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Overview

Training set T : N observations {(xi, yi)}N
i=1, each xi ∈ Rp with

class label yi ∈ {−1, 1}
Target: given a new x ∈ Rp, estimate its associated class label y
A “support vector machine (SVM)” employs a “hyperplane” to
classify observations into their classes

We will discuss two scenarios for a SVM:

1 The two classes can be separated by a hyperplane
2 The two classes overlap and cannot be separated by a hyperplane
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SVM under separability

Assume the two classes are separable, and define the hyperplane

Π =
{

x : xTβ + β0 = 0
}

with ‖β‖ = 1

Π induces the classification rule G (x) = sgn
(
xTβ + β0

)
, where

sgn is the sign function
Find the hyperplane with the biggest margin (if existent), i.e.,
solve for β and β0 in

max
β0,β,‖β‖=1

M subject to min
1≤i≤N

yi

(
xT

i β + β0

)
≥ M (1)

or equivalently

min
β,β0

2−1 ‖β‖2 subject to min
1≤i≤N

yi

(
xT

i β + β0

)
≥ 1 (2)
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Proof of the equivalence

Proof of the equivalence between (1) and (2):

Recall (1) as maxβ0,β,‖β‖=1 M subject to

min
1≤i≤N

yi

(
xT

i β + β0

)
≥ M

Plug in (1) the mapping β 7→ β′ = β/M, β0 7→ β′0 = β0/M gives

max
β′0,β′,‖β′‖=M−1

M = min
β′,β′0

∥∥β′
∥∥

subject to
min

1≤i≤N
yi

(
xT

i β′ + β′0
)
≥ 1

However, minβ,β0 ‖β‖ = minβ,β0 c0 ‖β‖2 for any constant c0 > 0.
So, (1) and (2) are equivalent.
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SVM: illustration from Chapter 12 of Text
418 12. Flexible Discriminants
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FIGURE 12.1. Support vector classifiers. The left panel shows the separable
case. The decision boundary is the solid line, while broken lines bound the shaded
maximal margin of width 2M = 2/‖β‖. The right panel shows the nonseparable
(overlap) case. The points labeled ξ∗j are on the wrong side of their margin by
an amount ξ∗j = Mξj; points on the correct side have ξ∗j = 0. The margin is
maximized subject to a total budget

∑
ξi ≤ constant. Hence

∑
ξ∗j is the total

distance of points on the wrong side of their margin.

Our training data consists of N pairs (x1, y1), (x2, y2), . . . , (xN , yN ), with
xi ∈ IRp and yi ∈ {−1, 1}. Define a hyperplane by

{x : f(x) = xTβ + β0 = 0}, (12.1)

where β is a unit vector: ‖β‖ = 1. A classification rule induced by f(x) is

G(x) = sign[xTβ + β0]. (12.2)

The geometry of hyperplanes is reviewed in Section 4.5, where we show that
f(x) in (12.1) gives the signed distance from a point x to the hyperplane
f(x) = xTβ+β0 = 0. Since the classes are separable, we can find a function
f(x) = xTβ + β0 with yif(xi) > 0 ∀i. Hence we are able to find the
hyperplane that creates the biggest margin between the training points for
class 1 and −1 (see Figure 12.1). The optimization problem

max
β,β0,‖β‖=1

M

subject to yi(x
T
i β + β0) ≥M, i = 1, . . . , N,

(12.3)

captures this concept. The band in the figure is M units away from the
hyperplane on either side, and hence 2M units wide. It is called the margin.
We showed that this problem can be more conveniently rephrased as

min
β,β0

‖β‖

subject to yi(x
T
i β + β0) ≥ 1, i = 1, . . . , N,

(12.4)
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SVM: general formulation

Assume the two classes overlap in feature space and are nonseparable.
Then we have the general formulation

max
β0,β,‖β‖=1

M subject to
{

yi
(
xT

i β + β0
)
≥ M (1− ξi)

ξi ≥ 0, ∑ ξi ≤ C, ∀i (3)

where ξi is the “proportional amount” by which the prediction (i.e., the
predicted class label) is on the wrong side of its margin, C is a constant
and referred to as the “cost parameter”, and {ξi}N

i=1 are slack variables.
The formulation (3) is equivalent to

min ‖β‖ subject to
{

yi
(
xT

i β + β0
)
≥ 1− ξi, ∀i

ξi ≥ 0, ∑ ξi ≤ C
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SVM: general formulation (recap)

Assume the two classes overlap in feature space. We implement

min ‖β‖ subject to
{

yi
(
xT

i β + β0
)
≥ 1− ξi, ∀i

ξi ≥ 0, ∑ ξi ≤ C

Bounding ∑ ξi restricts the total proportional amount of wrong
predictions
For SVM in this formulation, points well inside their class
boundary do not play a significant role in shaping the boundary.
In LDA, the decision boundary is determined by the covariance of
the class distributions and the positions of the class centroids.
The above formulation is equivalent to

min 2−1 ‖β‖2 subject to
{

yi
(
xT

i β + β0
)
≥ 1− ξi, ∀i

ξi ≥ 0, ∑ ξi ≤ C
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Solving the general formulation

Solving

min 2−1 ‖β‖2 subject to
{

yi
(
xT

i β + β0
)
≥ 1− ξi, ∀i

ξi ≥ 0, ∑ ξi ≤ C

via Lagrange multipliers

L =
1
2
‖β‖2 + C ∑ ξi −∑ αi

[
yi

(
xT

i β + β0

)
− (1− ξi)

]
−∑ µiξi

gives the first order condition

β̂ =
N

∑
i=1

α̂iyixi; ∑ α̂iyi = 0; α̂i = C− µ̂i (4)

as well as the positivity constraints α̂i, µ̂i, ξ̂i ≥ 0.
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The optimizer

The “Karush–Kuhn–Tucker (KKT)” condition for the dual problem
requires 




αi
[
yi
(
xT

i β + β0
)
− (1− ξi)

]
= 0

µiξi = 0
yi
(
xT

i β + β0
)
≥ 1− ξi

(5)

In (4), α̂i 6= 0 for observations i for which the constraints

yi

(
xT

i β + β0

)
≥ 1− ξi

are met. Since β̂ is represented only by such observations, they are
called “support vectors”. The decision function is

Ĝ (x) = sgn
(

xT β̂ + β̂0

)
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A Summary under general formulation

The problem

min
β0,β1

1
2
‖β‖2 + C

N

∑
i=1

ξi

subject to
ξi ≥ 0, yi

(
xT

i β + β0

)
≥ 1− ξi, ∀i

is solved via minimizing

L =
1
2
‖β‖2 + C ∑ ξi −∑ αi

[
yi

(
xT

i β + β0

)
− (1− ξi)

]
−∑ µiξi

to obtain the “support vectors” and decision function

Ĝ (x) = sgn
(

xT β̂ + β̂0

)
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SVM: illustration (Figure 12.2 of Chapter 12 of Text)
422 12. Flexible Discriminants

.. . . .. . . . . . .. . . . . . . . . .. . . . . . . . . . . . .. . . . . . . . . . . . . . . . .. . . . . . . . . . . . . . . . . . . .. . . . . . . . . . . . . . . . . . . . . . .. . . . . . . . . . . . . . . . . . . . . . . . . .. . . . . . . . . . . . . . . . . . . . . . . . . . . . .. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .

. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .. . . . . . . . . . . . . . . . . . . . . . . . . . . . . .. . . . . . . . . . . . . . . . . . . . . . . . . . .. . . . . . . . . . . . . . . . . . . . . . . .. . . . . . . . . . . . . . . . . . . . .. . . . . . . . . . . . . . . . .. . . . . . . . . . . . . .. . . . . . . . . . .. . . . . . . .. . . . ..

o
o

oo
o

o

o

o

o

o

o

o

o

o
o

o

o o

o

o

o

o

o

o

o

o

o

o

o

o

o

o

o
o

o

o

o

o

o

o

o

o

o

o

o

o

o

o

o

o

o

o

o

o

o

o

o

o

o
o

o

o

o

o

o

o

o

o

o

o
o o

oo

o
o

o

oo

o

o

o

o
o

o

o

o

o

o

o

o

o

o

o

o

o

o
o

o

o

o

oo

o

o

o

o

o

o
o

o

o

o

o

o

o

o

o
o

o

o

o

o

o

o

o

o oo
o

o

o

o
oo o

o

o

o

o

o

o

o

oo

o

o

o
o

oo
o

o

o

oo
o

o

o

o

o

o

o

o

o
o

o

o

o

o

o

o

o
o

o
oo

o

o

o

o

o

o

oo

o
o

o
o

o

o

o

o

o

o

o

o

o

o

o

•

•
•

Training Error: 0.270
Test Error:       0.288
Bayes Error:    0.210

C = 10000
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Training Error: 0.26
Test Error:       0.30
Bayes Error:    0.21

C = 0.01

FIGURE 12.2. The linear support vector boundary for the mixture data exam-
ple with two overlapping classes, for two different values of C. The broken lines
indicate the margins, where f(x) = ±1. The support points (αi > 0) are all the
points on the wrong side of their margin. The black solid dots are those support
points falling exactly on the margin (ξi = 0, αi > 0). In the upper panel 62% of
the observations are support points, while in the lower panel 85% are. The broken
purple curve in the background is the Bayes decision boundary.

Xiongzhi Chen (Washington State University) Stat 577 “Statistical Learning Theory” 11 / 23



SVM: illustration (Figure 12.2 of Chapter 12 of Text)

422 12. Flexible Discriminants
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Training Error: 0.270
Test Error:       0.288
Bayes Error:    0.210
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Training Error: 0.26
Test Error:       0.30
Bayes Error:    0.21

C = 0.01

FIGURE 12.2. The linear support vector boundary for the mixture data exam-
ple with two overlapping classes, for two different values of C. The broken lines
indicate the margins, where f(x) = ±1. The support points (αi > 0) are all the
points on the wrong side of their margin. The black solid dots are those support
points falling exactly on the margin (ξi = 0, αi > 0). In the upper panel 62% of
the observations are support points, while in the lower panel 85% are. The broken
purple curve in the background is the Bayes decision boundary.
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Remarks

In the illustration, the SVM is not very sensitive to the choices of
the cost parameter C because the decision boundary of the SVM is
a linear function of the feature variable.
The parameter C can be determined by cross-validation
There various extensions of SVM whose decision boundaries are
not necessarily hyperplanes

Xiongzhi Chen (Washington State University) Stat 577 “Statistical Learning Theory” 13 / 23



SVM via the “hinge loss”

Assume the intended boundary is a hyperplane

The optimization problem for SVM is

min
β0,β1

1
2
‖β‖2 + C

N

∑
i=1

ξi subject to
{

yi
(
xT

i β + β0
)
≥ 1− ξi, ∀i

ξi ≥ 0

It is equivalent to

min
β0,β1

N

∑
i=1

max
{

0, 1− yi

(
xTβ + β0

)}
+

λ

2
‖β‖2

with λ = 1/C, where max {0, x} is called the “hinge loss’
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The optimization

Recall the problem

min
β0,β1

1
2
‖β‖+ C

N

∑
i=1

ξi subject to
{

yi
(
xT

i β + β0
)
≥ 1− ξi, ∀i

ξi ≥ 0

is solved via minimizing

L =
1
2
‖β‖2 + C ∑ ξi −∑ αi

[
yi

(
xT

i β + β0

)
− (1− ξi)

]
−∑ µiξi

to obtain the “support vectors” and decision function

Ĝ (x) = sgn
(

xT β̂ + β̂0

)
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The optimization

Setting the gradient ∇(β0,β,ξ)L = 0 for

L (x; β0, β, ξ)

=
1
2
‖β‖2 + C ∑ ξi −∑ αi

[
yi

(
xT

i β + β0

)
− (1− ξi)

]
−∑ µiξi

gives critical points

β = ∑ αiyixT
i ; 0 = ∑ aiyi; αi = C− µi, ∀i

that (locally) minimizes L and evaluates L into its dual

LD =
N

∑
i=1

αi −
1
2 ∑

i
∑
i′

αiαi′yiyi′xT
i xi′
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The optimization

Maximizing

LD =
N

∑
i=1

αi −
1
2 ∑

i
∑
i′

αiαi′yiyi′xT
i xi′

subject to
0 = ∑ aiyi and 0 ≤ αi ≤ C, ∀i

via KKT condition




αi
[
yi
(
xT

i β + β0
)
− (1− ξi)

]
= 0

µiξi = 0
yi
(
xT

i β + β0
)
≥ 1− ξi

Note: the first 2 are complementary slackness conditions.
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Overview and settings for neural networks

Neural networks (NNs) are a class of nonlinear statistical models and
are applicable to both regression and classification. We will only talk
about the “vanilla” NN. A vanilla NN for K-class classification can
described as below:

There are K units at the top, with the kth unit modeling the
probability of class k. There are K target measurements {Yk}K

k=1
such that each Yk ∈ {0, 1} for the kth class
Derived features Zm and Yk are defined by

Zm = σ
(

α0m + αT
mX
)

, m = 1, ..., M

Tk = β0k + βT
k Z, k = 1, ..., K

fk (X) = gk (T) , k = 1, ..., K

where X ∈ Rp, Z = (Z1, ..., ZM) ∈ RM and T = (T1, ..., TK) ∈ RK
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Overview and settings for neural networks

11.3 Neural Networks 393
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FIGURE 11.2. Schematic of a single hidden layer, feed-forward neural network.

Thinking of the constant “1” as an additional input feature, this bias unit
captures the intercepts α0m and β0k in model (11.5).

The output function gk(T ) allows a final transformation of the vector of
outputs T . For regression we typically choose the identity function gk(T ) =
Tk. Early work in K-class classification also used the identity function, but
this was later abandoned in favor of the softmax function

gk(T ) =
eTk

∑K
ℓ=1 e

Tℓ

. (11.6)

This is of course exactly the transformation used in the multilogit model
(Section 4.4), and produces positive estimates that sum to one. In Sec-
tion 4.2 we discuss other problems with linear activation functions, in par-
ticular potentially severe masking effects.

The units in the middle of the network, computing the derived features
Zm, are called hidden units because the values Zm are not directly ob-
served. In general there can be more than one hidden layer, as illustrated
in the example at the end of this chapter. We can think of the Zm as a
basis expansion of the original inputs X; the neural network is then a stan-
dard linear model, or linear multilogit model, using these transformations
as inputs. There is, however, an important enhancement over the basis-
expansion techniques discussed in Chapter 5; here the parameters of the
basis functions are learned from the data.
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Overview and settings for neural networks

σ, referred to as the “activation function”, is chosen to be the
“sigmoid” function σ (v) = 1/ (1 + e−v) for K-class classification
For a regression task, gk (T) = Tk is set usually, whereas for a

classification task, gk (T) = eTk

(
∑K

l=1 eTl

)−1

The units Zm are called “hidden units” because the values of Zm
are not directly observable. However, there can be more than one
hidden layer in an NN
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Fitting neural networks

The unknown parameters of an NN are called “weights”. The
complete set of weights is denoted by θ, which consists of

{α0m, αm; m = 1, ..., M} M (p + 1) weights
{β0k, βk; k = 1, ..., K} K (M + 1) weights

and we seek values of θ that make the model fit the data well based on
a criterion.
Given N observations {xi}N

i=1 for X and N observations {yik}N
i=1 for

each Yk,

For regression, a commonly used criterion is

R (θ) =
K

∑
k=1

N

∑
i=1

(yik − fk (xi))
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Fitting neural networks

For classification, a commonly used criterion is

R (θ) = −
K

∑
k=1

N

∑
i=1

yik log fk (xi)

and the corresponding classifier is G (x) = argmaxk fk (x) for
x ∈ Rp

Minimizing either criterion, usually done via gradient descent and if a
minimizer θ̂ exists, gives a choice of θ. However, an NN is often
over-parametrized, and we do not seek for a global minimizer θ̂ of
R (θ) to potentially avoid overfitting
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Some issues with training neural networks

Starting values for weights: usually these values are chosen to be
random values near zero
Overfitting: since an NN is over-parametrized, seeking a global
minimum of R (θ) often leads to an overfitted model. So,
regularization on the weights θ is recommended to mitigate
overfitting, and/or a validation dataset is used to check for
overfitting.
Number of hidden units and layers: this directly relates to the
number of weights and the level of complexity of an NN
Multiple minima: R (θ) is often nonconvex and posses many local
minima. So, a minimizer θ̂ may heavily depend on the initial
values for the weights. One recommendation is to try a number of
random starting configurations for the NN.
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