PHYSICAL REVIEW B, VOLUME 63, 125339

Semiclassical density functional theory: Strutinsky energy corrections in quantum dots
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We develop a semiclassical density functional theory in the context of quantum dots. Coulomb blockade
conductance oscillations have been measured in several experiments using nanostructured quantum dots. The
statistical properties of these oscillations remain puzzling, however, particularly the statistics of spacings
between conductance peaks. To explore the role that residual interactions may play in the spacing statistics, we
consider many-body systems that include electron-electron interactions through an explicit density functional.
First, we develop an approximate series expansion for obtaining the ground state using the idea of the Strutin-
sky shell correction method. Next, we relate the second-order semiclassical corrections to the screened Cou-
lomb potential. Finally, we investigate the validity of the approximation method by numerical calculation of a
one-dimensional model system, and show the relative magnitudes of the successive terms as a function of
particle number.
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[. INTRODUCTION dot potential is tuned by a gate voltage so that adding one
electron costs no energy, a large conductance peak
A recurring problem in modern physics is how to add appear%l—though the electrons must still tunnel from the
quantization effects to a basically successful macroscopiteads, there is no additional electrostatic barrier to conduc-
theory. This question arises particularly in the semiclassicalion. Sweeping such a gate voltage produces periodic Cou-
regime_|arge quantum number—where the guantum effect@mb blockade oscillations of the conductance through
are often corrections to the essentially classical macroscopiéo'fs-11’13’14
physics. Perhaps the best known example starts with the The Coulomb blockade is a classical effect observable in
Thomas-Fermi theory of the atohwhich is macroscopic in @ broad temperature rande;T<e?/C, whereC is the total
essence, and then evaluates the contribution of electroniot capacitance. Over most of this range, both the spacing
shell structure to the ground-state enetgyThe very natu- and height of the peaks is constant—the spaciref/i€ and
ral result that the shell contribution is given by the quantizedthe height is given by the resistance of the two tunneling
levels of the self-consistent Thomas-Fermi potential has beelarriers acting in series. However, there is a low-temperature
used extensivel§-® However, it has only been in recent de- regime below a few hundred millikelvin for whickgT
cades, starting with the work of V. M. Strutinsky*°that a <A, whereA is the mean single-particle level spacing of the
systematic way of answering the recurring general problenisolated dot. There, quantum interference and coherence
has been developed. become important: The Coulomb blockade peaks grow
Our own immediate interest is in quantum dots—smallas the temperature decreases, and novel fluctuation prop-
electrically conducting regions in which the quantum prop-erties emerge involving both the peak heights’ and
erties of the confined electrons are importaatand our aim spacings®=?? The spacings give information about the
here is to treat quantum corrections to the ground-state emround-state energies, while the heights involve the magni-
ergy of these dots by further developing the Strutinskytude of the wave function near the levels.
method. With some success, random-matrix-thedRMT) based
Quantum dots can be formed, for instance, by the gatetpproachegs3 have been used in order first to preditand
depletion of a two-dimensional electron gas in athen to explain the statistical properties found. In the sim-
GaAs-AlLGa,_;As heterostructure. Because of the highplest approximatiod® known as the constant interaction
quality of this material and interface, the mean free path ofmodel, the ground-state energy of the dot is expressed as
the electrons far exceeds the size of the quantum dot. One
can view an electron as propagating ballistically within a
confining potential created by electrostatic gates patterned on E(N)= 2C +;1 €
the surface of the heterostructure. For transport measure-
ments, dots can be coupled weakly to leads; when the corwhere N is the number of electrons in the dot aedare
ductance of each lead falls beloveZh, electron transport single-particle energies. The first term is the classical charg-
through the dot occurs only by tunneling, and the number ofng energy; the second is the total energy of a system of
particles within the dot becomes quantized. In this regimenon-interacting quasiparticles. Supposing that the single-
the conductance is suppressed due to the electrostatic enenggrticle classical dynamics within the dot is chaotic, the
associated with a localized chartfean effect known as the Bohigas-Giannoni-Schmit conjecture appfresind implies
Coulomb blockadéreported in 1951 by Gort¥). When the  that the single-particle quantum properties follow RMT. It is
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well established that RMT predicts repulsion amongste¢he Hartree-Fock as a starting point, the former being presum-
and Gaussian random behavior in the eigenfunctffns. ably better suited to deal with the long-range Coulomb inter-
Within this model, the conductance peak height statistics argction present in quantum dots than the latter. While first-
in good agreement with the experimental resaft§ after ~ order Strutinsky corrections to a DFT description of
also incorporating nonzero temperature effects and interfefdanoparticles has been considered in Ref. 9, our focus is to
ence modulations due to periodic paths coupled to théiS€ this approach to derive and discuss in detail the second-
leads?427280n the other hand, it is four®r22that the fluc-  order “residual interaction” terms of the Strutinsky method.

tuations in the peak spacings are considerably larger than tHy residual interaction, we mean the weak interaction be-
predictionst®2%30 and there is little evidence for the level tween Landau quasiparticles that comes from dressing the

repulsion or electron-spin degeneracy expected from Hare electron added to the quantum dot. In particular we will
single-particlelike approacdi?:®! These discrepancies be- show, and illustrate, how these terms are related to the
tween the predictions of the constant interaction model angcréened Coulomb interaction. ,

the observations point to the need for a quantum treatment of | he remainder of the paper is organized as follows. The

the electron-electron interactions, and, in particular, havd homas-Fermi and density functional theories are summa-
triggered a number of studies based on Hartree-FockiZ€d in the next section, establishing our notation. Section

calculations2~34 or density functional theory in the local- Il contains the Strutinsky method applied to density func-
density approximatiofLDA ).35-38 tional theory. This is the core of the paper; in particular, the

In nuclear physics, it has long been known that the deperélation of the second-order terms to the screened Coulomb

dence of many-body ground-state quantities on particle numQoten_tial is derived. Section IV recalls how the residual in_—

ber can be decomposed into an average and a fluctuatif§raction terms contribute to the conductance peak spacing
part. While the average part varies smoothly with the particlélistribution. Section V' compares the whole approximation

number, the fluctuating part reflects the shell structure of th€Cheme to numerical calculations of a simplified model: in-

system. A similar decomposition is possible for any ﬁnite_tgractmg electrons in a one—dlmensm_)nal quartic oscnlatpr.

size interacting fermion system. The smooth part comes bd-nally, we comment on the relationship between the Strutin-
sically from the bulk energy per unit volume integrated overSKY development and the constant interaction model, and
the finite-size system, and the oscillating contributions com@©Ssible applications of the method.

from quantum interference effects explicitly caused by the

confinement. By supposing that the smooth part is known Il. DENSITY FUNCTIONAL THEORY

while the unknown oscillatory contribution is a correction,
Strutinsky introduced in the late 1960’s a physically moti-  The Hohenberg-Kohn theoréfhstates that for a system
vated systematic approach to obtain the shell correcfins. Of interacting electrons in an external potentigl(r), there
Introductions to the Strutinsky shell correction method and®Xists a functional Fyg[n], of the density of electrons,
its application through LDA to metal clusters can be found inn(r), such that(i) the densityng(r), corresponding to the
Refs. 9,10. ground state oN particles is an extremum ofykg[ n] under
Strutinsky’s shell correction method is essentiallyeani- ~ the constraint that the total number of particles,
classicalapproximation. It rests on the fact that the number
of particles in the system considered is large, rather than on
the interaction between the particles being we&ae must, N[ng]zf dr ng(1), @
of course, work in a regime where the smooth starting point
is basically valid) Since the quantum dots in which we are is fixed, and(ii) Fks[ng] is the total energy of the system.
interested contain on the order of 100 electrons, they are @&he explicit form of the Hohenberg-Kohn-Sham functional
perfect place to apply the Strutinsky method. However, beis not known®*“° In practice, one must be satisfied with
fore doing so for a particular, realistic, two-dimensional ge-approximations. We describe here, first, a generalized
ometry, we shall in this paper, limit ourselves to a formal Thomas-Fermi approach and, second, the case when an ex-
discussion of this method in conjunction with a one-plicit form of the density functional is assumed.
dimensional illustrative example. In spite of the literature
existing on this subjedf we find it useful for two main
purposes. First, the discussion and resulting expressions are
noticeably simpler for quantum dots than for nuclei. This
occurs because the existence of a smooth confining potential It is convenient to view the density functional as the sum
in the dot means that gradient corrections to the smooth der@f three parts: a classical charge contribution, the kinetic
sity are not needed to confine the system at the zeroth-ordé€nergy, and the unknown exchange-correlation functional
(classical-like approximation. The effect of these gradient that accounts for the balant®!' The first part is simple: the
terms can therefore be included in the first-order “shell” energy of a system of classical charges confined by an exter-
corrections, simplifying both the zeroth-order calculationsnal potential,Ve,;, is
(no gradient termsand the first-order term@o corrections
to the Weyl pant &n]=Eed N1+ Ecoul N1, 2
Our main purpose, however, is to take advantage of the
fact that we use density functional thediFT) rather than  where

A. Generalized Thomas-Fermi approximation
([semilclassical level
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the kinetic energy but retains macroscopic aspects of ex-
gext[n]:f N(r)Vex(r)dr, change and correlation. In particular, the short-range effects
of exchange correlation in a uniform system can be included.

e n(ryn(r’) , _ :
EeoulN]= > Wdr dr’. (3 B. Kohn-Sham equations(quantum mechanical leve)

In standard implementations of density functional theory

For the kinetic energy, in the Thomas-Fermi approach théDFT), the kinetic energy is treated quantum mechanically
Pauli exclusion principle is introduced semiclassically byrather thansemiclassically as in GTF. To accomplish this,
employing the idea that one quantum state occupies a voln the Kohn-Sham schenfé;*one considers the problem of
ume (27%)9 in phase space. This implies that if many elec-N noninteracting electrons that has exactly the same density
trons want to be at the same place, they can do so only bgs the original interacting problem. The quantum mechanical
increasing their kinetic energy. This gives the Thomas-Fermkinetic energy for this auxiliary problem is then used to de-
approximation to the kinetic energy part of the density func-velop an approximation to the true kinetic energy.
tional, 77¢ n], expressed as The auxiliary noninteracting problem definsisorthogo-
nal functions{¢4(r), ... ,on(r)}, which are solutions of a

2 Schralinger equation

1 p
9= i Ol & 7] .

n — 5 V2 Ve nl(n) | di( =€i(r), i=1,... N,
tTF(n):f

. e(v)dv, 9

where the effective potential is aé%]ain defined by E8).
. These are the Kohn-Sham equationgn terms of these or-
TTF[n]_f treln(r)]dr, “@ bitals, the electron density is

whered is the dimensionality of the syster®), is the Heavi- N
side step functiontg is the kinetic energy density, ande) n(r)zz | i (r)]?, (10)
is the number of states per unit volume with energy less than i=1

e. An additional factor of 2 inv(e) is required if the

. : : and the kinetic energy of the noninteracting problem is
electron-spin degeneracy is taken into account.

Finally, the effect of exchange and correlation is included N z2 ¢ N
through a term€, [ n]. In practice, an explicit form for this Torn]= 2, (¢l T| )= —f > [Véi(r)|2dr.
functional must be taken. For example, if the electron density i=1 2m) =1
is a sufficiently slowly varying function of position, one can 1D

approximatet,{ n] by taking the exact results for the uni- Thus, the density functional becomes
form electron gas at the local density integrated over space,

the well-known local-density approximatighDA ). For n]=TppAd n]+ Eed NI, (12)

Within this approximation, then, the density functional is where &,{ n] includes interaction corrections to the kinetic

Fordn]=Trd n]+ ol n], (5) energy [Eq. (6)]. Equations(8)—(10) are the set of self-
consistent equations for finding the electron density,
where nper(r), and then the ground-state energ¥per
=Fprrln .
Euol )= Ead ]+ Ecoul N+ ExdN]. 6 prinoerl

As in the discussion of the GTF above, in order to actu-
The ground-state energy and its electron distribution are obally solve the Kohn-Sham equations, an explicit form for the
tained by minimizingFs 1 under the constrair(il), yielding  exchange-correlation functional is required. The simplest

the self-consistency equation case is whert,. is an integral over space of a functigmot
functiona) of the local density; this is the well-known local-
oTre +V B 5 density approximatiorfLDA).**~*3 But other more compli-
o LNetel(N Ve Narel (1) = are, ™ cated explicit forms are possible, for example the generalized

. . . gradient corrections to LDAM*3
with the effective potential

5ot . APPROXIMATE GROUND-STATE ENERGY: THE
Vern](r)=—=[n](r). 8 STRUTINSKY ENERGY-CORRECTION METHOD
Notice that to make use of E¢), one must have an explicit A. Expansion of the DFT ground-state energy
form for &, in order to take the functional derivative in Eq.  In this section we develop an approximation to
(8). Epeql nper] starting from the solution of the generalized

We call this approach ‘“generalized Thomas-Fermi” Thomas-Fermi equatiomgte. The main motivation is to
(GTF) because it uses the Thomas-Fermi approximation fodevelop a physical interpretation of the difference between

125339-3



ULLMO, NAGANO, TOMSOVIC, AND BARANGER PHYSICAL REVIEW B63 125339

these two approaches in finding the ground-state energy. IBq. (15) reads e[n"[V](r)]=ux"W—V(r). Applying the
addition, the approximation is of interest numerically for function v introduced in Eq(4) to both sides of the equality
large problems since it involves a self-consistent solution objives the definition oh"V[V](r), Eq. (14).

only the GTF equation rather than the more involved Kohn- Recalling thatV 4 n] is defined as the variational deriva-
Sham equations. We use the method introduced by V. Mtive of & (to be completely clear, it is not the inverse of
Strutinsky'® originally in the context of a Hartree-Fock n[Ves]), we see that the self-consistency Ef0) that de-
rather than density-functional approach. His method definesnpgr is

scribes the interacting system self consistently, first with the

quantum interference effects turned off, and then by intro- Norr(r) =N[Ver Nper]1(r). 17
ducing them perturbatively. As discussed in the introductionSim”aﬂy Eq. (
the idea is to add the “oscillatory” effects caused by inter- ’
ference in the confined system to a “smooth” essentially

7) that definesngre can, in applying the
above prescription, be put in the form

macroscopic description—these effects are essentially the NeTe(N) = N[ Vet Narel 1(1). (18
Friedel oscillationg” familiar in the context of impurities or _ . .
surfaces. These equations do not signify that ¢ is the Weyl part of

To study the role of quantum interference effects in theNorr; however, they do indicate that if one neglects the
DFT ground-state energy, we will first show that the gener_quantum interference ternise., the difference between the

alized Thomas-Fermi result is [aemiclassical approxima- €xact particle density and its Weyl parthen the definitions
tion to the DFT energy. The GTF approximation does, ofof NGTe andnper becqme equwalgnt. 'It is in this sense that
course, contain some quantum mechanics—notably the PadlisTr i the [semilclassical approximation afper .
exclusion principle that gives rise to the Fermi surface—and SUPPOSINgNgre(r) and Egre= Ford Nore] known, we
so is not truly classical. But only the simplest local quantumOW Seek to evaluate the corrections to the Thomas-Fermi
effects are present in GTF rather than the effects of interfer®N€rgy.
ing paths that one expects in a true semiclassical theory,
hence our characterization of GTF aks&milclassical.”

To see this clearly, we introduce a convenient notationup to second order in
adapted from the semiclassical treatment of single-particle
problems: it is customary there to express the density of ON=Nppr—NGTE- (20
states as a sum of a smooth term slowly varying in energyg
called the Weyl part, and a term that varies rapidly in energy
(on the scale of the mean level separatjaalled the oscil- ~N
latory part®® For a system governed by the Hamiltonian (M) =N[Verl Narel (1),
H[V]=p?/2m+V(r), where the potential is as yet unspeci-
fied, one can define the probability densitydfndependent
particles

AE=Eprr—Egrtr, (19

or this purpose, we first introduce the quantities

N =n"[ Ve narel1(r) =nere(r),

n%{r)y=n(r)—n"(r). (22)

N 5 Note that oncé/ .4 ngte] is known, all of these can be com-
n[V](r):Zal |pi(N)]%, (13 puted through the diagonalization of the known single-
particle GTF Hamiltonian. As is well known, the sum of the

in terms of the eigenstatesp;} of H. We also define the €igenvalues of the Kohn-Sham equatio@p{V]EE?fi,
Weyl part ofn[V] by does not give the total energy of tiNeparticles because of

double counting of the interaction energy, but ratffer,

nW[V](f)E;df O[p"—p?/2m—V(r)]dp
(27h) ’ 14 EDFnglp[Veﬁ[nDFT]]_f dr Ve Nperl(r) nper(r)
14

+ &0l N . 22
where Y must be chosen so that=n"(r)dr. Note that toll o] (22

n"W[V](r) is smooth in that it neglects quantum fluctuations To proceed further, we use the relation proved in the Ap-
in much the same way that the GTF approximation doespendix,
With this notation, one can derive the useful relation,

EfV+ 5V]—€1P[V]z%f SV(r)[n(r)+n’(r)]dr,

6Tr
—o [TV +V(n) =", (15 (23
) wheren(r)=n[V](r) andn’(r)=n[V+ éV](r) and which
Indeed, using is correct through second order in the changes. Upon insert-
. ing V=Vei[NgTe] and V+8V=Vq nper], and thusn=n
TF _ and n’ =npgr, the first term on the right-hand-side of Eq.
on [n](r)=eln(n], (16 (22) becomes
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E1d Ver Npetl 1= E1 Verl Natel ]
+%f dr 6Veg(r)

X[Nper(r)+n(r)], (24

where 6V=Vei| Nper]l — Veil NeTe]. Similarly, the second
term in Epgr Npet] IS

f Veff[nDFT](r)nDFT(r)dr:f Verl Narel (M) Ngr(r) dr
+j Vet NgTel(r)on(r) dr

+ f OVen(r)Nper(r) dr.

(25)
Finally, the third term is
Eol NprT] = Erol NeTE] + J {Ver nerel(r)
+ 6Ver(r)/2} Sn(r) dr, (26)

with corrections that are third order ifn.
Combining all the terms together, we obtain

Eprr=E1d Vel Netel] — f NGTH(M) Verl el (1) dr

+olnord 1 | Ve A (27

PHYSICAL REVIEW B63 125339

Fermi resultEgr—and two quantum contributionsA £
and AE®). We now discuss and interpret these two correc-
tion terms.

B. Interpretation of the first-order corrections

The first-order correction is simply the oscillatory part of
the single particle energy for a systemNflectrons evolv-
ing in the potentialVed Ngre]. INndeed, the Weyl part of
EfV]is

R S )

2

X(Mw—p——V(r))dpdr,

om (32

where uV is fixed by N=n"[V](r) dr. Separately inte-
grating the kinetic and potential energy terms for
=V NgTel, One obtains

~Verlngre(n _dv

EM Verl N ]]zfdrf"w e—de
1] effL!'GTFE 0 d6

+ [ 0V nore ) Verl nrel (1)

(33
In the first term, one recognizes the Thomas-Fermi kinetic
energy, 7Ttdngtel, Wwhile in the second term

nW[yeﬁ[_nGTF]]:nGTF. Thus the first-order Strutinsky cor-
rection is

AEW =&, ] Ver nerel 1~ €5 Verl narel 1= E5 Verl Nl .
(34)
The leading quantum corrections to GTF are found, then, by

In order to express directly the difference between the DFTyyantizing the single-particle levels in the GTF self-

and GTF ground states, it is convenient to use

Ectd Netel = Tre Narel + Eiol NGTel (28

for &g . In order to simplify the last term in Eq27), note

thatn®‘is of ordersn, and that therefore one only needs the

first-order variation of the effective potentialdVx(r)
= [(8Vei! SN)[Ngrel(r,r’)Sn(r’)dr’, to obtain Eper cor-

rect through second order. Thus, the final expression for th

Strutinsky energy correction is
EDFT: EGTF+AE(1)+AE(2), (29)

where the first- and second-order correction terms are

AEW=&{ Vi narel} — j NeTe(N) Verl Nl (1) dr

—Trelnerel, (30)

AE<2>:§f fﬁosc(r)%f[new](r,r’) sn(r')drdr’.
(31)

In this approach, the DFT ground-state energy is, then, th
sum of a classical contribution—the generalized Thomas

consistent potential: this is a very natural result that, in fact,
was used extensively in atomic and nuclear physfisefore
it was first justified by Strutinsky®

C. Interpretation of the second-order corrections

The second-order correction, E(31), requires further
work: this form is not useful because it expresads? as a
function of the unknowrdn. A second equation is necessary
for us to determinesn. Note that this is not the case for
AE®), which is written completely in terms ofgre.

The required second equation is obtained by relating
to the oscillatory part oh=n[Vg nNste]] Which, of course,
is known since it depends only angte. We start with the
two equations

TF

W[nGTF] +Verl Notel = meTr, (35
TF- w w

~sn LNorr] Vel Norr] = oer- (36)

The first equation here is the definition oftg, and the
second one follows directly from the general relatid).
Now, expandnper aboutngr in the second equation and
subtract the first one from it. In the term involving, on
appears. However, in the kinetic energy term, the density
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difference is n\éVFT_ Nete= (Nper— Nate) — (NpET— n\[/)VFT) Thus the second-order correction is simply the energy of
= sn—nZS . To close the equation, we must rela@ to  interaction between the additional charge oscillations caused
nere. This is possible because in an equationdar which by the quantization, where the interaction is s_creened be-
is by definition first order in corrections, only the first-order cause, after all, the “other” electrons treated in GTF are

part of the other quantities need be kept. Thus, we can a@rqunq. Note thaV is Fhe screened inter:_action within the
osc finite-sized system, not in the bulk, and so includes boundary

roximaten by similarly expandingn about ngrg, . z
)F/)ielding pFT Y y exp dorr GTF effects?® under certain conditions, the bulk screened poten-
tial may be used’ More importantly, while the screened
no%se — (e Wy =(R—n —posc 3 interaction here does include exchange-correlation at the
o (Noer = Noer)=( .GTF) S ~ GTF (macroscopig level, the result(43) is a “directlike”
The combination of these results gives the closure equatiogontribution while an “exchangelike” term is missed. This
is related to the deficiencies of the LDA-like treatment of

J' dr ‘Weff(r ryen(r') DFT here; presumably it could be fixed through a more so-
én phisticated density-functional approach.
2
+f dr ¢ TTF(r FSN(r ) —To(r')]=Au (39) IV. CONTRIBUTION OF THE RESIDUAL INTERACTION
on? ’ TO PEAK SPACING DISTRIBUTIONS
where Aup=pul-r—ucre is fixed by the condition As an example of the utility of the Strutinsky method for

Jén(r) dr=0. This is an integral equation f@n in terms of ~ adding quantization effects to a macroscopic result, we turn
GTF quantities. If a numerical calculation afE® is to considering the spacing between peaks in the conductance
needed, the computational cost is relatively modest, largeljhrough a quantum dot in the Coulomb blockade regime. The
the inversion of an operator. contribution of residual interactions have been estimated
One obtains a very natural interpretation of the secondfor chaotic systems within a random matrix theory

order correction(31) by using this closure equation. Con- framework?®*#=>’There it was found to be small, but not too
sider the generalized Thomas-Fermi problem, B%), and far from the scale necessary to explain the failure of the
suppose the external potential is slightly modified by theconstant interaction model. Here, our ultimate aim is to
quantity 6V,(r). One thus obtains a new solution of the evaluate the effect of the residual interaction in specific

GTF equatiomgr=nNgret+ dNgre, Which would verify model systems that often are not in a regime where their
quantum properties have fully converged to the purely statis-

tical behavior found in a random matrix theory. Systems tend

TF ' ' o
~sn LNetel T Verl Narel + 0Ven= kot (39 not to be purely chaotic, and even when chaotic, they still
] ) exhibit manifestations of short time dynamics in their eigen-
Subtracting Eq(35) as before yields properties. This can often lead to important deviations from

2T sV statistical limiting behaviors. We therefore briefly sketch the
L / eff / / relationship between the residual interaction and the Cou-
dr r,r')én r'y+ | dr r,r’)yén r .
f on? (r.r')onere(r’) j on (11 dNeTe(r’) lomb blockade peak spacings.
The position of a conductance peak as a function of gate
T Vex=Au. (400 voltage is proportional to the change in the total energy of

If we now choose the variation of the potential to be the system when an electron is add@d,
un=E(N)—E(N-1), (44)

and the conductance peak spacing is proportional to the dis-
(41)  crete inverse compressibility

Nor(1) = J " (826,00l S02) [ el (1,0 RO,

Sngret N satisfies the same EB8) as on. This means
that, at this level of approximatio is the sum oh°*and
the displacement of chargés g1 screeningn®cin the GTF =E(N+1)+E(N—-1)—-2E(N). (46)

approximation. Indeed, the definition of a screened interaCgq, gach of the ground-state energies here, we will insert the
tion V. implies second-order Strutinsky approximation to the DFT energy.
Vi B The first term,Eg1g, is the ground-state energy in the gen-
f dr’—(r,r’)&n(r’)zf dr'Vedr,r')n%qr’), eralized Thomas-Fermi approximation, and is essentially the
on charging energy of the dot. The first-order correction con-
(42) tains the single-particle quantization effects. In some sense,
and therefore that the second-order correction,(Bf), can  these two terms together constitute the same level of ap-
be written proximation as the much used constant interaction model. In
fact, more physics is included here since changes in the self-
consistent confining potentidl are explicitly contained in
the Strutinsky approact!,whereas due to thad hocnature

XN= MN+17 MN s (45

AE(2)=%J' dr dr'nos{r)Ver,r’)n%qr’). (43
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of the constant interaction model, therein exists no informa- w22 ) ‘s
tion at all on the self-consistent potential. The second-order m Nere(X¥) +2X + Vip[Nerel (X) = uere, (50
correction termAE(®) contains, then, the effects of the re-

sidual interaction. where  we have used  ST1e/SN)[n]=e(n)
= (m7*h?/2m)n(x)?. By differentiating twice and using the
V. THE QUARTIC OSCILLATOR: A CASE STUDY Poisson equation, one obtains the second-order differential

: . . equation
Let us now illustrate the above approach with a particular .

example. For the sake of simplicity, we choose a one- 9,2 122
dimensional model system consisting Mfelectrons in the 7 h*” d"nGre(X)
confining potential Vo, (X)=x*2 with the interactions 2m dx2
governed by the one-dimensional Poisson equation

d?V[n](x)/dx?= —4me?n(x). This is a simple limit of a  This can then be transformed into coupled first-order equa-
three-dimensional problem: the system is assumed to be ifions

variant in the transverse directiogsandz so that the inter-

+6x°—4me’ngr(x)=0.  (51)

actions are between planes of charge, but the medium is Y1(X):“éTF(X)'
extremely inhomogeneous with the transverse mass taken to
infinity so that only one-dimensional quantum mechanics is dy,(x)
needed. Exchange and correlation effects are turned off; thus L —vo(x),
the interaction functional is dx
o dy,(x 2m
Vi N](X)= —27rezf mn(x')|x—x’|dx’. (47 ydzf( ) _ W(Mrez\/yl(x)—ze), (52)

Note that use of the one-dimensioriaD) Poisson equation which can be conveniently solved. Because of the symmetry
causes an interaction that grows with distance. Use of thef the systemdn/dx=0 at the origin and one need only
subscript “int” in this section, rather than “Coul” above, is specify the density at the origin as an initial condition. One
meant to distinguish this case from the three-dimensionalepeats solving Eq49) adjustingngr(x=0) on each itera-
Coulomb interaction. We emphasize that our interest in thigion until the normalization conditioN = [ ngre(X)dx is sat-
simple model system is only as an illustration for better un-sfied. Once the electron densityste(x) is found, the

derstanding of the Strutinsky method. ground-state energy is obtained from
We vary the electron chargeto see how well the Strutin-
sky scheme works for different strengths of the interaction, Ecte=Trd Natel + Eexd Natel + End NG T (53)

e=0.5, 1.0, and 1.5 in units whefe=m=1. The electron-

spin degeneracy is not considered here. First, we performhereZ7¢ is given in Eq(49) and
generalized Thomas-Fermi and density-functional-theory
calculations directly. Next, using the GTF results, we apply -
the Strutinsky techniques to find approximate DFT results. Eexl[nGTF]zzfo NeTe(X) 2 X dX,
Finally, these approximate results are compared to the actual

DFT values. Because of the neglect of exchange correlation

o

here, the GTF approach reduces to true Thomas-Fermi and _ 9. ;jw V.

the DFT approach is simply the coupled Salinger- EinlNerel =22 0 NeTr0) Vin{ el () dx

Poisson equations. (54)
A. Thomas-Fermi numerical calculations The electron densitiesgte for N=5, 10, and 20 withe

=1.0 are plotted in Fig. () and the effective potential,

Vel NeTe] given by Eq.(8), in Fig. 1(b). All three cases

. Jame show the same basic structure tha_lt can be simply understood

= 0 (e—p2m)dp= ——, (49) as follows. Without the interactioneE&0), the density

27l ] o wh would have one maximum at the origin since the external
potential has a minimum at the center. Once the interaction is

and, thus, the kinetic energy term, E@), can be written  tyed on, electrons repel each other and avoid the center,

For one-dimensional systems

v(e)=

explicitly as making two maxima in the density. Though not pictured, the
o larger the value of the electron chargehe lower the central
Ton]= mh f* n(x)%dx (49) valley in the density, and the more the density maxima move
T 6m J .. ' away from the origin. As intuitively expected, the minimum

points in the effective potential correspond to the maximum
The ground-state density is obtained by solving the Thomaspoints of electron density, and increasimgncreases rapidly
Fermi equatioricf. Eq. (7)] the bimodal nature of the density.
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L L AL BRI B that improvement is guaranteed for every iteration. We re-

1

2
TITT [ I T [T rIT[Trs

2] (a)—: peat this until the density reaches self-consistency,
—~ A 3
> 3 max |nNe¥(x) —n(x)|<10"°. (57)
a 31 X <Xmax

A SS/ZAN We require self-consistency in the density rather than the

A A potential because the overall magnitude of the density does
k’_\/ not change significantly &Y increases.

Once the self-consistent density and effective potential

are obtained, the Weyl part of the density;, as well as
the chemical potentighk - can be calculated from E¢l4);

Veuln](x)
-400 -200 0 0

(b)—: the oscillating part of the density follows fromdf=nper
'_'5' — (') — ; ' —nper. Finally, the self-consistent ground-state energy is

obtained using

FIG. 1. The electron densiti¢apper panéland effective poten- Torl Norr] = Exyl Verl Noer]
tials (lower panel for interacting particles in a quartic potential. ®
The results for both the Thomas-Ferrdashedl and coupled —ZJ
Schralinger-Poissottsolid) approximations are given. The electron
charge i=1.0, and the electron numbers=5, 10, and 20 from  and the same expressions &y, and &, as in the Thomas-
bottom to top in upper panel, top to bottom in lower panel. Fermi calculation, Eq(54). We have used the above relation
Vel Nere] @nd Vel Nper] coincide so well that one cannot distin- for the kinetic energy instead of the definition since the ei-
guish the differences here. genvalues are more stable than the eigenvectors in the nu-
merical calculations.
The quantum electron densities fd=5, 10, and 20 are
The numerical calculation of the DFT energy requiressuperposed in Fig.(&) for electron charge=1.0. One can
self-consistently solving see the quantum-mechanical oscillations whose number of
peaks corresponds to the electron numNemNote the de-
creasing oscillation amplitudes with increasing particle num-
$i(X) = € ¢i(x), ber, as well as the tunneling outside of the potential wall at
the classical turning points. The effective potentials, super-
N posed in Fig. (b), are indistinguishable from the corre-
n(x):iEl (%), (55) sponding Thomas-Fermi potentials.

X

. Nper(X) Ver] Nperl(X)dX,  (58)

B. Quantum numerical calculations

2 d2
~5m W+Veﬁ[n](x)

C. Strutinsky energy corrections

In order to find the approximate ground-state energy using
the Strutinsky method, we start with the Thomas-Fermi
density and potential, calculated above, and quantize in this
which are the coupled Schimger-Poisson equations. We potential by  solving the Schdinger equation
start the self-consistent iterations with the Thomas-Fermi pot—#2/2md?/dx?+ Vg Ng1el) b1 = € ¢; for the eigenvalues
tential Vg NgTe]. At each iteration, we first diagonalize the and eigenvectors.

Hamiltonian F = p?/2m+ Veu(r) expressed in the basis of ~ The first-order energy correction is given by E84); in
Flo=p2/2+x%2. From the eigenvalues and eigenvectors of°Ur €xample, the expression for the Weyl part reduces to

Ve N](X)= %x4—277e2J n(x’")|x—x'|dx’,

H{Veﬁ[n]}, we can construct the electron density and the W 2m (=
corresponding effective potential. Self-consistency is evalu- Eip Ver NeTel} =2 Eyry f o [u
ated by comparing the effective potential§i® and Ve
before and after each iteratidor equivalently the densities + 2V NGTE]
n®'d andnNev).
Because of the well-known instability of the Poisson X () IV = Ve narel (%) dx. (59)

equation, one cannot simply use the output from one itera-
tion, Vie", as the input to the next. Instead, we feedback
only part of the output

The second-order energy correction, from Ef), is

AE(2)=—7-re2J J’ nos(x)|x—x’|sn(x")dx dx

Old, Next Iteration_ \ ,Old New__\ ,Old
Vo LV +a(Vag"— V), 0<a<l,

(56) :4We2Jomﬁost(X)[ J'W(X_X,)én(xl)dxr dx.

where « is initially set as 0.5. If the self-consistency is not
improved, « is reduced by half and the iteration redone so (60)
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The required inpu®n follows from Eq.(38). This equation
can be simplified by noting, first, for the kinetic-energy term 02
5*Trr . Oe(v) ,
W[nGTF](X:X )=—5, [Nerel6(x—x").  (61)

Second, for the term depending dQ note that

© OVt
f ——[Narel(x,x") on(x")dx’

Energy Difference
o

—% On 0 ==
© N TN TN W TN N N W T U N TN S
=—27-rezf on(x")|x—x"|dx' =V, [ on](x), (62 5 10 15 20
o N
implies N
FIG. 2. Convergence of approximations to the quantum ground-
d2V. [8n](x) state energy for electron charge-0.5. The curves are, from top to
intl . . .
=— 47Te25n(x). (63 bottom, the error in the Strutinsky energy correction approach taken
dx? at zeroth, first, and second order: specificalff=Eprr— Egte

(dotted, AE— AE™ (dashedl andAE—AEM — AE@ (solid). The
convergence in this case is excellent. The valuesEgf: are
—6.835, —34.450, and—173.619 forN=5, 10, and 20, respec-
242 d2 B tively.
— W{nGTF(x)-[én(x)—nOS‘(x)]}—4we25n(x)=0.
(64)  that the latter has developed a barrier at the center of the
) ) ) ) well, the top of which lies very close to the chemical poten-
This equation can be converted into the coupled first-ordefiy For the quantum case, this means that the one-particle
equations levels below the Fermi energy are organized as quasidou-
~ blets. This naturally leads to an odd-even effect sinceNfor
Y1(¥) =nere(x) - [n(x) —n>(x)], even (odd), the last occupied orbital has an energy consis-
dyy(X) :gntly below(above that suggested by the Weyl approxima-
=y,(X), ion.
dx yalX) Moreover, because the last occupied orbitals are close to
the chemical potential and so near the top of the barrier, it is
= +1o5x) (65) clear that semiclassical approximations will be “at risk”
dx 7he \ Ngte(X) ' here. This is clearly seen for instance in Figs. 6 and 7, which,
for couplinge=1.5 andN=19 and 20 particles, shows a

which can be conveniently solved. comparison between the exadn(r)=npg(r)—ngr(r)
. : . =lprT\) —NGTF
With the energy correction terms calculated, the Strutin nd its approximation obtained using E€8). The two

sky scheme allows us to approximate the quantum grouna"’—1
state energy using essentially classical Thomas-Fermi quan-
tities. We plot AE=Eppr—Egre, AE—AE®, and AE
—AEM—AE® as functions ol to see the series conver-
gence of the Strutinsky scheme in Figs. 2, 3, and 4efor
=0.5, 1.0, and 1.5 respectively. In the first two cases, the
convergence seems to be working well: &+ 0.5, without

Thus, by taking the second derivative with respect ¢ Eq.
(38), one obtains

dy,(x)  4mé [ yy(x)

o
w

e
M)

Energy Difference

correction terms, the error is 0.17 taking the average dblver H

from 2 to 20 and, while the first-order correction term im- 0.1 L

proves the accuracy to 0.0013, and the second-order term to C

roughly 1.3x 10" °. Fore=1.0, without correction terms the E.

error is about 0.24. With the first-order correction the error oL Tl

reduces to 0.012, and with the second-order to 0.0027. ]
For e=1.5, before comparing the order of magnitude of 5 10 15 20

the different terms, it is useful to say a few words about the

odd-even structure clearly visible in Fig. 4, and actually al- N

ready apparent foe=1.0 at lowN in Fig. 3. The origin of FIG. 3. Convergence of approximations to the quantum ground-
this behavior is not related to spiwhich has not been in-  state energy for electron charge 1.0. The curves are, from top to
cluded but can be readily understood by looking at thebottom, AE=Eprr— Egre (dotted, AE—AE™® (dashed, andAE
lower panel of Fig. 5, which shows the effective Thomas-—AE®)—AE® (solid. The values of Egre are —114.986,
Fermi potentiaV¢q Ng1e] for N=20,e=1.5. Here, one sees —579.496, and-2920.476 forN=5, 10, and 20, respectively.
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= : ] g o J L
) i ] “«© L i
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FIG. 6. Comparison between the ex@at=np-;— ng7e (dashed
ine) and its approximation derived from E(B8) (solid line) for
e=1.5 andN=19.

FIG. 4. Convergence of approximations to the quantum groundl-
state energy for electron charge-1.5. The curves are, from top to
bottom, AE=Epgr— Egrr (dotted, AE—AE™) (dashedl andAE
—AEM-AE®@ (solid). The values of Egre are —362.500, )
—1826.887, and-9206.935 fotN=5, 10, and 20, respectively. D. Peak spacings

Turning now to the inverse compressibilipy, introduced

curves are almost on top of each other everywhere, except i S€C. IV, we observe the S trend as for the ground-state
the middle of the well—that is, near the maxima of the bar-€nergy. The approximatiogy ™, calculated strictly by the
rier. In addition, one observes that in that place, the approxil homas-Fermi approximation, already gives an excellent
mation is worse for an odd than for an even number of parf€lative precision. Moreover, foe=0.5 ande=1.0, each
ticles. This can be explained by the fact that in the formet®M in the Strutinsky development significantly reduces the
case, the last occupied orbital is symmetric and thus has § fror (i.e., anhorder of ;rr]]agnltude_or ?Of? fh|r= 13)' Forh bet
probability maximum at the origin, while in the latter case, ese cases, however, the approximation IS already much bet-
the last occupied orbital is antisymmetric and so goes t er than the mean spacirgif the first correction is included.

. : e therefore show the data only fer=1.5, for which the

zero. As a consequence, the errors in the Strutinsky approxi- . S .
. . corrections are enhanced by the proximity of the chemical
mation scheme also display an odd-even structure cIearIE

o ial to th f the i ier. In Figiag th
seen in Fig. 5. If, however, one concentrates on the eve otential to the top of the inner barrier. In Figa§ the

h he eff fh | barrier is | . re shown. The discrete points represent the full quantum
case, where the effect of the central barrier Is less Important,1ations and are taken as the reference points. It is seen

without correction terms the error is about 0.35 taking thethat STRO) does not capture the odd-even double-well ef-
ahverage qveN from 2 to 20. With the} fwit—order correction, fect, but otherwise captures the essential peak spacing behav-
the error is reduced to 0.065, and further reduced to aboyh, | Fig. gb), the relative errors are shown as a function of
0.039 if one includes the second-order corrections. N. More specifically, the difference between the quaniym

and one, two, or three terms of the Strutinsky series—

E T T [ T T v T [T T T T [T 17 E XETR(O), XﬁTR(l), and XElTR(Z), I’eSpectIVG'y—lS dIVIdEd by
e E A, the mean level separation. It is seen that the majority of
~~ E 3
> 3 E
\‘::/ :_ _: K LN L B B Y I B N B B B ]
: E 04~ N=20 7
— | 0.2 C 7
| i g o i i
c “© L ]
— ] C ]
T -02 [ .
> - -
PR A N ST ST T TN SO SN T M WY S B T
-5 0 5 —04 ]
X C 1 I 1 1 1 1 I 1 1 1 1 I 1 ]
-5 0 5
FIG. 5. The electron densitjupper pangland effective poten- X
tial (lower panel for N=20 particles ande=1.5. In the upper
panel, results for both the Thomas-Ferfdashed and quantum FIG. 7. Comparison between the exaat=nper— Ne7e (dashed
(solid) cases are given. In the lower panel, the dashed horizontdine) and its approximation derived from E8) (solid line) for
line is the position of the chemical potentjakg. e=1.5 andN=20.
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FIG. 8. The discrete inverse compressibility as a function of FIG. 9. The fluctuating part of the discrete inverse compressibil-

electron numbeN. The open circles ary, Using the quantum ity scaled by the mean level spacing. The upper figure is the fluc-

ground-state energy(exac). Results using three approximate tuating part ofyy with scrambling. The odd-even effects are due to

: X the nature of the double well shaped effective potential. The lower
- W: d: Thomas-Fermjs @ ’ . . . . :
ground-state energies are showly: dotte N figure is the difference in the fluctuating part with and without

using Egre, (2) dashed: first-order Strutinsky,S*™ using E ' . ) :
+Ag(l)GT;né )(3) colid: second-order Stru%NskwﬁTR(z)gus?rzg scrambling (* denotes the case without scramblirgpth figures
Earet AEM+AE®. The lower panel shows the relative errors, & ¢ generated with electron interaction strergthl.5.

Oen—xnT/A, of the same three approximations.

|X¥\}_X;\1kﬂ|/AN

o|||||||||||||||||||
40 60 80 100

(XN _XETR) /A

(=]
[4V]
o

system having a different particle number independently, the
the odd-even, double-well effect is captured by the first cor- scrambllng effept on thg gr.ound-state'energ.y due to the
hanging effective potential is automatically included. To

rection term. Reassuringly, even in this case for which theCb the sianif fh bling f K Spacings
inner barrier degrades the quality of the semiclassical devefPPSEIVE Ih€ signiticance of Ih€ scrambiing 1or peak Spacings,
e have calculated the fluctuating part of the discrete inverse

opment, each inclusion of an extra term in the series reduce¥ ‘bility by both f inq the effecti tential and
somewhat the relative errors of the Strutinsky method. More£OMPressibiiity by both freezing the etiective potential an

over, the improvement due to the addition of the secondf"llowing it to change self—consisteptly. We used o'nly the
order correction becomes more significant with increasing | 9round-state energy and the first-order correction term

Thus, we see that even in this more difficult case, the strutinturning off the residual interaction contribution. With scram-

sky method gives an excellent scheme of approximation ilﬁ!lng, tEG_TF basically contr_g)_ﬁttes I;fz_(tlr)]e mf‘?};‘ tpart C;L the
the semiclassical limit. iscrete inverse compressibility a contribute as the

fluctuating part. Without scrambling, the charging energy
and the Weyl part of the single-particle energy levels con-
tribute as the mean part, and the remaining part in the single-
Up to this point, we have been interested in the contribuparticle energy levels contribute as the fluctuating part. The
tions of two quantum mechanical energy correction termsresults are depicted in Fig. 9. In our toy 1D model, the
As we have mentioned, the ground-state energy in the gerchanges irp(“ (fl for a fluctuating padtdue to scrambling
eralized Thomas-Fermi approximatidfgrr and the first-  are seen to be getting smallerMincreases and less than the
order correction constitute, in some sense, the same level gtale given byA,. However, we caution against assuming
approximation as in the constant interaction model. Bythat the scrambling ofy would occur on the same scale in
equating the expression for the ground-state energy, one canore realistic multidimensional models with the Coulomb
derive the definition of capacitan¢g interaction. This question is under investigation and left for
future work.

E. Deformation of the effective potential

N2e?

2C

N
+_21 €, (66)

=
where the negative sign in the charging energy is due to the We have developed an approximate series expansion for
nature of our one-dimensional model system. The capacistudying the ground state of interacting systems using the
tance, as a function of particle numibérsmoothly varies as idea of the Strutinsky shell correction method. We tested the
N~ approximately, and it approaches zero with increasingsalidity of the Strutinsky scheme by numerical calculations
N. of interacting electron systems in a one-dimensional, exter-

When one adds an extra particle to the system, it causesrally applied quartic potential. By varying the electron
deformation of the effective potential. In the constant inter-charge strength, we were able to confirm the stability of the
action model, as often applied, this effect is ignored by asmethod. It approximated extremely well the quantum me-
suming that locally, the capacitance and single-particle enerchanical DFT quantities usifgemilclassical Thomas-Fermi
gies are independent of the particle number. On the othedata for three different charge strengths. One exceptional cir-
hand, since our energy correction approach calculates eadumstance giving less reliable results was noted with respect

Egret AEM=—
GTF VI. CONCLUSION
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The method discussed in this paper could serve two pur-
poses. On one hand, it gave us an efficient way to proceed
with numerical calculations, and it is conceivable that this

approach could be of some help for larger scale, realistic Consider a HamiltoniarH=p?%/2m+V(r) and its per-
DFT calculations®~**'On the other hand, it also provides turbed HamiltoniarH’ =H+ 6V(r). We denote the eigen-

some physical insight by decomposing the total DFT energyjajyes and eigenvectors asand ¢;(r) [& and ¢/ (r)] for
into various contributions, each of them receiving an intui-py (j7y.

APPENDIX

tive interpretation. _ _ To second order iBV, the perturbed eigenvalues are
In the context of quantum dots, for instance, one of its
simple but presumably useful applications could be to jus- e =¢+eP+e?, (A1)

tify, and make more precise, the constant interaction model.
Indeed, this latter is usually presented asagnhocmodel — Where
motivated essentially by its simplicity. Here, up to some re-

1
interpretation of what is the capacitance of the dot, we see Ei( ):<¢i|5v|¢‘>

that the constant interaction model can be understood as the 2

first-order approximation in a Strutinsky development of a 6(2):2 (il VI ' (A2)
DFT calculation. One obtains, in addition, that the various ! 7 €~ €]

parameters of the modétlassical energy and potential gov- : .
. . - - e assuming nondegenerate eigenstates.

erning the motion of the independent parti¢lase specified, Similarly. takinaH’ as the original Hamiltonian and

and, in principle, can be computed explicitly. This makes it—H’—éV );s the gerturbed Hami(:i]tonian one can write

possible, for instance, to study the sensitivity of the dot's™ P '

energy to the variation of an external paraméfer. . e=e + éi/(1)+ Ei’(z), (A3)
In the same way, the second-order correction term gives

insight into the “residual” interactions between electrons. Inwhere

the context of DFT it gives some basis to the fact that elec-

trons in quantum dots behave as Landau quasiparticles inter- Ei,(l): —(¢i|oV]e)
acting weakly through a screened Coulomb interaction. It ) )
moreover explicitly specifies how the screening process is € D=eP+0(5V3). (A4)

affected by the confinement of the electrons, which might b . .
relevant ir?/the limit where the screening length is notgmucr?SUbtra.‘Ctmg Eq(A3) from Eq. (A1), one obtains to second
smaller than the size of the dots. order in 3V

With the failure of the theoretical predictions of the
single-particle  constant-interaction model to explain
the experimentally observed conductance peak spacing =3l V] )+ (]| V|])). (A5)
distributionst®=22 our original interest was to investigate _ _ .
what physical factors are missing, and to understand bettépumming oveti, one obtains
the statistical behaviors of quantum dots. We expect that the N
approach of defining the many-body system, explicitly in- 1 , ,
cluding electron-electron interactions within density func- EplVF 5\/]_519[\/]_5;1 (il oVIgi)+(iloVI4i))
tional theory, to bring us closer to a resolution of the failure
of the constant interaction model in this context. We leave
application to more realistic systems for future work.

€ — €= %(ei(l)— ei’(l))

=%f SV(r)[n(r)+n’(r)]dr. (A6)
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