

we need only consider one sheet of this multivalued func—dlfference between the terni§ —T(ro) and pi(ro)(r—ro)

2y.
tion. Note also that our application ¢f4) in the background can be shown to b©O((A1)%); the terms do not exacily

. : . . cancel because thevalues of the perturbed and unperturbed
ocean makes this expression particularly simple to]use.

follows from (14) that rays are ggnerally not id(_antical at the receiver de_pth. Thus, to
first-order inAl, 6T=0, independent of range, if the apex
OST(r)=T,—=T(r)=T,—=T(rg)—p;(ro)(r—ro) (15  approximation is valid. This simple calculation provides an
, i , ) explanation of why, in spite of extensive ray chaos, the time
is, correct Fo flrst—ordgr, the trayel—t|m.e difference at range spreads of the early AET ray arrivals are quite small.
between eigenrays with and without internal waves. Several comments concerning the preceding calculation
To evaluatedT(r), we shall assume that the background ;. noteworthy. First, we note that although it was assumed

environment is range ingjepgndent. Also, consistent with the . o background sound-speed structure is range indepen-
use of the apex approximation, we may treat the perturbegem, the preceding argument also holds in the presence of

enviror_lment as piecewise range independent. Within eacgow background range dependence, i.e., with structure
range-independent segment it is advantageous to make Use\ g hse horizontal scales are large relative to a typical ray

the action-angle variable formalistsee, e.g., Refs. 11, 22, 4,10 |00p length. Adiabatic invariance in such environ-
or_38. In terms of the action-angle variables,€), H  ments guarantees that whitis not constant following rays

=H(l) and the ray equations are between apex scattering everités nearly constant. Second,
do  on after n random kicksJ,;—1, in (19) and(20) is replaced by
T = =), (16)  In—lo=\n(Al)ms, and the magnitude oft9) under AET
r

conditions isO(1 s). This is an example of a travel time-

di P spread estimate that fails to enforce the eigenray constraint.

—=——=0, (17)  This calculation shows that the difference between travel-
dr a9 time estimates that do and do not enforce the eigenray con-
and straint can be quite significanfThe constrained estimate is
refined below. Third, it should be emphasized that E¢E9)
dT do -~ ~ and (20) apply (approximately only to the steep rays be-
EZI dr HO=lw()—H(), 18 cause the apex approximation applies only to the steep rays.

~ We have not addressed the time spreads of near-axial rays.
where the physical interpretation bf as — p; is maintained.  Note, however, that Fig. 8 shows that time spreads are larger
The angle variable can be defined to be zero at the uppgpy flatter rays. Fourth, the above calculation shows that, to
turning depth of a ray, and increases by @ver a ray cycle |owest order inAl, there is no internal-wave-scattering-
(double loop. It follows that the frequency w(l)  induced travel-time bias if the apex approximation is strictly
=27/R(l), whereR(l) is a ray cycle distance. Integrating applied. And fifth, the arguments leading to E¢9) and
the ray equations over a complete ray cycle then givegp0) apply whether the scattered rays are chaotic or not.
R(I)=2m/w(l) andT(I)=2m(1 —H(l)/ (1)), with | con- A relaxed form of the apex approximation in which the
stant following each ray. In the apex approximatiopmps  action jump transition region has widtké gives a nonzero
discontinuously at each ray’s upper turning depth; for therravel-time-spread estimate. In the transition region, taken
perturbed ray R(I+Al)~2m/w(l)—27Alw’(1)/(w(1))*  for convenience to be<9#<A6, one may choose a Hamil-
and  T(I+Al)~27(1-H(1)/o(l))+27AIH(I)o'(1)/  tonian of the formH=H (I —s6), wheres=Al/A#, andH
(@(1))?, wherew'(1)=dw(1)/dI. Note that, like these ex- —F(|) elsewhere. It follows that in the transition region
pressions, Eqg14) and(15) are first-order accurate iil. 1(6)=1,+s6 andl =constant elsewhere. A simple generali-

Consider again Eq(15) and Fig. 13 withl equal tolg,  zation of the above calculation then gives for a complete ray
I, andl, in the left, center, and right ray segments, respeceycle

tively. The left segment gives no contribution & as the

ray has not yet been perturbed. In the center ray segment ~ ,
. T T(ro)~(2m—A0) (1,19 10 o)
H(lp)'(1o) e LY ()2
T =T(ro)~2m(l1—lo) —————, (19

((lo)) 0

A
and + 5 (i lo), (21)

J. Acoust. Soc. Am., Vol. 114, No. 3, September 2003 Beron-Vera et al.: Ray dynamics 1235



and showrf® to fit an exponential distribution. The late arrival
exponential distribution is not surprising as this distribution

—p(ro)(r— ro)“ﬁ(lo) —(2m—A0)(1,—1y) '(lo) , is characteristic of saturated statistics. The early arrival near-
(w(lg))? lognormal distribution is surprising, however, inasmuch as
(22)  theory”™** predicts saturated statistics, i.e., an exponential

so the sunfrecall Eq.(15)] is intensity PDF. It has been argi8dhat the theory can be

modified in such a way as to move the early arrival predic-

tion from saturated to unsaturated statistics. The latter regime
23 . : . . P

is characterized by a lognormal intensity PDF. This fix is

It should be emphasized that this expression is first-ordeﬁ;oncemu"’IIIy probl_ematlc masmuch as, in this theory, the_un—
accurate inAl=1,—1,, but that no assumption about the saturated regime is characterized by the absence of micro-

smallness of\@ has been made. As noted above, incompleté““ltipaths' which seriously conflicts with the numerical
cycle end segment pieces gi@(Al)?) corrections tosT simulations presented in the previous section where the num-

If A9 has approximately the same value at each upper turrp,er of micromultipaths is very large. In this section we pro-
then one has, after upper turns, correct tO(Al) vide self-consistent explanations for both the late arrival ex-

ponential distribution and the early arrival lognormal
AO & distribution. The challenge is to reconcile the early arrival
5T%7241 (li=li-)= T(IH_IO) near-lognormal intensity PDF with the presence of a large
number of micromultipaths. Some of the arguments pre-
sented are heuristic, and some build on the results of numeri-
cal simulations. A complete theoretical understanding of in-
Consistent with the numerical simulations shown in Fig. 12:[enSIty statistics has prove_n_dlfflcult. o . -
Our approach to describing wave-field intensity statistics

ﬁZ:OéS [ra((ajrlggr?a?ncdgrln;tmsét(i\cl)\f’ gg](;zlr?advipir;?ﬁirr]:rl]yeg builds on the semiclassical construction described by(Bq.
yey ip ’ At a fixed location it is seen that the wave-field amplitude

th‘.”lt these estimates also fpply under-AET like Cond'lons'distribution is determined by the distribution of ray ampli-
With these numbers angdn=8, appropriate for AET(24) . . )
. . . . ' tudes and their relative phases. Note that both travel times
gives a time-spread estimate of approximately 13 ms, in ap- . . .
nd Maslov indices influence the phases of ray arrivals.

proximate agreement with the numerical simulations show omplexities associated with transient wave fields and caus-
in Fig. 11. Note that(24) does not preclude a travel-time P . . )
tic corrections will be discussed below.

bias. A cautionary remark concerning the us€2¥ is that : A ; .
Virovlyansky?®® has pointed out that, owing to secular An. |mpo.rtan'.[ observation is that in the AET environ-
ment, including internal-wave-induced sound-speed pertur-

th, theO((Al)? tribution toST dominate th ; . ) )
grow eO((a1)%) contribution todT may dominate the bations, simulated geometric amplitudes of both steep and

O(Al) contribution at long range. flat imately fit | | PDFs. This is sh .
Figure 8 shows that in the AET environment simulated atrays approximately fit lognorma s This Is shown in
. 14. Previously, it has been shoffthat ray intensities in

near-axial ray time spreads are greater than simulated stegﬂ}g

ray time spreads. We do not fully understand this behavior. A Very different chaotic system also fit a lognormal PDF; in

possible explanation for this behavior is that time spreadé.hat system single-scale isotropic fluctuations are superim-

increase as rays become increasingly flat owing to the brealp—Osed on a homogeneous backgrouibte that all powers

down of the apex approximation. But, one would expect thaP_f a lognormally distrib_uted variable are also Iognormally
this trend should be offset, in part or whole, by the relatived'St”bUted’ so ray amplitudes have this property if and only

smallness of internal-wave-induced sound-speed perturbcjaﬂ‘-ray intensities have this propertyThe apparent generality
tions near the sound-channel axis. In addition, we have se

the near-lognormal ray intensity PDF suggests that it ap-
some evidence that an additional factor may be important if?i€s generally to ray systems that are far from integrable; the
the AET environment. Namely,

we have observed a positiv@rgumems presented in Ref. 20 suggest that this should be
correlation between travel-time spreads and stability expo'L

he case.
nents; stability exponents in the AET environment are shown " the two subsections that follow, the intensity distribu-
in Fig. 5. We have chosen not to dwell on flat ray time 1ONS of the early and late AET arrivals, corresponding to
spreads in this paper because there are no AET measurdle®p and flat rays, respectively, will be discussed separately.
ments of these spreads to which simulations can be comthe phase assumptions made in these subsections limit the

pared. It is clear, however, that the issues just raised need @ticipated validity of the results presented to “interior” por-
be better understood. tions of the early resolved timefront branches and the finale

region, respectively. Thus, accidental crossings of different
resolved branches of the timefront are excluded from consid-
eration, as are regions near turning points where adjacent
In this section we consider the statistical distribution oftimefront branches merge. Similarly, the narrow transition
the intensities of both the early and late AET arrivals. Recalfkegion separating the early resolved branches of the timefront
that experimentally the early arrival intensities have beerfrom the finale region is excluded from consideration. These
showrf*?°to approximately fit a lognormal probability den- restrictions are consistent with the manner in which the AET
sity function(PDP), and the late arrival intensities have beenintensity statistics were computé4?® Also, it should be

A6
5T~ (11=1o).

~¥ (A . (24

IV. WAVE-FIELD INTENSITY STATISTICS
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_ - with one another; or the source center frequency were sig-
nificantly higher as phase differences between interfering mi-
cromultipaths would then have been significant.

An additional subtlety must be introduced now: the PDF
of the intensities of the constituent micromultipaths that
make up a single arrival is not identical to the PDF described
__ in Ref. 20 and shown in the upper and middle panels of Fig.
14. The latter PDF describes the distribution of intensities of
randomly (with uniform probability selected rays leaving
the source within some small angular band and whose range
is fixed. This PDF is biased in the sense that it overcounts the
micromultipaths with large intensities and undercounts those
with small intensities. Unbiased micromultipath intensity
PDFs can be constructed from the biased PDFs shown. To do
s0, consider a manifolh smooth curve in phase space cor-
0.5} responding to a fan of initial raysvhich begins nearz,, pg)
and arrives in the neighborhood dof, (p,) at ranger. Sam-

§ R . . . . . . . pling in fixed steps of the differentiafp, (as was done to
4 -3 -2 -1 0 1 2 3 4 produce the upper and middle panels of Fig. 14; this is
(nlgsyl ™= (Inlgzn ™))/ o, equivalent to uniform random samplingeads to a highly
nonuniform density of points on the final manifold, since
(20,Po+ Spo) propagates toz +d»10Po, Py +d116Pg). The
FIG. 14. Cumulative probability density of ray intensity in the AET envi- greaterq,,, the lower the density of points locally at final
ronment in_cluding'a §uperimposed internal-wave-induced sound-spe_ed pe'r-ange_ A uniform sampling in final position is achieved in-
turbation field(solid lines. Upper panel: flat ray$|¢|<5°) sampled uni- . . S .
formly in launch angle. Middle panel: steep ragg<|¢|<11°) sampled  St€@d by considering the initial conditions that would lead to
uniformly in launch angle. Lower panel: eigenrays witl37 identifier (2, + 62, ,p, +011/092162,). Its density of points on the initial
connecting the AET source and a receiver at depth 1005 m at the AET ranggnanifold can be deduced from its initial conditiorg,(p,
In all three panels th‘e dashed Iings correspond to lognormal _distribytiona_ 5z, 10,7). It is necessary to samptp; times more densely
whose mean and variance approximately match those of the simulations. reAey . . . . .
on the initial manifold in order to achieve uniform sampling

4 th imolici ) hat | ) . . in 6z, at range. To account for this effect, we need to know
ot o cpamAent o5 somhen - s eea” e POF (ors, wih unform il saving, Roughly
> . X X X ' ) ) speaking, the PDF of the absolute values of the individual
interior regions |szgon5|stent with both our simulations and, o+« elements ol have the same form as foTr(Q)|,
the observations® apart from a shift of the centroid that is lower-order in range

than the leading term. From the results of Ref. 20, (thie
A. Early arrivals ased in the sense described abgmebability thatq,, falls
gn the interval betweex andx+dx is

0.5r

0.5r

Cumulative Probability

Ir - —— —

g2 [

We saw in the previous section that the micromultipath
that make up one of the early arrivals have the same ray 1 1 —(In(x)—».r)?
iden'Fifier anq have a very small spread _in travel time. The  P|g,,(X)= 2t (v— VL);eX 2r(r—r) |’
dominant micromultipaths were seé&ee Fig. 11to have a
time spread of approximately 1 ms, which is a small fraction x=0. (25)

of the approximately 13-ms period of the 75-Hz carrier|_|er(_:.,vL

Al ulati h hat the Maslov indi / is the true Lyapunov exponent, amds equal toy,
wave. ASo, our simu at|_ons S O.Wt at the Maslov indices o plus an additional contribution due to the fluctuations in the
the dominant micromultipaths differ by no more than 1 unit.

Th diti di hat interf he d values ofg,; over an ensemble of rays. The n@mbiased in
ese conditions dictate that interference among the domiye genge described abo\RDF, p’, for uniform sampling in
nant micromultipaths is predominantly constructive. Becaus%

travel-time differences are so small, the pulse shape shouldZr 's related to the previous one by
have negligible influence on the distribution of peak intensi- , X

ties. In a model of the early AET arrivals consisting of a Play)(X) = @pl%l\(x)
superposition of interfering micromultipaths, the micromul- —
tipath properties that play a critical role in controlling peak _ 1 Eexr{ —(In(x)—»r)
wave-field intensities are thu¢l) their amplitudes have a 27 (v—1v) X 2r(v—v)) |’
near-lognormal distribution(2) the dominant micromulti- ~0 26
paths have negligible travel-time differences; a® the X=U, (26
dominant micromultipaths have Maslov indices that differ bywhere the factox accounts for the extra counting weight of
no more than 1 unit. It should be noted that very differentg,,, and({x) just preserves normalization and is calculated
behavior would have been observed if: the source bandwidthsing Eq.(25). This calculation shows that the unbiased mi-
were significantly more narrow, as this would have causearomultipath ray intensity PDF also has a lognormal distri-
micromultipaths with different ray identifiers to interfere bution; the only change relative to the biased PDF is an
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increase in the mean from r to vr. Because lognormality
is maintained, this correction represents only a trivial change:
to the problem.

Approximate lognormality of the constrainéeigenray
PDF of ray intensity is shown in the lower panel of Fig. 14.
This PDF was constructed using the same eigenrays th
were used to produce Figs. 9 and 11. The correspondin
unconstrained ray intensity PDF is shown in the middle & ¢
panel of Fig. 14(Two constraints—fixed receiver depth and
fixed ray identifier—are built into the lower panel PDF. A

)
umulative Probability

© o o 2
OIS N

(@]

very similar constrained PDF results if only the receiver » 1 —_
depth constraint is applied, provided ray launch angles are%

limited to the “steep” ray band used to construct the middle 8 0.8

panel) It should be noted that the constrainésigenray E 0.6

PDF shown in the lower panel of Fig. 14 was constructed 2 o4

from numerically found eigenrays; because weak eigenrayss

are difficult to find numerically they are undercounted and g 0.2

the PDF is biased. Because this bias is confined to the tail of3 0 . . . . . )
the distribution corresponding to the very weak eigenrays, -4 -3 -2 -1 0 1 2 3 4
whose contribution to the wave field is expected to be small, (InI —{Inl))/owmr

it is not expected to alter the argument that follows—which _ . _ o o
v that . ltinath litud FIG. 15. Cumulative probability density of peak wave-field intensity simu-

assumes ony ) at micromultipa amplitudes  are neargq using a simple model as described in the {eatid lineg. The same
lognormally distributed. simulated cumulative density is compared to exponentigiper panel

We return now to the problem of simulating the early dashed ling and lognormal(lower panel dashed linecumulative density
AET arrivals. It is tempting to think that because the Con_functions. This figure should be compared to Fig. 14 in Ref. 24.
stituent micromultipath amplitudes have a near-lognormal o . .
distribution, the sum of the micromultipath contributions @8bove was satisfied, a near-lognormal peak-intensity PDF re-
should also be near-lognormally distributed. UnfortunatelySulted. _ . o
this is generally not the case. Consider, for example, the ~ TWo points regarding this simple model are noteworthy.
special case in which phase, including Maslov index, differ-First; this model does not constitute a theory of wave-field
ences are negligible. Then, all micromultipaths interfere conbeak-intensity statistics, but it does serve to demonstrate that

structively and peak wave-field amplitudes can be modele@Ur ray-based simulations of the early AET arrivals are con-

as the sum of many lognormally distributed variables BeSistent with the measured distribution of peak intensities.

cause all moments of the lognormal distribution are finite,ielcggd’ s!mkljjlatut)ns(fngt :.shovxén, .perforlrtr_ledth Wt':]h tE'
the central limit theorem applies. Under these conditions, if ~~ CM yield sets ol dominant micromuftipatns that vio-

sufficiently many contributions are summed, the distribution ate assumptior(2); phases are uniformly distributed and

of the sums—the wave-field amplitudes—would be a Gaussoomming m|cr9mult|path contributions yields a distribution
ian of peak intensities that is not close to lognormal. Thus, our

. I . imulation h near-lognormal distribution of
To simulate the statistics of the early AET arrivéts- S uatq S sugggst ¢ f’ﬂ a hear-oghorma dist bgto 0
) ) . . early arrival peak intensity requires a relatively weak internal
call Fig. 14 and the accompanying discusgjome have used

o . . ave field.
several variations of a simple model. An arrival was modeleaN

. interferi ) tipaths whosgl A complication not accounted for in the preceding dis-
as a sum onpy, interfering rmcrpmuﬂpat s whosé1) am- cussion is the presence of caustics. At caustics geometric
plitudes are lognormally distributed; an@) phases,oT;

; . ’ amplitudes(8) diverge and diffractive corrections must be
—wim/2mod2m, have a PDF with a clearly identifiable ,hjeq. At short ranggon the order of the first focal

peak. Micromultipath contributions were coherently addeddistance—a few tens of km in deep ocean environmenes
The peak intensity of the sum—whose travel time is NOleypect that intensity fluctuations will be dominated by dif-
known a priori—was then recorded. Using an ensemble Offractive effects. The entire wave field should be organized by
10" peak intensities, a peak-intensity PDF was then congertain high-order caustics which leads to a PDF of wave-
structed. Peak-intensity PDFs constructed in this fashiofie|d intensity with long tail$*~*3In spite of the importance
were found to be very close to lognormal; a typical exampleof diffractive effects at short range—and probably also at
is shown in Fig. 15. In this example= 75 Hz, theT;'s were  very long range—we believe that, in the transitional regime
identical, uje{j,j+1} with equal probability(note that described above, intensity fluctuations are not dominated by
choice of the integej is unimportant, and n,=5. Other diffractive effects. This somewhat counterintuitive behavior
combinations of distributions foF; (either a Gaussian or the can be understood by noting that in the vicinity of caustics
limiting case of a delta distribution u; (taken either from the importance of diffractive corrections (8) decreases as
{j,j+1} or {j—1,j,j+1} with equal probability, and the the curvature of the caustic increases. A quantitative measure
parameten,, (between 2 and 10Q0vere tested. These simu- of caustic curvature is the second derivative of the Lagrang-
lations showed that, provided the phase constraint noteén manifold (recall Fig. 4 z"(p) at a local extremum.
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(Higher-order caustics can be treated using an extension ateep is evident in Fig. 8. The surprising result is that the
the same argumentUnder chaotic conditions the curvature scattering-induced time spreads of the steep arrivals are so
of caustics increases, on average, with increasing range, amall; we have seen that this can be explained by making use
the Lagrangian manifold develops structure on smaller andf the apex approximation. As noted at the end of the previ-
smaller scales. Thus, the fraction of the total number of mulous section, we do not fully understand the cause of the trend
tipaths that require caustic corrections decreases, on averageward larger time spreads as rays flatten. In the finale region
with increasing range. This is true even as the number oihternal-wave-scattering-induced time spreads exceed the
caustics grows exponentially, on average, in range. This atime difference between neighboring timefront branches that
gument leads to the somewhat paradoxical conclusion thafyould have been observed in the absence of internal waves.
prior to saturation at least, we expect that the importance ofigure 1 shows that these time gaps decrease as rays become

caustic corrections decreases with increasing range. increasingly flat. Indeed, this figure shows that even in the
absence of internal waves there would not have been any
B. Late arrivals resolvable timefront branches in the last half-second or so of

) ) ) ] the arrival pattern. Some loss of temporal resolution in the
Recall that in the finale region of the AET wave fields, aasrements is of course due to the finite source band-

sets of micromultipaths with different ray identifiers, all cor- \\iqth  but without internal wavegor some other type of
responding to near-axial rays, are not temporally resolved. A cean fiyctuationswave-field phases would not be random:
each [,2) in the finale region the wave field can be mOdeledinstead, a stable interference pattern would be observed.
as a superposition of micromultipath contributions with ran- Finally, we note that an interesting feature of our ray
dom phases. The quadrature components of the wave field ghy, jations is that the near-axial rays have much higher sta-
each {T,z) have the form of sums of terms of the form bility exponents [typically about (100 km %] than the
Xj=a; cog ¢;), (27) steeper ray$typically about(300 km~]; see Fig. 5. Also,
note that Figs. 6 and 7 strongly suggest that the near-axial
rays in the AET environment are much more chaotic than the
yi=a; sin(¢;), (28) steeper rays. The likely cause of the relative lack of stability
where ¢, is a random variable uniformly distributed on of the near-axial rays in the AET environment is the back-

[0,2). The distribution ofa; is close to lognormal, but a ground sound-speed structure. This topic is discussed in de-

correction must be applied to account for pulse shape, at'?" in Ref. 44. There it is shown that ray stabil_ity i.s largely
many of the interfering micromultipaths partially overlap in controlled by a prope_rty of the backgrourdhich IS as-
time. This correction is unimportant inasmuch as the centra?_umed to be_ range mdt_ape_nojennound-speed profllt_ea .
limit theorem guarantees that, provided the distributions of — (//@)d/dl; ray instability increases on average with in-

andy; have finite moments, the distributions of sumsxpf ~C'€@Sindal. Here,l is the ray action variable andrd w(1) is

andy; converge to zero mean Gaussians. Thus, wave-fiel'€ ray cycle(double loop distance; recall Eqs16)—(18).

intensity is expected to have an exponential distribution, conl € dependence af onl can be replaced by dependence on

sistent with the observations. The comments made earlig?¥ial ray anglep,, because, in an environment with a single
about caustics apply here as well. sound-speed minimunh,is a monotonically increasing func-

tion of ¢,,. Plots ofa vs ¢, in five 650-km block range-
) o ) ) averaged sections of the AET environment are shown in Fig.

C. Intensity statistics discussion 16.(The choice of averaging over 650-km blocks in range is,

The question of what causes the transition from theof course, arbitrary. Range averaging should be done locally,
structured early portion of the AET arrival pattern to the however, because the local sound-speed structure may be
unstructured finale region deserves further discussion. Recalery different than that which results after averaging over the
that the early resolved arrivals have small time spreads anentire propagation pathThe relatively large near-axial ray
peak intensities that are near-lognormally distributed, whilevalues of |a| seen in this figure are consistent with the
the finale region is characterized by unresolved arrivals andtrongly chaotic nature of these rays seen in Figs. 5, 6, and 7.
near-exponentially distributed intensities. In both regions théJnfortunately, the measured wave-field intensity statistics in
time spreads and intensity statistics are consistent with eadhe AET finale region are not very sensitive to the near-axial
other inasmuch as in our simulations a near-lognormal intenray intensity PDF; as noted above, the argument leading to
sity distribution is obtained only when there is a preferredthe expectation that wave-field intensity in the finale region
phase, while the exponential distribution is generated wheshould have an exponential distribution holds for a very large
phases are random, i.e., when phases are uniformly distrilzlass of ray intensity distributions. Thus, we are not aware of
uted on[0,2m7). any way that the AET measurements can be used to test our

With these comments in mind, it is evident that the mostfinding that the near-axial rays have larger stability expo-
important factor in causing the transition to the finale regionnents, on average, than the steeper rays.
is the increase in internal-wave-scattering-induced time In summary, we believe that the observed near-
spreads as rays become less steep; as time spreads incred&sgnormal PDF of wave-field intensity for the early resolved
neighboring timefront branches blend together and theAET arrivals is transitional between fluctuations dominated
phases of interfering micromultipaths get randomized. Théy caustics at short range and saturation at long range, where
trend toward increasing time spreads as rays become leghase differences will be larger. Surprisingly, phase differ-

and
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ences among the micromultipaths that form the early re- The fact that one is able to accurately simulate many
solved AET arrivals are very small so that saturation has notvave-field features using ray methods under conditions in
been reached. The late-arriving AET energy, on the othewhich ray trajectories are predominantly chaotic may sur-
hand, is characterized by interfering micromultipaths withprise some readers. Chaotic motion is, after all, intimately
random phases, leading to an exponential PDF of wave-fielfinked with unpredictability. This apparent paradox is recon-
intensity. Here, the underlying near-lognormal PDF of rayciled by noting that while individual chaotic ray trajectories
intensity is obscured. The arguments that have been pregre unpredictable beyond some short predictability horizon,
sented to explain the intensity fluctuations of both the earlyistributions of chaotic ray trajectories may be quite stable
and late AET arrivals assume that diffractive effects do noyng have robust propertiésConsider, for example, the mo-
play a dominant role. Although our theoretical understandingjon of a ray whose initial deptt, and anglep, are known

of many of the issues raised in this section is clearly incoms,, the AET environment, including a known internal-wave-
plete, it is worth emphasizing that our ray-based numericajnqyced sound-speed perturbation. At the range of the AET
simulations of intensity statistics, in which ray trajecmriesreceiving array the depth anglee, travel timeT, and even
are predominantly chaotic, are in good qualitative agreement, . number of turnd! made by this ray are likely to be, for

with the AE.T mgasurements. We do not believe that th'sall practical purposes, unpredictable. In contrast, at the same
agreement is accidental. range the distribution inZ ¢, T,M) of a large ensemble of
rays with the same initial depth and whose launch angles lie
V. DISCUSSION AND SUMMARY within a 1° band centered og, is very stable in the sense
In this paper we have seen that in the AET environmentthat essentially the same distrib_ution @s seen for any large
including internal-wave-induced sound-speed perturbationsi:‘,'nse'fnb!e of _ra_nc_jc_)mly chosewith unl_form probability
ray trajectories are predominantly chaotic. In spite of extent &S inside this initial angular_ band. It 1S the 'a‘tef property
sive ray chaos, many features of ray-based wave-field simyjhat allows us to make meaningful predictions using an en-

lations were shown to be both stable and in good agreemeﬁ{smble of chaotic rays in a particular realization of the inter-
with the AET measurements. Simulated and measuref@d Wave field. In addition, ray distributions with similar sta-
spreads of acoustic energy in time, depth, and angle Werréstlgal properties are observed using different reqllgatlons of
shown to be in good agreement. It was shown that associatéB€ internal wave field, suggesting that these statistical prop-
with the chaotic motion of ray trajectories is extensive mi-€rties of rays are robust. _
cromultipathing, and that the micromultipathing process is  OUr exploitation of results that relate to ray dynamics,
highly nonlocal; the many micromultipaths that add at theincluding ray chaos, leads to a blurring of the distinction that
receiver to produce what appears to be a single arrival ma'5$ traditionally made between deterministic and stochastic
sample the ocean very differently. It was shown, surprisinglyWave propagation problems. The ray dynamics approach em-
that on the early arrival branches the nonlocal micromulti-Phasizes the distinction between integrable and noninte-
pathing process causes only very small time spreads ar@fable ray systems, corresponding to range-independent and
does not lead to a mixing of ray identifiers. A quantitative range-dependent environments, respectively. In generic
explanation for the cause of the very small time spreads ofange-dependent environments at least some ray trajectories
the early ray arrivals was presented. Partially heuristic explawill exhibit chaotic motion. The oceanographic origin—
nations for the near-lognormal and exponential distributiongnesoscale variability, internal waves, or something else—of
of wave-field intensities for the early and late arrivals, re-the range-dependent structure is not critical. An important
spectively, were provided. conceptual insight that can come only from exploitation of
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results relating to ray chaos is that generically phase space ikeory of wave-field statistics which accounts for complexi-
partitioned into chaotic and nonchaotic regions. This mixtureties associated with ray chaos is lacking. This is closely
contributes to a combination of limited determinism and condinked to the subject of wave cha&swhich is currently not
strained stochasticity. well understood. Also, we have only briefly discussed the

For those who wish to exploit elements of determinismspreads of energy in depth and angle, and more work needs
in the propagation physics for the purpose of performingto be done on quantifying time spreads.
deterministic tomographic inverses, the results that we have Finally, we wish to remark that the importance of ray
presented have important implications. We have seen, famethods is not diminished by recent advances, both theoret-
example, that, in spite of extensive ray chaos, many rayical and computational, in the development of full wave
based wave-field descriptors are stable and predictable, amdodels, such as those based on parabolic equations. The lat-
should be invertible. A less encouraging but important obserter are indispensable computational tools in many applica-
vation is that although the travel times of the steep earlytions. In contrast, the principal virtue of ray methods is that
arrivals are stable and can be inverted, the spatial nonlocalithey provide insight into the underlying wave propagation
of the micromultipaths limits one’s ability to invert for physics that is difficult, if not impossible, to obtain by any
range-dependent ocean structure, as was first pointed out @ther means. The results presented in this paper illustrate this
Ref. 8. statement.

For those who wish to understand and predict wave-field
statistics, our results also have important implications. TheSACKNOWLEDGMENTS
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