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Classic PCA
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Population version

Suppose {xi}N
i=1 are i.i.d. observations of X =

(
z1, ..., zp

)T ∈ Rp with
covariance matrix Σ. Then we have a formulation of the population
version PCA in spectral decomposition:

I Spectral decomposition of Σ: Σ = UDUT with orthogonal matrix
U ∈ Rp×p and diagonal matrix D = diag

{
δ1, . . . , δp

}
∈ Rp×p such

that
δi ≥ δi+1 > 0 for each i

I p linear transforms: U =
(
l1, · · · , lp

)
(each li is a column vector)

such that yi = 〈li, X〉 = XTli, where we recall that 〈li, X〉 is the
inner product of li and X

PCA finds p linear combinations of {zi}p
i=1, i.e., find p vectors

γi =
(
γi1, ..., γip

)T and form gi = ∑
p
j=1 γijzj = 〈γi, X〉 such that the

variances of {gi}p
i=1 are successively maximized and that {γi}p

i=1 are
orthogonal
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Population version

Proof of the claim in the last slide:
I Recall Σ = UDUT and yi = XTli with U =

(
l1, · · · , lp

)
and

D = diag
{

δ1, . . . , δp
}

I Fact 1: yi and yj for i 6= j are uncorrelated, i.e.,

Cov
(
yi, yj

)
= lTi Cov

(
X, XT

)
lj = lTi Σlj = δjlTi lj = 0

I Fact 2: l1 = argmax‖z‖=1 Var
(
XTz

)
and max‖z‖=1 zTΣz = δ1, and

for 2 ≤ i ≤ p

li = argmax
{

Var
(

XTz
)

: ‖z‖ = 1,
〈
z, lj
〉
= 0, ∀ 1 ≤ j ≤ i− 1

}
and the maximum in the above is δi, since

Var
(

YTz
)
= zTSz ≤ ‖z‖2 λmax (S)

for any Y ∈ Rp with covariance matrix S, where λmax is the largest
eigenvalue of S, and UTU = I
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Data version

I Let X ∈ Rn and X =
(
xT

1 , ..., xT
m
)T be the column-centered data

matrix (i.e., sample mean for entries of each column of X is 0)
I SVD X = UDVT gives S = XTX = VD2VT, and S = m−1c̃ov (X)

I Let
{(

d2
i , vi

)}n
i=1 be the eigenpairs of S. Given any orthonormal

{ũi}n
i=1, define zi = Xũi. Then

zi = (z1i, ..., zmi)
T = (〈x1, ũi〉 , · · · , 〈xm, ũi〉)T

and c̃ov (zi) = ũT
i Sũi. (What is the interpretation of zi?)

I SMS Lemma (applied to S) implies that {vi}n
i=1 are the directions

for which {zi}n
i=1 successively achieve maximal sample variances, i.e.,{

max‖v‖=1,v⊥〈v1,...,vk〉 ṽar (〈X, v〉) = m−1d2
k+1

argmax‖v‖=1,v⊥〈v1,...,vk〉 ṽar (〈X, v〉) = vk+1

I Thus, optimal zi = divi
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Recap

I Population version of optimal projections:
I Let X ∈ Rn have covariance matrix Σ ∈ Rn×n with eigenpairs

(σi, vi)
I Optimal linear combinations of entries of X are {yi = 〈X, vi〉}n

i=1
when {vi}n

i=1 have to be orthonormal
I {yi}n

i=1 successively achieve maximal variances and are mutually
uncorrelated

I Sample version of optimal projections:

I Let X ∈ Rn and X =
(
xT

1 , ..., xT
m
)T be the column-centered data matrix

I Let
{(

d2
i , vi

)}n
i=1 be the eigenpairs of S = XTX

I Optimal linear combinations of columns of X are {zi = Xvi}n
i=1

when {vi}n
i=1 have to be orthonormal

I {zi}n
i=1 successively achieve maximal sample variances

I Both versions involve orthogonal projections
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PCA via optimal subspace
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Data version and SVD

Formulation Two:

I PCA provides the best linear approximate to X under the
Frobenius norm among all subspace of dimension q ≤ p.

In order to understand this, we need “singular value decomposition
(SVD)”. The SVD of the centered data matrix XN×p is

X = UN×pDp×pVT
p×p =

rank(X)

∑
i=1

diuivT
i with UTU = Ip = VTV

I rank denotes the rank of a matrix; p = rank (X); Is is the identity
matrix of dimension s

I D is a diagonal matrix such that D = diag
{

d1, . . . , dp
}

and
d1 ≥ d2 ≥ · · · ≥ dp ≥ 0; each di is called a “singular value”

I ui is the ith column of U and is called a “left singular vector”, and
vi the ith column of V and is called a “right singular vector”

Xiongzhi Chen (Washington State University) Stat 577 “Statistical Learning Theory” 8 / 78



Data version and SVD

I Recall the SVD

X = UDVT =
rank(X)

∑
i=1

diuivT
i with UTU = VTV = Ip

I If we compare SVD with the spectral decomposition of XTX, we
see that

XTX = VDUTUDVT = VD2VT

I So, each eigenvalue λi of XTX satisfies λi = d2
i and the eigenvector

ai of XTX can be identified with vi.
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Fomulation via regression

I Given N observations {xi}N
i=1, consider the rank q linear model

f (λ) = µ + Vqλ

for representing {xi}N
i=1, where the p× q matrix Vq has q

orthonormal columns, µ ∈ Rp is a location vector, and λ ∈ Rq

contains parameters. Namely, we want to find λi such that f (λi)
reconstructs xi for each i

I A least squares fit leads to the optimization problem

min
µ,{λi},Vq

N

∑
i=1

∥∥xi − µ−Vqλi
∥∥2

whose critical point satisfies µ̂ = x̄ and λ̂i = VT
q (xi − x̄)
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Fomulation via regression

I Now we only need to solve

min
Vq

N

∑
i=1

∥∥∥(xi − x̄)−VqVT
q (xi − x̄)

∥∥∥2

I Since X is already centered, i.e., x̄ = 0 holds, the above reduces to

min
Vq

N

∑
i=1

∥∥∥xi −VqVT
q xi

∥∥∥2
= min

Vq

∥∥∥XT −VqVT
q XT

∥∥∥2

F
,

where for any matrix A, its Frobenius norm is defined as

‖A‖F =

√√√√ p

∑
i=1

p′

∑
j=1

a2
ij = trace

(
ATA

)
= trace

(
AAT

)
=

min{p,p′}
∑
l=1

d2
l ,

where di are the singular values of A and trace denotes the trace of
a square matrix
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Residual sum of squares

I The solution of
min

Vq

∥∥∥XT −VqVT
q XT

∥∥∥2

F

is V̂q =
(
v1, ..., vq

)
for which vi is the ith column of V (and hence is

an eigenvector associated with the ith largest eigenvalue λi of
XTX)

I This can be seen from the SVD

X = UDVT =
rank(X)

∑
i=1

diuivi with UTU = VTV = I

since∥∥∥XT −VqVT
q XT

∥∥∥2

F
= trace

((
I−VqVT

q

)
VD2VT

(
I−VqVT

q

))
= trace

(
D2VT

(
I−VqVT

q

)
V
)
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Residual sum of squares

Set δ = trace
(

D2
(

I−
(

VT
q V
)T

VT
q V
))

. Then
∥∥∥XT −VqVT

q XT
∥∥∥2

F
= δ.

I Since Vq contains q orthonormal vectors, we have

I−VqVT
q =

(
I−VqVT

q

) (
I−VqVT

q

)
,

i.e., I−VqVT
q is idempotent and an orthogonal projection.

I Thus, Q = I−
(

VT
q V
)T

VT
q V is idempotent and an orthogonal

projection, and can only have eigenvalues 0 or 1, and

trace (Q) = rank (Q) = p− q.

Further, there exits an orthogonal matrix K such that

KQKT = diag
{

In−q, 0q
}

or KQKT = diag
{

0q, In−q
}

.
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Residual sum of squares

I Let si be the ith entry of diag
{

Ip−q, 0q
}

or diag
{

Ip−q, 0q
}

. Then

δ = trace
(

D2KTdiag
{

s1, . . . , sp
}

K
)

= trace
(
diag

{
s1, . . . , sp

}
KD2KT

)
I Let ki be the ith column of K. Then trace

(
kikT

i
)
= 1 for all i and

δ =
p

∑
i=1

d2
i sitrace

(
kikT

i

)
=

p

∑
i=1

d2
i si

and the minimum of δ is ∑
p
i=q+1 d2

i , achieved by V̂q, the p× q
matrix that contains the first q columns of V.
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Solution as optimal subspace

Let
〈
Vq
〉

be the linear space spanned by the columns of Vq. Then
VqVT

q XT projects each row xi of X onto
〈
Vq
〉
, and the Frobenius norm∥∥∥XT −VqVT

q XT
∥∥∥2

F
=
∥∥∥(I−VqVT

q

)
XT
∥∥∥2

F

is the sum of residual squared Euclidean lengths of projecting {xi}N
i=1.

I Recall the SVD of X as X = UN×pDp×pVT
p×p. PCA provides the best

linear approximate to X in Frobenius norm among all subspace of
dimension q ≤ p, and the optimal is achieved by the column space
of V̂q, the p× q matrix that contains the first q columns of V
(associated with the q largest singular values of X).

I The optimal λ̂i = V̂T
q xi, i.e., λ̂i is the ith row of UD for 1 ≤ i ≤ q.

The columns of UD are called “principal components of X”.
I The fitted model is xi ≈ x̄ + V̂qV̂T

q (xi − x̄)
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Application
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PCA: illustration (Figure 14.21 of Text)
536 14. Unsupervised Learning

First principal component
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FIGURE 14.21. The best rank-two linear approximation to the half-sphere data.
The right panel shows the projected points with coordinates given by U2D2, the
first two principal components of the data.

two-dimensional principal component surface fit to the half-sphere data
(left panel). The right panel shows the projection of the data onto the
first two principal components. This projection was the basis for the initial
configuration for the SOM method shown earlier. The procedure is quite
successful at separating the clusters. Since the half-sphere is nonlinear, a
nonlinear projection will do a better job, and this is the topic of the next
section.
Principal components have many other nice properties, for example, the

linear combination Xv1 has the highest variance among all linear com-
binations of the features; Xv2 has the highest variance among all linear
combinations satisfying v2 orthogonal to v1, and so on.

Example: Handwritten Digits

Principal components are a useful tool for dimension reduction and com-
pression. We illustrate this feature on the handwritten digits data described
in Chapter 1. Figure 14.22 shows a sample of 130 handwritten 3’s, each a
digitized 16 × 16 grayscale image, from a total of 658 such 3’s. We see
considerable variation in writing styles, character thickness and orienta-
tion. We consider these images as points xi in IR256, and compute their
principal components via the SVD (14.54).
Figure 14.23 shows the first two principal components of these data. For

each of these first two principal components ui1 and ui2, we computed the
5%, 25%, 50%, 75% and 95% quantile points, and used them to define
the rectangular grid superimposed on the plot. The circled points indicate
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PCA: example in Section 14.5 of Text
14.5 Principal Components, Curves and Surfaces 537

FIGURE 14.22. A sample of 130 handwritten 3’s shows a variety of writing
styles.

those images close to the vertices of the grid, where the distance measure
focuses mainly on these projected coordinates, but gives some weight to the
components in the orthogonal subspace. The right plot shows the images
corresponding to these circled points. This allows us to visualize the nature
of the first two principal components. We see that the v1 (horizontal move-
ment) mainly accounts for the lengthening of the lower tail of the three,
while v2 (vertical movement) accounts for character thickness. In terms of
the parametrized model (14.49), this two-component model has the form

f̂(λ) = x̄+ λ1v1 + λ2v2

= + λ1 · + λ2 · . (14.55)

Here we have displayed the first two principal component directions, v1
and v2, as images. Although there are a possible 256 principal components,
approximately 50 account for 90% of the variation in the threes, 12 ac-
count for 63%. Figure 14.24 compares the singular values to those obtained
for equivalent uncorrelated data, obtained by randomly scrambling each
column of X. The pixels in a digitized image are inherently correlated,
and since these are all the same digit the correlations are even stronger.

The ith handwritten 3 is represented as a 16× 16 grayscale image and
then vectorized as xi ∈ R256 for 1 ≤ i ≤ 130
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PCA: example

Take v1, v2 ∈ R256 and λ = (λ1, λ2)
T ∈ R2, where v1 encodes

horizontal movement and v2 vertical movement. We get the model

14.5 Principal Components, Curves and Surfaces 537

FIGURE 14.22. A sample of 130 handwritten 3’s shows a variety of writing
styles.

those images close to the vertices of the grid, where the distance measure
focuses mainly on these projected coordinates, but gives some weight to the
components in the orthogonal subspace. The right plot shows the images
corresponding to these circled points. This allows us to visualize the nature
of the first two principal components. We see that the v1 (horizontal move-
ment) mainly accounts for the lengthening of the lower tail of the three,
while v2 (vertical movement) accounts for character thickness. In terms of
the parametrized model (14.49), this two-component model has the form

f̂(λ) = x̄+ λ1v1 + λ2v2

= + λ1 · + λ2 · . (14.55)

Here we have displayed the first two principal component directions, v1
and v2, as images. Although there are a possible 256 principal components,
approximately 50 account for 90% of the variation in the threes, 12 ac-
count for 63%. Figure 14.24 compares the singular values to those obtained
for equivalent uncorrelated data, obtained by randomly scrambling each
column of X. The pixels in a digitized image are inherently correlated,
and since these are all the same digit the correlations are even stronger.

that approximates the data matrix X ∈ R160×256 by the 2-dimensional,
column space of V2 = (v1, v2) under the Frobenius norm
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PCA: example
538 14. Unsupervised Learning

First Principal Component
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FIGURE 14.23. (Left panel:) the first two principal components of the hand-
written threes. The circled points are the closest projected images to the vertices
of a grid, defined by the marginal quantiles of the principal components. (Right
panel:) The images corresponding to the circled points. These show the nature of
the first two principal components.
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• Real Trace
• Randomized Trace

FIGURE 14.24. The 256 singular values for the digitized threes, compared to
those for a randomized version of the data (each column of X was scrambled).
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PCA: example

538 14. Unsupervised Learning

First Principal Component
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FIGURE 14.23. (Left panel:) the first two principal components of the hand-
written threes. The circled points are the closest projected images to the vertices
of a grid, defined by the marginal quantiles of the principal components. (Right
panel:) The images corresponding to the circled points. These show the nature of
the first two principal components.
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FIGURE 14.24. The 256 singular values for the digitized threes, compared to
those for a randomized version of the data (each column of X was scrambled).

Among the 256 singular values of X, approximately 50 account for
90% of the variation in the 3’s, and 12 account for 63%. For this
example, a relatively small subset of the principal components serve as
excellent lower-dimensional features for representing the
high-dimensional data.
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Sparse PCA
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Motivation behind sparse PCA

Recall X = UDVT via the SVD

I Columns of UD are the principal components (PCs)
I Columns of V are the corresponding loadings of the principal

components

For usual PCA, the PC’s are hard to interpret since:

I Each PC is a linear combination of all p variables
I The loadings are typically nonzero

Sparse PCA aims to produce PCs with sparse loadings, i.e., most
loadings are zero. To illustrate this, we will use the paper “Sparse
Principal Component Analysis” by Hui Zou, Trevor Hastie and Robert
Tibshirani.
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Sparse PCA: data version

I XN×p is the centered data matrix; Xi the ith row of X
I Ridge regression:

(
α̂, β̂
)
= argmin

α∈Rp×k,β∈Rp×k;αTα=I

N

∑
i=1

∥∥∥Xi − αβTXi

∥∥∥2
+ λ

k

∑
j=1

∥∥βj
∥∥2 (1)

then β̂i ∝ Vi, where βj is the jth column of β, ∝ denotes
“proportional to” and λ is the tuning parameter

I Remark: (1) can be written as(
α̂, β̂
)
= argmin

α∈Rp×k,β∈Rp×k;αTα=I

∥∥∥XT − αβTXT
∥∥∥2

F
+ λ ‖β‖2

F

I Recall PCA as

argmin
Vq∈Rp×q,rank(Vq)=q,VT

q Vq=I

∥∥∥Xi −VqVT
q Xi

∥∥∥2

F
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Sparse PCA: data version

I XN×p is the centered data matrix; Xi the ith row of X
I Ridge and LASSO:

(
α̂, β̂
)
= argmin

α∈Rp×k,β∈Rp×k;αTα=I

∥∥∥XT − αβTXT
∥∥∥2

F
+λ ‖β‖2

F +
k

∑
j=1

λ1,j
∥∥βj
∥∥

1

(2)
then β̂i is a sparse loading vector, where the l1-norm ‖·‖1 for
x = (x1, ..., xs) ∈ Rs is defined as ‖x‖1 = ∑s

i=1 |xi|, and
{

λ1,j
}k

j=1
are tuning parameters

I The l1-norm
∥∥βj
∥∥

1 as a penalty on the βj’s will force entries of a βj
to be 0, leading to the so called “sparse loadings” and “sparse
PCA”. The strategy (2) applies to high-dimensional data (where
N < p)

I Caution: unlike PCA, the principal components from sparse PCA
are not necessarily uncorrelated
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Sparse PCA: illustration

I The data set contain n = 180 observations and p = 13 measured
variables (i.e., 13 features)

I This data set is the classic example showing the difficulty of
interpreting principal components.

I The first 6 PCs will be examined
I In each of the tables to be given in the next few slides, the

“Variance (%)” is the percentage of variance explained by a PC
and “Cumulative Variance (%)” the percentage of variance
explained together by the corresponding PC’s
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Sparse PCA: illustration

Table 1: Pitprops data: loadings of the first 6 principal components
Variable PC1 PC2 PC3 PC4 PC5 PC6
topdiam -0.404 0.218 -0.207 0.091 -0.083 0.120
length -0.406 0.186 -0.235 0.103 -0.113 0.163
moist -0.124 0.541 0.141 -0.078 0.350 -0.276
testsg -0.173 0.456 0.352 -0.055 0.356 -0.054
ovensg -0.057 -0.170 0.481 -0.049 0.176 0.626
ringtop -0.284 -0.014 0.475 0.063 -0.316 0.052
ringbut -0.400 -0.190 0.253 0.065 -0.215 0.003
bowmax -0.294 -0.189 -0.243 -0.286 0.185 -0.055
bowdist -0.357 0.017 -0.208 -0.097 -0.106 0.034
whorls -0.379 -0.248 -0.119 0.205 0.156 -0.173
clear 0.011 0.205 -0.070 -0.804 -0.343 0.175
knots 0.115 0.343 0.092 0.301 -0.600 -0.170
diaknot 0.113 0.309 -0.326 0.303 0.080 0.626
Variance (%) 32.4 18.3 14.4 8.5 7.0 6.3
Cumulative Variance (%) 32.4 50.7 65.1 73.6 80.6 86.9

Table 2: Pitprops data: loadings of the first 6 modified PCs by SCoTLASS
t = 1.75
Variable PC1 PC2 PC3 PC4 PC5 PC6
topdiam 0.546 0.047 -0.087 0.066 -0.046 0.000
length 0.568 0.000 -0.076 0.117 -0.081 0.000
moist 0.000 0.641 -0.187 -0.127 0.009 0.017
testsg 0.000 0.641 0.000 -0.139 0.000 0.000
ovensg 0.000 0.000 0.457 0.000 -0.614 -0.562
ringtop 0.000 0.356 0.348 0.000 0.000 -0.045
ringbut 0.279 0.000 0.325 0.000 0.000 0.000
bowmax 0.132 -0.007 0.000 -0.589 0.000 0.000
bowdist 0.376 0.000 0.000 0.000 0.000 0.065
whorls 0.376 -0.065 0.000 -0.067 0.189 -0.065
clear 0.000 0.000 0.000 0.000 -0.659 0.725
knots 0.000 0.206 0.000 0.771 0.040 0.003
diaknot 0.000 0.000 -0.718 0.013 -0.379 -0.384
Number of nonzero loadings 6 7 7 8 8 8
Variance (%) 27.2 16.4 14.8 9.4 7.1 7.9
Adjusted Variance (%) 27.2 15.3 14.4 7.1 6.7 7.5
Cumulative Adjusted Variance (%) 27.2 42.5 56.9 64.0 70.7 78.2
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Sparse PCA: illustration
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topdiam 0.546 0.047 -0.087 0.066 -0.046 0.000
length 0.568 0.000 -0.076 0.117 -0.081 0.000
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ovensg 0.000 0.000 0.457 0.000 -0.614 -0.562
ringtop 0.000 0.356 0.348 0.000 0.000 -0.045
ringbut 0.279 0.000 0.325 0.000 0.000 0.000
bowmax 0.132 -0.007 0.000 -0.589 0.000 0.000
bowdist 0.376 0.000 0.000 0.000 0.000 0.065
whorls 0.376 -0.065 0.000 -0.067 0.189 -0.065
clear 0.000 0.000 0.000 0.000 -0.659 0.725
knots 0.000 0.206 0.000 0.771 0.040 0.003
diaknot 0.000 0.000 -0.718 0.013 -0.379 -0.384
Number of nonzero loadings 6 7 7 8 8 8
Variance (%) 27.2 16.4 14.8 9.4 7.1 7.9
Adjusted Variance (%) 27.2 15.3 14.4 7.1 6.7 7.5
Cumulative Adjusted Variance (%) 27.2 42.5 56.9 64.0 70.7 78.2

18

Xiongzhi Chen (Washington State University) Stat 577 “Statistical Learning Theory” 28 / 78



Sparse PCA: illustration

Table 3: Pitprops data: loadings of the first 6 sparse PCs by SPCA
Variable PC1 PC2 PC3 PC4 PC5 PC6
topdiam -0.477 0.000 0.000 0 0 0
length -0.476 0.000 0.000 0 0 0
moist 0.000 0.785 0.000 0 0 0
testsg 0.000 0.620 0.000 0 0 0
ovensg 0.177 0.000 0.640 0 0 0
ringtop 0.000 0.000 0.589 0 0 0
ringbut -0.250 0.000 0.492 0 0 0
bowmax -0.344 -0.021 0.000 0 0 0
bowdist -0.416 0.000 0.000 0 0 0
whorls -0.400 0.000 0.000 0 0 0
clear 0.000 0.000 0.000 -1 0 0
knots 0.000 0.013 0.000 0 -1 0
diaknot 0.000 0.000 -0.015 0 0 1
Number of nonzero loadings 7 4 4 1 1 1
Variance (%) 28.0 14.4 15.0 7.7 7.7 7.7
Adjusted Variance (%) 28.0 14.0 13.3 7.4 6.8 6.2
Cumulative Adjusted Variance (%) 28.0 42.0 55.3 62.7 69.5 75.8

5.2 A simulation example

We first created three hidden factors

V1 ∼ N(0, 290), V2 ∼ N(0, 300)

V3 = −0.3V1 + 0.925V2 + ε, ε ∼ N(0, 1)

V1, V2 and ε are independent.

Then 10 observed variables were generated as the follows

Xi = V1 + ε1i , ε1i ∼ N(0, 1), i = 1, 2, 3, 4,

Xi = V2 + ε2i , ε2i ∼ N(0, 1), i = 5, 6, 7, 8,

Xi = V3 + ε3i , ε3i ∼ N(0, 1), i = 9, 10,

{εji} are independent, j = 1, 2, 3 i = 1, · · · , 10.

19
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Principal structures
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Principal curve and surfaces

Principal curves and surfaces are generalizations of principal
components, and they provide manifolds to approximate data. Let A
be a non-empty (connected) set in Rm, λ = (λ1, ..., λm)

T and

f (λ) =
(
f1 (λ) , ..., fp (λ)

)T ∈ Rp

where each fi is a scalar function. For each data value x of a random
vector X ∈ Rp, let λf (x) be the closest point on the curve to x. Assume

f (λ) = E
(
X|λf (X) = λ

)
I If m = 1, then f is called a “principal curve” for the distribution of

X
I If m = 2, then f is called a “principal surface” for the distribution

of X
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Principal curve and surfaces542 14. Unsupervised Learning
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f(λ) = [f1(λ), f2(λ)]f(λ) = [f1(λ), f2(λ)]f(λ) = [f1(λ), f2(λ)]f(λ) = [f1(λ), f2(λ)]f(λ) = [f1(λ), f2(λ)]f(λ) = [f1(λ), f2(λ)]f(λ) = [f1(λ), f2(λ)]f(λ) = [f1(λ), f2(λ)]f(λ) = [f1(λ), f2(λ)]

FIGURE 14.27. The principal curve of a set of data. Each point on the curve
is the average of all data points that project there.

interested mainly in the smooth ones. A principal curve is illustrated in
Figure 14.27.

Principal points are an interesting related concept. Consider a set of k
prototypes and for each point x in the support of a distribution, identify
the closest prototype, that is, the prototype that is responsible for it. This
induces a partition of the feature space into so-called Voronoi regions. The
set of k points that minimize the expected distance from X to its prototype
are called the principal points of the distribution. Each principal point is
self-consistent, in that it equals the mean of X in its Voronoi region. For
example, with k = 1, the principal point of a circular normal distribution is
the mean vector; with k = 2 they are a pair of points symmetrically placed
on a ray through the mean vector. Principal points are the distributional
analogs of centroids found by K-means clustering. Principal curves can be
viewed as k =∞ principal points, but constrained to lie on a smooth curve,
in a similar way that a SOM constrains K-means cluster centers to fall on
a smooth manifold.

To find a principal curve f(λ) of a distribution, we consider its coordinate
functions f(λ) = [f1(λ), f2(λ), . . . , fp(λ)] and let XT = (X1, X2, . . . , Xp).
Consider the following alternating steps:

(a) f̂j(λ) ← E(Xj |λ(X) = λ); j = 1, 2, . . . , p,

(b) λ̂f (x) ← argminλ′ ||x− f̂(λ′)||2. (14.62)

The first equation fixes λ and enforces the self-consistency requirement
(14.61). The second equation fixes the curve and finds the closest point on
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Principal curve and surfaces14.5 Principal Components, Curves and Surfaces 543
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FIGURE 14.28. Principal surface fit to half-sphere data. (Left panel:) fitted
two-dimensional surface. (Right panel:) projections of data points onto the sur-
face, resulting in coordinates λ̂1, λ̂2.

the curve to each data point. With finite data, the principal curve algorithm
starts with the linear principal component, and iterates the two steps in
(14.62) until convergence. A scatterplot smoother is used to estimate the
conditional expectations in step (a) by smoothing each Xj as a function of

the arc-length λ̂(X), and the projection in (b) is done for each of the ob-
served data points. Proving convergence in general is difficult, but one can
show that if a linear least squares fit is used for the scatterplot smoothing,
then the procedure converges to the first linear principal component, and
is equivalent to the power method for finding the largest eigenvector of a
matrix.

Principal surfaces have exactly the same form as principal curves, but
are of higher dimension. The mostly commonly used is the two-dimensional
principal surface, with coordinate functions

f(λ1, λ2) = [f1(λ1, λ2), . . . , fp(λ1, λ2)].

The estimates in step (a) above are obtained from two-dimensional surface
smoothers. Principal surfaces of dimension greater than two are rarely used,
since the visualization aspect is less attractive, as is smoothing in high
dimensions.

Figure 14.28 shows the result of a principal surface fit to the half-sphere
data. Plotted are the data points as a function of the estimated nonlinear
coordinates λ̂1(xi), λ̂2(xi). The class separation is evident.

Principal surfaces are very similar to self-organizing maps. If we use a
kernel surface smoother to estimate each coordinate function fj(λ1, λ2),
this has the same form as the batch version of SOMs (14.48). The SOM
weights wk are just the weights in the kernel. There is a difference, however:
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Variational inference
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Motivation

I To reduce computational complexity and achieve approximate
inference without sacrificing too much accuracy

I Roughly 3 modern computational tools for analyzing massive
data sets:
I Convex relaxation such as the LASSO by Tibshirani (1996)
I Variational inference, whose success can be contributed to the

paper of Blei et al. (2003) and has connections with the
“expectation-maximization (EM)” algorithm of Dempster et al.
(1977)

I Approximate Bayesian computation, originally proposed by Rubin
(1984).
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Bayseian model and Bayesian inference

Bayesian model and inference:

I the parameter θ ∈ Rm

I a prior π (θ) for θ; conditional density of data D given θ is p (D|θ)
I Obtain posterior p (θ|D)

I Conduct inference on θ using p (θ|D)
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Posterior

I Let p (D) be marginal density of D
I Bayes rule implies

p (θ|D) =
π (θ) p (D|θ)

p (D)

I Joint distribution of (D, θ) as p (D, θ) = π (θ) p (D|θ)
I Then posterior

p (D) =
∫

π (θ) p (D|θ) dθ (3)

(integral can be very complicated)
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Complicated posterior

I Posterior: p (D) =
∫

π (θ) p (D|θ) dθ

I Example: u a latent variable and

p (θ|D) =
∫

l (θ|D, u) s (u) du (4)

I Example: θ is of high-dimension
I Variational inference approximates p (D) by not computing the

integral
∫

π (θ) p (D|θ) dθ exactly
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Strategy of variational inference

I Replace D by Y. So, p (θ|y) = p(y,θ)
p(y) with p (y) =

∫
p (y, θ) dθ

I Target: approximate p (y) or
∫

p (y, θ) dθ. Strategy:
I Pick Q 3q (θ), and solve optimization problem

q̂ ∈ argmax
q∈Q

exp
(∫

q (θ) log
(

p (y, θ)

q (θ)

)
dθ

)
(5)

I Set q̂ (θ) as an approximate of p (θ|y), and approximate of p (y) by

max
q∈Q

exp
(∫

q (θ) log
(

p (y, θ)

q (θ)

)
dθ

)
= exp

(∫
q̂ (θ) log

(
p (y, θ)

q̂ (θ)

)
dθ

)
(6)
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Lower bound on marginal

I Pick density q (θ) for θ and notice p (y) = p(y,θ)
p(θ|y) . Then

log p (y) = (log p (y))
∫

q (θ) dθ (7)

=
∫

q (θ) log p (y) dθ =
∫

q (θ) log
(

p (y, θ)

p (θ|y)

)
dθ

=
∫

q (θ) log
(

p (y, θ) /q (θ)
p (θ|y) /q (θ)

)
dθ

=
∫

q (θ) log
(

p (y, θ)

q (θ)

)
dθ −

∫
q (θ) log

(
p (θ|y)
q (θ)

)
dθ,

(8)

I Concavity of log and Jensen’s inequality:∫
q (θ) log

(
p (θ|y)
q (θ)

)
dθ ≤ 0 (9)
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Lower bound on marginal

Lemma

For any density function q (θ) of θ, it holds that

p (y) ≥ p (y; q) = exp
(∫

q (θ) log
(

p (y, θ)

q (θ)

)
dθ

)
. (10)

I Now we move onto argmaxq∈Q p (y; q), i.e.,

argmax
q∈Q

L (q; p (·|y)) with L (q; p (·|y)) =
∫

q (θ) log
(

p (θ|y)
q (θ)

)
dθ

(11)
I Kullback–Leibler (KL) divergence:

KL (P, Q) =
∫

P (θ) log
P (θ)

Q (θ)
dθ and KL (P, Q) ≥ 0
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Mean field approximation

I Independence assumption:

Q =
{

q (θ) : q (θ) = ∏M
i=1 qi (θi) , θ = (θ1, ..., θM)

}
. (12)

I Recall p (y; q) = exp
(∫

q (θ) log
(

p(y,θ)
q(θ)

)
dθ
)

. Then

log p (y; q)

=
∫

q (θ) log
(

p (y, θ)

q (θ)

)
dθ

=
∫

∏M
i=1 qi (θi)

{
log p (y, θ)−

M

∑
i=1

log qi (θi)

}
dθ1 · · · dθM (13)
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Mean field approximation

I continued ...

=
∫

q1 (θ1)

{∫ [
∏i 6=1 qi (θi) log p (y, θ)

]
dθ2 · · · dθM

}
dθ1

−
∫

q1 (θ1) log q1 (θ1) dθ1

∫ [
∏i 6=1 qi (θi)

]
dθ2 · · · dθM︸ ︷︷ ︸

=1

+A−1

=
∫

q1 (θ1)

{∫ [(
∏i 6=1 qi (θi)

)
log p (y, θ)

]
dθ2 · · · dθM

}
dθ1

−
∫

q1 (θ1) log q1 (θ1) dθ1 + A−1;

A−1 = −
∫

q1 (θ1) dθ1︸ ︷︷ ︸
=1

∫ (
∑
i 6=1

log qi (θi)

)(
∏i 6=1 qi (θi)

)
dθ2 · · · dθM
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Mean field approximation: Summary

If the density q (θ) = ∏M
i=1 qi (θi) with θ = (θ1, ..., θM), then

log p (y; q) =
∫

q (θ) log
(

p (y, θ)

q (θ)

)
dθ

=
∫

q1 (θ1)

{∫ [(
∏i 6=1 qi (θi)

)
log p (y, θ)

]
dθ2 · · · dθM

}
dθ1

(14)

−
∫

q1 (θ1) log q1 (θ1) dθ1 + A−1,

where A−1 does not involve q1 (θ1) and

A−1 = −
∫

q1 (θ1) dθ1︸ ︷︷ ︸
=1

∫ (
∑
i 6=1

log qi (θi)

)(
∏i 6=1 qi (θi)

)
dθ2 · · · dθM
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Cyclic optimization

I In (14), let

p̃ (y; θ1) ∝ exp
(∫

q2 (θ2) · · · qM (θM) log p (y, θ) dθ2 · · · dθM

)
= exp (E−θ1 [log p (y, θ)])

I Then
∫

p̃ (y; θ1) dθ1dy = 1 and

log p (y; q) =
∫

q (θ1) log
(

p̃ (y; θ1)

q1 (θ1)

)
dθ1 + A−1. (15)

I Maximizing log p (y; q) wrt q1 (of θ1) by fixing q2, · · · , qM gives

q̂1 (θ1) = p̃ ( θ1| y) =
p̃ (y; θ1)∫

p̃ (y; θ1) dθ1
∝ exp (E−θ1 [log p (y, θ)]) (16)

due to Jensen’s inequality
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Cyclic optimization: Summary

I Initialize: q̂2 (θ2) , · · · , q̂M (θM)

I Cycle:

q̂1 (θ1)←
exp (E−θ1 [log p (y, θ)])∫

exp (E−θ1 [log p (y, θ)]) dθ1

...

q̂M (θM)← exp (E−θM [log p (y, θ)])∫
exp (E−θM [log p (y, θ)]) dθM

until the increase in p (y; q) in (13) is negligible, where E−θi

denotes expectation wrt ∏j 6=i qj
(
θj
)
.
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Some shortcomings

I Recall assumption

Q =
{

q (θ) : q (θ) = ∏M
i=1 qi (θi) , θ = (θ1, ..., θM)

}
and optimal solution

q̂i (θi) ∝ exp (E−θi [log p (y, θ)])

I This causes two key issues:
I Assuming independence among sub-vectors usually leads to

inaccuracy in approximating posterior covariance matrix of θ. In
general, variational inference underestimates variance of posterior
density (partially alleviations for certain models; see Giordano et al.
(2018))

I To obtain q̂i (θi), need to compute E−θi [log p (y, θ)]; use “conjugate
priors” π (θ) for θ wrt p (y|θ), so that E−θi [log p (y, θ)] has an
explicit, analytic expression
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VI for frequentists
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Variational inference for some frequentists models

I Latent vector u and likelihood

l (θ) = log p (y; θ) = log
∫

p (y|u; θ) p (u; θ) dθ (17)

and l (θ) has no closed form expression
I “Maximum likelihood estimate (MLE)” of θ is

θ̂ = argmax
θ

l (θ)

I Apply variational inference
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VI for frequentists

I Pick density q (u) for u. Then

p (y, u; θ) = p (u|y; θ) p (y; θ) , i.e., p (y; θ) =
p (y, u; θ)

p (u|y; θ)

I Further,

l (θ) = log p (y; θ) = log
p (y, u; θ)

p (u|y; θ)
= log

p (y, u; θ)

p (u|y; θ)

(∫
q (u) du

)
=
∫

q (u) log
p (y, u; θ)

p (u|y; θ)
du (18)

=
∫

q (u) log
p (y, u; θ)

q (u)
du +

∫
q (u) log

q (u)
p (u|y; θ)

du

≥ l (θ; q) =
∫

q (u) log
p (y, u; θ)

q (u)
du (19)
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VI for frequentists

I Maximizing l (θ; q) is minimizing KL divergence

KL (q, p) =
∫

q (u) log
q (u)

p (u|y; θ)
du (20)

I Pick q from O = {q (u; ξ) : ξ ∈ Ξ}. Then{
l (θ, ξ; q) =

∫
q (u; ξ) log p(y,u;θ)

q(u;ξ) du

KL (q, p) =
∫

q (u; ξ) log q(u;ξ)
p(u|y;θ)du

I Just solve
(

θ̂, ξ̂
)
= argmaxθ,ξ l (θ, ξ; q) and use l

(
θ̂, ξ; q

)
(see

example in Ormerod and Wand (2010))
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Frechet regression
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Background and motivation

Regression modelling where the response can be

I Directions (modelled by vectors on the unit sphere)
I Information on the directions of neural activity (modelled by

positive definite matrices)
I Representation of digital image (modelled by landmark based

shape spaces)
I Survival distributions (modelled by densities)
I Wing structures of flies (modelled by graphs)
I Interactions between genes (modelled by graphs)
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The Euclidean space

The Euclidean space is so special:

I It is a vector space
I It is a topological space
I It is a normed space

Its vector space structure, topological structure and metric structure
are compatible
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Examples of a non-Euclidean space

I The unit sphere is not a vector space, even though it inherits
topology and norm from its ambient Euclidean space

I The set of positive definite matrices is not a vector space, even
though it inherits topology and norm from its ambient Euclidean
space

I The set of densities is not a not vector space, and it (usually) does
not inherit topology and norm from a Euclidean space

I The set of graphs is not a vector space, and are always be
metrizable
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Brief review on regression model in Euclidean space

Assume (X, Y) ∼ F and µ = E (X) and Σ = Var (X). When both X and
Y ∈ R are in Euclidean spaces, the regression model is:

m (x) = E (Y|X = x) = β∗0 + (β∗1)
T (x− µ)

where β∗0 and β∗1 are the solutions

(β∗0, β∗1) = argmin
β0,β1

∫ [
E (Y|X)−

{
β0 + βT

1 (x− µ)
}]2

dFX (x)

where
E [Y|X] =

∫
ydFY|X (x, y)
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Brief review on regression model in Euclidean space

Derivation of

(β∗0, β∗1) = argmin
β0,β1

∫ [
E (Y|X)−

{
β0 + βT

1 (x− µ)
}]2

dFX (x)︸ ︷︷ ︸
L(β0,β1)

I Part I:

dL (β0, β1)

dβ0
= 2

∫ [
E (Y|X)−

{
β0 + βT

1 (x− µ)
}]

dFX (x)

= 2
∫

E (Y|x) dFX (x)− 2
∫ {

β0 + βT
1 (x− µ)

}
dFX (x)

= 2E (Y)− 2β0 − 2βT
1

∫
(x− µ) dFX (x)

So,
dL (β0, β1)

dβ0
= 0⇔ β0 = E (Y)
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Brief review on regression model in Euclidean space

Derivation of

(β∗0, β∗1) = argmin
β0,β1

∫ [
E (Y|x)−

{
β0 + βT

1 (x− µ)
}]2

dFX (x)︸ ︷︷ ︸
L(β0,β1)

I Part II:

dL (β0, β1)

dβ1
= 2

∫
(x− µ)

[
E (Y|x)−

{
β0 + (x− µ)T β1

}]
dFX (x)

= 2
∫

(x− µ)E (Y|x) dFX (x)

− 2
∫

(x− µ)
{

β0 + (x− µ)T β1

}
dFX
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Brief review on regression model in Euclidean space

I Part II:

2
∫

E (Y|x) (x− µ) dFX (x) = 2
∫ {∫

ydFY|X (x, y)
}
(x− µ) dFX (x)

= 2E (Y (X− µ)) := 2σXY

and

2
∫

(x− µ)
{

β0 + (x− µ)T βT
1

}
dFX (x)

= 2
∫

(x− µ) β0dFX (x) + 2
∫

(x− µ) (x− µ)T β1dFX (x)

= 2Σβ1

So
dL (β0, β1)

dβ1
= 0⇐⇒ β1 = Σ−1σXY
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Brief review on regression model in Euclidean space

Derivation of

(β∗0, β∗1) = argmin
β0,β1

∫ [
E (Y|X)−

{
β0 + βT

1 (x− µ)
}]2

dFX (x)︸ ︷︷ ︸
L(β0,β1)

I Solution

β∗0 = E (Y) , β∗1 = Σ−1σXY = Σ−1E (Y (X− µ))
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Linear regression in Euclidean space

To derive the above solution, we have utilized σXY = E (Y (X− µ)).
However, σXY cannot be defined this way when

I The space for X does not allow for translation (think about X− µ)
I The space for X does not allow for scalar multiplication (think

about Y (X− µ))
I The space for Y is incompatible with multiplication (think about

Y (X− µ))

How to avoid the need for a vector space structure on Y but still
defined linear regression?

Xiongzhi Chen (Washington State University) Stat 577 “Statistical Learning Theory” 61 / 78



Linear regression in non-Euclidean space

To achieve this when the space Ω for Y is only a normed space (but not
necessarily a vector space), we need to reply on vector space structure
for X. The strategy is to decouple vector space structure from metric
structure and interpret the optimization problem differently.
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Global Frechet regression
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Linear regression in non-Euclidean space

Recall the solution

m (x) = E (Y|X = x) = β∗0 + (β∗1)
T (x− µ)

with
β∗0 = E (Y) , β∗1 = Σ−1σXY = Σ−1E (Y (X− µ))

Therefore,

m (x) = E (Y) + σT
XYΣ−1 (x− µ)

=
∫

y
{

1 + (z− µ)T Σ−1 (x− µ)
}

︸ ︷︷ ︸
s(z,x)

dF (z, y)

since ∫
y (z− µ)T Σ−1 (x− µ) dF (z, y) = σT

XYΣ−1 (x− µ)
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Linear regression in non-Euclidean space

Recall
s (z, x) = 1 + (z− µ)T Σ−1 (x− µ)

Then ∫
s (z, x) dF (z, y) = 1 +

∫
(z− µ)T Σ−1 (x− µ) dF (z, y)

= 1 +
(∫

(z− µ)T dF (z, y)
)

Σ−1 (x− µ)

= 1 + 0× Σ−1 (x− µ)

Therefore,

m (x) = E (Y|X = x) = β∗0 + (β∗1)
T (x− µ)

is the solution

m (x) = argmin
y∈R

E
[
s (X, x) d2

E (Y, y)
]

where dE is the metric on R.
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Frechet regression in Euclidean space

Verification: expansion

E
[
s (X, x) d2

E (Y, y)
]

= E
[
d2

E (Y, y)
]
− 2yE [Y] + y2+

+ E
[
(X− µ)T Y2

]
Σ−1 (x− µ)− 2y E

[
(X− µ)T Y

]
︸ ︷︷ ︸

σT
XY

Σ−1 (x− µ)

+ y2 E
[
(X− µ)T

]
Σ−1 (x− µ)︸ ︷︷ ︸

=0

where
s (z, x) = 1 + (z− µ)T Σ−1 (x− µ)
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Frechet regression in Euclidean space

Verification: partial derivative

d
dy

E
[
s (X, x) d2

E (Y, y)
]
= −2E (Y) + 2y− 2σT

XYΣ−1 (x− µ)

so, E
[
s (X, x) d2

E (Y, y)
]

is minimized at

y∗ = E (Y) + σT
XYΣ−1 (x− µ)

and
m (x) = E (Y) + σT

XYΣ−1 (x− µ) = β∗0 + (β∗1)
T (x− µ)
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Frechet regression with a Euclidean component

Summary:

E
[
s (X, x) d2

E (Y, y)
]

=
∫

s (X, x)︸ ︷︷ ︸
vector space

d2 (Y, y)︸ ︷︷ ︸
metric space

dF (X, Y)︸ ︷︷ ︸
measure space

The metric space and vector space structures must be compatible to
allow the existence of the measure, i.e.,

vector space︷︸︸︷
X ⊗

metric space︷︸︸︷
Y︸ ︷︷ ︸

measure space
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Frechet regression in partial vector space

Setting: (X, Y) ∼ F and µ = E (X) and Σ = Var (X), where X ∈ Rp and
Y ∈ (Ω, d) and d is the metric on Ω. Frechet regression is defined as

m⊕ (x) = argmin
ω∈Ω

M (ω, x) where M (·, x) = E
[
s (X, x) d2 (Y, ·)

]
I Frechet mean:

ω⊕ = argmin
ω∈Ω

E
[
d2 (Y, ω)

]
I Frechet variance:

V⊕ = E
(
d2 (Y, ω⊕)

)
I Frechet regression:

m⊕ (x) = argmin
ω∈Ω

M⊕ (ω, x) where M⊕ (·, x) = E
[
d2 (Y, ·) |X = x

]
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Local Frechet regression
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Local Frechet regression

Consider X ∈ R and Y ∈ R. the local linear estimate of m (x) is
l̂ (x) = β̂0, where

(
β̂0, β̂1

)
= argmin

β0,β1

1
n

n

∑
i=1

Kh (Xi − x)
(

Yi − β0 − βT
1 (Xi − x)

)
and

Kh (Xi − x) =
1
h

K
(

Xi − x
h

)
Equivalently

(β∗0, β∗1)

= argmin
β0,β1

∫
Kh (z− x)

[∫
ydFY|X (z, y)−

(
β0 + βT

1 (z− x)
)]2

dFX (z)
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Local Frechet regression

Let µj = E
[
Kh (X− x) (X− x)j

]
and rj = E

[
Kh (X− x) (X− x)j Y

]
and

σ2
0 = µ0µ2 − µ2

1. Claim:

β∗0 =
µ2r0 − µ1r1

σ2
0

, β∗1 =
µ0r1 − µ1r0

σ2
0

Thus l̂ (x) = β̂0 can be viewed as an estimate of

l̂ (x) = β∗0 =
1
σ2

0

∫
yKh (z− x) [µ2 − µ1 (z− x)] dF (z, y)

= E [s (X, x, h)Y]

where
s (z, x, h) =

1
σ2

0
Kh (z− x) [µ2 − µ1 (z− x)]
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Local Frechet regression

Recall l̂ (x) = β̂0 as an estimate of

l̂ (x) = β∗0 = E [s (X, x, h)Y]

Since
∫

s (z, x, h) dF (z, y) = 1, the estimate l̂ (x) is a localized Frechet
mean

l̂ (x) = argmin
y∈R

E
[
s (X, x, h) (Y− y)2

]
Local Frechet regression:

l̃⊕ (x) = argmin
ω∈Ω

E
[
s (X, x, h) d2 (Y, ω)

]
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Local Frechet regression

Verification:

(β∗0, β∗1)

= argmin
β0,β1

∫
Kh (z− x)

[∫
ydFY|X (z, y)−

(
β0 + βT

1 (z− x)
)]2

dFX (z)︸ ︷︷ ︸
L(β0,β1)

with
β∗0 =

µ2r0 − µ1r1

σ2
0

, β∗1 =
µ0r1 − µ1r0

σ2
0

Part I: g (z) =
∫

ydFY|X (z, y); expansion

L (β0, β1) =
∫

Kh (z− x)
{

g2 (z)− 2g (z) β0 + β2
0
}

dFX (z)

+
∫

Kh (z− x) β1 (z− x) {−2g (z) + 2β0} dFX (z)

+
∫

Kh (z− x) β2
1 (z− x)2 dFX (z)
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Local Frechet regression

Verification:

L (β0, β1) =∫
Kh (z− x)

[∫
ydFY|X (z, y)−

(
β0 + βT

1 (z− x)
)]2

dFX (z)

Part II:

dL (β0, β1)

dβ0
= 2β0

∫
Kh (z− x) dFX (z)︸ ︷︷ ︸

µ0

− 2
∫

g (z)Kh (z− x) dFX (z)︸ ︷︷ ︸
r0

+ 2β1

∫
Kh (z− x) (z− x) dFX (z)︸ ︷︷ ︸

µ1
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Local Frechet regression

Verification:

L (β0, β1) =∫
Kh (z− x)

[∫
ydFY|X (z, y)−

(
β0 + βT

1 (z− x)
)]2

dFX (z)

Part II:

dL (β0, β1)

dβ1
= 2β0

∫
Kh (z− x) (z− x) dFX (z)︸ ︷︷ ︸

µ1

− 2
∫

Kh (z− x) (z− x) g (z) dFX (z)︸ ︷︷ ︸
r1

+ 2β1

∫
Kh (z− x) (z− x)2 dFX (z)︸ ︷︷ ︸

µ2
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Local Frechet regression

(β∗0, β∗1)

= argmin
β0,β1

∫
Kh (z− x)

[∫
ydFY|X (z, y)−

(
β0 + βT

1 (z− x)
)]2

dFX (z)︸ ︷︷ ︸
L(β0,β1)

with
β∗0 =

µ2r0 − µ1r1

σ2
0

, β∗1 =
µ0r1 − µ1r0

σ2
0

So, { dL(β0,β1)
dβ0

= 2β0µ0 + 2β1µ1 − 2r0
dL(β0,β1)

dβ1
= 2β0µ1 + 2β1µ2 − 2r1

By Cramer’s rule, the claim holds.
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