
Stat 577 “Statistical Learning Theory”
T3: Designing a penalty and Ridge estimator

Xiongzhi Chen

Washington State University

Xiongzhi Chen (Washington State University) Stat 577 “Statistical Learning Theory” 1 / 58



Regularization and shrinkage
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Secrets behind shrinkage

I Stein’s phenomenon:
I Given a single observation z0 from z ∼ Normal (θ, I) with z ∈ Rp.

If p ≥ 3, then the LSE θ̂ = z0 of θ is inadmissible under the loss
E
[∥∥θ̂− θ

∥∥2
]

compared to the estimator James-Stein estimator

θ̂JS = z0

[
1− (p− 2) ‖z0‖−2

]

I Hodges’s super-efficiency phenomenon:
I Given n i.i.d. observations {zi}n

i=1 from z ∼ Normal (θ, 1) with
z ∈ R. Hodges estimator

θ̂n,H =

{
zn if |zn| ≥ n−1/4

0 if |zn| < n−1/4 ⇒
{

nα
(
θ̂n,H − θ

)
 0, ∀α ∈ R if θ = 0√

n
(
θ̂n,H − θ

)
∼ √n (zn − θ) if θ 6= 0

.
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Norms and sparsity
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Some norms on Euclidean space

For a vector x = (x1, ..., xn)
T ∈ Rn, we have

l0-“norm”: ‖x‖0 = ∑n
i=1 1{x 6=0} (xi)

lp-norm: ‖x‖p =
(
∑n

i=1 |xi|p
)1/p , 0 < p < ∞

l∞-norm: ‖x‖∞ = max1≤i≤n |xi|

I ‖x‖0 is the number of nonzero entries of x, Euclidean norm of x is
‖x‖2, and l0-“norm” is not a norm

I Define 00 = 0. Then

lim
p→0+

‖x‖p = ‖x‖0 and lim
p→∞
‖x‖p = ‖x‖∞

I Different lp-norms usually induce different lp-balls
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Norms: axioms and properties

I Definition of norm ‖·‖∗ : V → R:
I Positive-definiteness: ‖x‖∗ ≥ 0, ∀x and ‖x‖∗ = 0 iff x = 0
I Triangular inequality: ‖x + y‖∗ ≤ ‖x‖∗ + ‖y‖∗
I Absolute homogeneity: ‖λx‖∗ = |λ| ‖x‖∗ , ∀λ ∈ R and ∀x

I ‖·‖∗ must be convex and Lipschitz, i.e.,
{ ‖λx + (1− λ) y‖∗ ≤ |λ| ‖x‖∗ + |1− λ| ‖y‖∗

|‖x‖∗ − ‖y‖∗| ≤ ‖x− y‖∗
I lp-norm, 0 < p ≤ ∞, are norms due to Minkowski inequality

‖x + y‖p ≤ ‖x‖p + ‖y‖p

(which can be proved by Hölder inequality)
I l0-“norm” is not a norm since it is NOT homogeneous
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Geometry: visualization

I Unit lp-ball Bp =
{

x ∈ Rn : ‖x‖p ≤ 1
}

in R2 (Credit: Wiki)
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Linear model with scalar response

I Predictor X =
(
X1, ..., Xp

)T ∈ Rp and response Y ∈ R

I Coefficient vector β =
(

β1, . . . , βp
)T ∈ Rp and population model

Y = β0 +
p

∑
j=1

Xjβj + ε, (1)

where ε ∈ R is the random error term E (ε) = 0 and var (ε) = σ2

I Data version: set ε = (ε1, ..., εN)
T ∈ RN and each εi ∼ ε, then

y = β0 + Xβ + ε

I Variable/model selection for (1) is the same as retaining Xj whose
βj 6= 0
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Searching through model space

Always keep β0 in Y = β0 + ∑
p
j=1 Xjβj + ε

I Continuous in model size (and controlling model size):
I Exhaustive: Best subset selection (BSS)
I Non-exhaustive: Backward-stepwise selection; forward-stepwise

selection

I Discontinuous in model size (and controlling coefficient size):
I Non-exhaustive: regularization such as LASSO and “least angle

regression (LAR)”
I Non-exhaustive: implicit regularization via use of priors

I Hybrid:
I Warm start without regularization and then search model space via

regularization (such as “two-stage methods” including adaptive
LASSO of Hui ZOU)
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Concepts on sparsity

For an unknown coefficient vector β =
(

β1, ..., βp
)T ∈ Rp, a general

concept of “sparsity” ϑ is

“the proportion of entries of β whose magnitude exceed a specific
threshold”

I ϑ for variable selection (in linear model): ‖β‖0 ≤ s
I ϑ originated from quantum physics: ‖β‖q ≤ s for 0 < q ≤ ∞

72 3. Linear Methods for Regression

region for ridge regression is the disk β2
1 + β2

2 ≤ t, while that for lasso is
the diamond |β1| + |β2| ≤ t. Both methods find the first point where the
elliptical contours hit the constraint region. Unlike the disk, the diamond
has corners; if the solution occurs at a corner, then it has one parameter
βj equal to zero. When p > 2, the diamond becomes a rhomboid, and has
many corners, flat edges and faces; there are many more opportunities for
the estimated parameters to be zero.

We can generalize ridge regression and the lasso, and view them as Bayes
estimates. Consider the criterion

β̃ = argmin
β

{
N∑

i=1

(
yi − β0 −

p∑

j=1

xijβj
)2

+ λ

p∑

j=1

|βj |q
}

(3.53)

for q ≥ 0. The contours of constant value of
∑

j |βj |q are shown in Fig-
ure 3.12, for the case of two inputs.

Thinking of |βj |q as the log-prior density for βj , these are also the equi-
contours of the prior distribution of the parameters. The value q = 0 corre-
sponds to variable subset selection, as the penalty simply counts the number
of nonzero parameters; q = 1 corresponds to the lasso, while q = 2 to ridge
regression. Notice that for q ≤ 1, the prior is not uniform in direction, but
concentrates more mass in the coordinate directions. The prior correspond-
ing to the q = 1 case is an independent double exponential (or Laplace)
distribution for each input, with density (1/2τ) exp(−|β|/τ) and τ = 1/λ.
The case q = 1 (lasso) is the smallest q such that the constraint region
is convex; non-convex constraint regions make the optimization problem
more difficult.

In this view, the lasso, ridge regression and best subset selection are
Bayes estimates with different priors. Note, however, that they are derived
as posterior modes, that is, maximizers of the posterior. It is more common
to use the mean of the posterior as the Bayes estimate. Ridge regression is
also the posterior mean, but the lasso and best subset selection are not.

Looking again at the criterion (3.53), we might try using other values
of q besides 0, 1, or 2. Although one might consider estimating q from
the data, our experience is that it is not worth the effort for the extra
variance incurred. Values of q ∈ (1, 2) suggest a compromise between the
lasso and ridge regression. Although this is the case, with q > 1, |βj |q is
differentiable at 0, and so does not share the ability of lasso (q = 1) for

q = 4 q = 2 q = 1 q = 0.5 q = 0.1

FIGURE 3.12. Contours of constant value of
∑

j |βj |q for given values of q.
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False discovery rate
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Variable selection and multiple testing

I Model: β =
(

β1, . . . , βp
)T ∈ Rp and

Y = β0 +
p

∑
j=1

Xjβj + ε⇔ y = β0 + Xβ + ε

I Sparsity: ‖β‖0 = s; e.g., min1≤i≤s
∣∣βj
∣∣ > 0 and maxs<j≤p

∣∣βj
∣∣ = 0

I Hypotheses: Hj0 : βj = 0 versus Hj1 : βj 6= 0 for 1 ≤ j ≤ p
I Classification table for Hj0:

Truth
βj = 0 βj 6= 0

Selected (reject Hj0) False positive True positive
Excluded (retain Hj0) True negative False negative
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Variable selection and false discovery rate

I Classification table for all
{

Hj0
}p

j=1 upon variable selection:

Null is true Null is false Total
Reject null V S R
Retain null U T p− R
Total p− s s p

I The false discovery rate (FDR) α of the selection procedureR:

α (R) = E

[
V

max {R, 1}

]

I The proportion of true nulls π0 and the proportion of false nulls
π1 are defined respectively as

π0 =
p− s

p
and π1 =

s
p
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Power of a variable selection procedure

I Classification table of selection procedureR:

Null is true Null is false Total
Reject null V S R
Retain null U T p− R
Total p− s s p

I FDR of the selection procedureR:

α = E

[
V

max {R, 1}

]

I Power ofR is measured by “true discovery rate (TDR)”

v = E [S/s]

I Other measures available on selection performance
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The Benjamini-Hochberg procedure

I Let pi be the p-value associated with Hi0

I Let
{

p(i)
}m

i=1
be the order statistics of {pi}m

i=1 such that p(j) ≤ p(j+1)

I Set
r = max

{
1 ≤ k ≤ m : p(k) ≤ αkm−1

}

if r is well-defined, then reject H(i) such that p(i) ≤ p(r); otherwise,
no rejections are made

Theorem (Benjamini and Yekutieli (2001))
If the joint distribution of p-values satisfy PRDS on the subset I0 of true null
hypotheses and null p-values are super-uniform, then α̂ ≤ π0α, with equality
for independent p-values with continuous, uniform null distribution.
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Target of variable selection

I Model Y = β0 + ∑
p
j=1 Xjβj + ε

I Truth A =
{

j : βj 6= 0
}

with |A| = s
I Hypotheses Hj0 : βj = 0 versus Hj1 : βj 6= 0 for 1 ≤ j ≤ p
I Selection I =

{
j : Hj0 is rejected

}

I Performance criteria:
I “Strong selection consistency”: Pr (I = A)→ 1
I “Weak selection consistency”: Pr (I ⊇ A)→ 1
I “Estimation consistency”: E

[∥∥∥β̂− β
∥∥∥
]
→ 0

I “Oracle property”: I = A and

An

[√
n
(

β̂I − βA + bn

)]
 Normal (0, I)
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Some relationships

I FDR and TDR of the selection procedureR:

α = E

[
V

max {R, 1}

]
and v = E [S/s]

I Strong or week selection consistency:

Pr (I = A)→ 1 or Pr (I ⊇ A)→ 1

I Oracle property and estimation consistency:



I = A and An

[√
n
(

β̂I − βA + bn

)]
 Normal (0, I)

E
[∥∥∥β̂− β

∥∥∥
]
→ 0

I Do you know their relationships?
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Shrinkage-inducing penalty
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General principle to induce shrinkage

I Base estimators: least squares estimate, maximum likelihood
estimator, moment estimator, or kernel estimator

I Regularization: implicit/explicit and/or deterministic/random
regularization

Base Estimators + Regularization

Shrinkage
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Penalized RSS

I RSS: e.g., ‖y− Xβ‖2 or

N

∑
i=1

(yi − f (xi))
2 = ‖y− f (X)‖2

I Penalized RSS:

Penalized RSS = RSS + Penalty
I Example models: additive model

E (Y|X) = f (X) + ε
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Penalized likelihood

I Likelihood: h (y; other parameters) and l (y; other parameters)

l (y; ∗) = ∏n
i=1 h (yi; ∗)

I Penalized likelihood:

Penalized likelihood = Likelihood + Penalty

I Example models:

g [E (Y|X)] = f (X) and g is a link function
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Designing a penalty

A shrinkage-inducing penalty should produce an estimator that
possesses

I Continuity: estimator is continuous in data input to avoid
instability in model prediction

I for purpose of variable selection
1. Unbiasedness: estimator is nearly unbiased when true unknown

parameter is large to avoid unnecessary modeling bias
2. Sparsity: estimator incorporates a thresholding rule, which

automatically sets small estimated coefficients to zero to reduce
model complexity
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Various penalties

Recall β =
(

β1, . . . , βp
)T ∈ Rp and penalty $ : Rp → R≥0.

I Separable penalty: $ (β) = ∑
p
i=1 $i (βi) with $i : R→ R≥0, such as

I the lq-penalty

$ (β) = ‖β‖q
q = ∑p

i=1 |βi|q , 0 ≤ q < ∞,

including BSS, LASSO and Ridge

I Non-separable penalty: $ (β) 6= ∑
p
i=1 $i (βi), such as

I Benjamini-Hochberg (BH) procedure; see Abramovich et al. (2006)

I Note: BH procedure induces a random penalty
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Orthogonal design and penalized RSS

I Model: y = Xβ + ε with β =
(

β1, . . . , βp
)T ∈ Rp

I Assume XTX = I. Then LSE β̂ = XTy and

RSS (β) = ‖y− Xβ‖2 = ‖y− ŷ‖2 + ‖z− β‖2 ,

where ŷ = Xβ̂ and z = XTy since y− ŷ ⊥ 〈X〉 and XTX = I
I Further, RSS with separable, piecewise smooth penalty is

pRSS (β) :=
1
2

RSS (β) +
p

∑
i=1

$λ (|βi|)

=
1
2
‖y− ŷ‖2 +

1
2
‖z− β‖2 +

p

∑
i=1

$λ (|βi|) (2)

Xiongzhi Chen (Washington State University) Stat 577 “Statistical Learning Theory” 24 / 58



Componentwise optimization

I Let θ =
(
θ1, ..., θp

)T and z =
(
z1, ..., zp

)T. We have equivalent
objective function to pRSS (β) as

u (θ) =
1
2
‖z− θ‖2 +

p

∑
i=1

$λ (|θi|) =
1
2

p

∑
i=1

(zi − θi)
2 +

p

∑
i=1

$λ (|θi|)

I First order condition for minimizer θ̂ =
(
θ̂1, ..., θ̂p

)T
from

a (θ) =
1
2
(z− θ)2 + $λ (|θ|) and u (θ) =

p

∑
i=1

ai (θ)

gives

∂a (θ)
∂θ

=

{
sgn (θ) [|θ|+ $′λ (|θ|)]− z if θ 6= 0
subdifferential ∂a (θ) if θ = 0
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Shrinkage without hard thresholding

I Recall a (θ) = 1
2 (z− θ)2 + $λ (|θ|) and

∂a (θ)
∂θ

=

{
sgn (θ) [|θ|+ $′λ (|θ|)]− z if θ 6= 0
subdifferential ∂a (θ) if θ = 0

I Let $λ (|θ|) = 2−1λθ2 for λ > 0. Then ∂a(θ)
∂θ exits at 0 and the

optimal solution
θ̂ =

z
1 + λ

(3)

I Note LSE θ̂ = z. Namely, (3) is a “shrinkage” estimator of z (since∣∣θ̂
∣∣ < |z| whenever λ > 0)

I (3) is the ridge estimator of z (when XTX = I)
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Shrinkage via hard thresholding

I Recall a (θ) = 1
2 (z− θ)2 + $λ (|θ|) and

∂a (θ)
∂θ

=

{
sgn (θ) [|θ|+ $′λ (|θ|)]− z if θ 6= 0
subdifferential ∂a (θ) if θ = 0

I Since ∂a (θ) = θ − z + λv for |v| ≤ 1 at θ = 0 for penalty

$λ (|θ|) = 2−1λ2 − 2−1 (|θ| − λ)2 1{|θ|<λ} (θ) ,

then θ̂ = 0 iff |z| ≤ λ, yielding the “hard thresholding” estimator

θ̂ = z1{|z|>λ} (z) (4)

I (4) is equivalent to best subset selection when XTX = I. Why?
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Three penalties for variable selection

I Hard-thresholding penalty; l1-penalty for LASSO, and “smoothly
clipped absolute deviation” as SCAD

I We want unbiasedness, sparsity and continuity of estimate.
Which penalty is preferred?

1350 Journal of the American Statistical Association, December 2001

Figure 1. Three Penalty Functions p‹(ˆ) and Their Quadratic Approximations. The values of ‹ are the same as those in Figure 5(c).

for large —ˆ— is a suf� cient condition for unbiasedness for a
large true parameter. It corresponds to an improper prior dis-
tribution in the Bayesian model selection setting. A suf� cient
condition for the resulting estimator to be a thresholding rule
is that the minimum of the function —ˆ— C p0

‹4—ˆ—5 is positive.
Figure 3 provides further insights into this statement. When
—z— < minˆ 6D08—ˆ— C p0

‹4—ˆ—59, the derivative of (2.3) is posi-
tive for all positive ˆ’s (and is negative for all negative ˆ’s).
Therefore, the penalized least squares estimator is 0 in this
situation, namely Ô D 0 for —z— < minˆ 6D08—ˆ—C p0

‹4—ˆ—59. When
—z— > minˆ 6D0 —ˆ— C p0

‹4—ˆ—5, two crossings may exist as shown
in Figure 1; the larger one is a penalized least squares esti-
mator. This implies that a suf� cient and necessary condition
for continuity is that the minimum of the function —ˆ—Cp0

‹4—ˆ—5
is attained at 0. From the foregoing discussion, we conclude
that a penalty function satisfying the conditions of sparsity
and continuity must be singular at the origin.

It is well known that the L2 penalty p‹4—ˆ—5 D ‹—ˆ—2 results
in a ridge regression. The L1 penalty p‹4—ˆ—5 D ‹—ˆ— yields a
soft thresholding rule

Ô
j D sgn4zj 54—zj — ƒ ‹5C1 (2.6)

Figure 2. Plot of Thresholding Functions for (a) the Hard, (b) the Soft, and (c) the SCAD Thresholding Functions With ‹ D 2 and a D 3.7
for SCAD.

which was proposed by Donoho and Johnstone (1994a).
LASSO, proposed by Tibshirani (1996, 1997), is the penalized
least squares estimate with the L1 penalty in the general least
squares and likelihood settings. The Lq penalty p‹4—ˆ—5 D ‹—ˆ—q

leads to a bridge regression (Frank and Friedman 1993 and
Fu 1998). The solution is continuous only when q ¶ 1. How-
ever, when q > 1, the minimum of —ˆ— C p0

‹4—ˆ—5 is zero and
hence it does not produce a sparse solution [see Fig. 4(a)].
The only continuous solution with a thresholding rule in this
family is the L1 penalty, but this comes at the price of shifting
the resulting estimator by a constant ‹ [see Fig. 2(b)].

2.1 Smoothly Clipped Absolute Deviation Penalty

The Lq and the hard thresholding penalty functions do not
simultaneously satisfy the mathematical conditions for unbi-
asedness, sparsity, and continuity. The continuous differen-
tiable penalty function de� ned by

p0
‹4ˆ5 D ‹ I4ˆ µ ‹5 C

4a‹ ƒ ˆ5C

4a ƒ 15‹
I4ˆ > ‹5

for some a > 2 and ˆ > 01 (2.7)
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Nearly unbiasedness and thresholding

I Recall a (θ) = 1
2 (z− θ)2 + $λ (|θ|) and

∂a (θ)
∂θ

=

{
sgn (θ) [|θ|+ $′λ (|θ|)]− z if θ 6= 0
subdifferential ∂a (θ) if θ = 0

I Nearly unbiasedness: θ̂ = z for |z| large if $′λ (|θ|) = 0 for large |θ|
I Thresholding rule: θ̂ = 0 for small |z|, i.e.,

θ̂ = 0 when |z| < τλ = inf
θ 6=0

{
|θ|+ ρ′λ (|θ|)

}

iff τλ > 0 & arginf
θ∈R

{
|θ|+ ρ′λ (|θ|)

}
= 0.

I Namely, ρλ (|θ|) has to be non-differentiable at θ = 0 to induce
thresholding rule
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Thresholding rule: visualization

I argmin
θ∈R

{
1
2 (z− θ)2 + $λ (|θ|)

}
when τλ = inf

θ 6=0

{
|θ|+ ρ′λ (|θ|)

}
> 0

I θ̂ (z1) = 0 but θ̂ (z2) = sup
{

θ : ∂a(θ)
∂θ = 0

}
to retain continuityFan and Li: Nonconcave Penalized Likelihood 1351

Figure 3. A Plot of ˆ + p0
‹( ˆ) Against ˆ( ˆ > 0) .

improves the properties of the L1 penalty and the hard
thresholding penalty function given by (2.4) [see Fig. 1(c)
and subsequent discussion]. We call this penalty function the
smoothly clipped absolute deviation (SCAD) penalty. It corre-
sponds to a quadratic spline function with knots at ‹ and a‹.
This penalty function leaves large values of ˆ not excessively
penalized and makes the solution continuous. The resulting
solution is given by

Ô D

8
><
>:

sgn4z54—z— ƒ ‹5C1 when —z— µ 2‹1

84a ƒ 15zƒ sgn4z5a‹9=4aƒ 251 when 2‹ < —z— µ a‹1

z1 when —z— > a‹

(2.8)

[see Fig. 2(c)]. This solution is owing to Fan (1997), who gave
a brief discussion in the settings of wavelets. In this article,
we use it to develop an effective variable selection procedure
for a broad class of models, including linear regression models
and generalized linear models. For simplicity of presentation,
we use the acronym SCAD for all procedures using the SCAD
penalty. The performance of SCAD is similar to that of � rm
shrinkage proposed by Gao and Bruce (1997) when design
matrices are orthonormal.

Figure 4. Plot of p0
‹
( ˆ) Functions Over ˆ > 0 (a) for Lq Penalties, (b) the Hard Thresholding Penalty, and (c) the SCAD Penalty. In (a), the heavy

line corresponds to L1 , the dash-dot line corresponds to L.5 , and the thin line corresponds to L2 penalties.

The thresholding rule in (2.8) involves two unknown param-
eters ‹ and a. In practice, we could search the best pair 4‹1 a5
over the two-dimensional grids using some criteria, such as
cross-validation and generalized cross-validation (Craven and
Wahba 1979). Such an implementation can be computation-
ally expensive. To implement tools in Bayesian risk analy-
sis, we assume that for given a and ‹, the prior distribution
for ˆ is a normal distribution with zero mean and variance
a‹. We compute the Bayes risk via numerical integration.
Figure 5(a) depicts the Bayes risk as a function of a under the
squared loss, for the universal thresholding ‹ D

p
2 log4d5 (see

Donoho and Johnstone, 1994a) with d D 20140160, and 100;
and Figure 5(b) is for d D 512, 1024, 2048, and 4096. From
Figure 5, (a) and (b), it can be seen that the Bayesian risks
are not very sensitive to the values of a. It can be seen from
Figure 5(a) that the Bayes risks achieve their minimums at
a 307 when the value of d is less than 100. This choice gives
pretty good practical performance for various variable selec-
tion problems. Indeed, based on the simulations in Section
4.3, the choice of a D 307 works similarly to that chosen by
the generalized cross-validation (GCV) method.

2.2 Performance of Thresholding Rules

We now compare the performance of the four previously
stated thresholding rules. Marron, Adak, Johnstone, Neumann,
and Patil (1998) applied the tool of risk analysis to under-
stand the small sample behavior of the hard and soft thresh-
olding rules. The closed forms for the L2 risk functions
R4 Ô1 ˆ5 D E4 Ô ƒ ˆ52 were derived under the Gaussian model
Z N 4ˆ1‘ 25 for hard and soft thresholding rules by Donoho
and Johnstone (1994b). The risk function of the SCAD thresh-
olding rule can be found in Li (2000). To gauge the perfor-
mance of the four thresholding rules, Figure 5(c) depicts their
L2 risk functions under the Gaussian model Z N 4ˆ115. To
make the scale of the thresholding parameters roughly com-
parable, we took ‹ D 2 for the hard thresholding rule and
adjusted the values of ‹ for the other thresholding rules so that
their estimated values are the same when ˆ D 3. The SCAD
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Derivatives of three penalties

I Hard-thresholding penalty: $λ (|θ|) = λ2 − (|θ| − λ)2 1{|θ|<λ} (θ)

I SCAD penalty: $′λ (θ) = λ
[
1{θ≤λ} (θ) +

(aλ−θ)+
(a−1)λ 1{θ>λ} (θ)

]
, θ > 0

I lq-penalty: $λ (|θ|) = λ |θ|q

Fan and Li: Nonconcave Penalized Likelihood 1351

Figure 3. A Plot of ˆ + p0
‹( ˆ) Against ˆ( ˆ > 0) .

improves the properties of the L1 penalty and the hard
thresholding penalty function given by (2.4) [see Fig. 1(c)
and subsequent discussion]. We call this penalty function the
smoothly clipped absolute deviation (SCAD) penalty. It corre-
sponds to a quadratic spline function with knots at ‹ and a‹.
This penalty function leaves large values of ˆ not excessively
penalized and makes the solution continuous. The resulting
solution is given by

Ô D

8
><
>:

sgn4z54—z— ƒ ‹5C1 when —z— µ 2‹1

84a ƒ 15zƒ sgn4z5a‹9=4aƒ 251 when 2‹ < —z— µ a‹1

z1 when —z— > a‹

(2.8)

[see Fig. 2(c)]. This solution is owing to Fan (1997), who gave
a brief discussion in the settings of wavelets. In this article,
we use it to develop an effective variable selection procedure
for a broad class of models, including linear regression models
and generalized linear models. For simplicity of presentation,
we use the acronym SCAD for all procedures using the SCAD
penalty. The performance of SCAD is similar to that of � rm
shrinkage proposed by Gao and Bruce (1997) when design
matrices are orthonormal.

Figure 4. Plot of p0
‹
( ˆ) Functions Over ˆ > 0 (a) for Lq Penalties, (b) the Hard Thresholding Penalty, and (c) the SCAD Penalty. In (a), the heavy

line corresponds to L1 , the dash-dot line corresponds to L.5 , and the thin line corresponds to L2 penalties.

The thresholding rule in (2.8) involves two unknown param-
eters ‹ and a. In practice, we could search the best pair 4‹1 a5
over the two-dimensional grids using some criteria, such as
cross-validation and generalized cross-validation (Craven and
Wahba 1979). Such an implementation can be computation-
ally expensive. To implement tools in Bayesian risk analy-
sis, we assume that for given a and ‹, the prior distribution
for ˆ is a normal distribution with zero mean and variance
a‹. We compute the Bayes risk via numerical integration.
Figure 5(a) depicts the Bayes risk as a function of a under the
squared loss, for the universal thresholding ‹ D

p
2 log4d5 (see

Donoho and Johnstone, 1994a) with d D 20140160, and 100;
and Figure 5(b) is for d D 512, 1024, 2048, and 4096. From
Figure 5, (a) and (b), it can be seen that the Bayesian risks
are not very sensitive to the values of a. It can be seen from
Figure 5(a) that the Bayes risks achieve their minimums at
a 307 when the value of d is less than 100. This choice gives
pretty good practical performance for various variable selec-
tion problems. Indeed, based on the simulations in Section
4.3, the choice of a D 307 works similarly to that chosen by
the generalized cross-validation (GCV) method.

2.2 Performance of Thresholding Rules

We now compare the performance of the four previously
stated thresholding rules. Marron, Adak, Johnstone, Neumann,
and Patil (1998) applied the tool of risk analysis to under-
stand the small sample behavior of the hard and soft thresh-
olding rules. The closed forms for the L2 risk functions
R4 Ô1 ˆ5 D E4 Ô ƒ ˆ52 were derived under the Gaussian model
Z N 4ˆ1‘ 25 for hard and soft thresholding rules by Donoho
and Johnstone (1994b). The risk function of the SCAD thresh-
olding rule can be found in Li (2000). To gauge the perfor-
mance of the four thresholding rules, Figure 5(c) depicts their
L2 risk functions under the Gaussian model Z N 4ˆ115. To
make the scale of the thresholding parameters roughly com-
parable, we took ‹ D 2 for the hard thresholding rule and
adjusted the values of ‹ for the other thresholding rules so that
their estimated values are the same when ˆ D 3. The SCAD
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Recap on three penalties for variable selection

I Pay attention to the “rounding” parts of a hard thresholding
penalty and SCAD penalty

I None of these penalties are differentiable at 0
I All are even functions on R and non-decreasing on R>0
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Figure 1. Three Penalty Functions p‹(ˆ) and Their Quadratic Approximations. The values of ‹ are the same as those in Figure 5(c).

for large —ˆ— is a suf� cient condition for unbiasedness for a
large true parameter. It corresponds to an improper prior dis-
tribution in the Bayesian model selection setting. A suf� cient
condition for the resulting estimator to be a thresholding rule
is that the minimum of the function —ˆ— C p0

‹4—ˆ—5 is positive.
Figure 3 provides further insights into this statement. When
—z— < minˆ 6D08—ˆ— C p0

‹4—ˆ—59, the derivative of (2.3) is posi-
tive for all positive ˆ’s (and is negative for all negative ˆ’s).
Therefore, the penalized least squares estimator is 0 in this
situation, namely Ô D 0 for —z— < minˆ 6D08—ˆ—C p0

‹4—ˆ—59. When
—z— > minˆ 6D0 —ˆ— C p0

‹4—ˆ—5, two crossings may exist as shown
in Figure 1; the larger one is a penalized least squares esti-
mator. This implies that a suf� cient and necessary condition
for continuity is that the minimum of the function —ˆ—Cp0

‹4—ˆ—5
is attained at 0. From the foregoing discussion, we conclude
that a penalty function satisfying the conditions of sparsity
and continuity must be singular at the origin.

It is well known that the L2 penalty p‹4—ˆ—5 D ‹—ˆ—2 results
in a ridge regression. The L1 penalty p‹4—ˆ—5 D ‹—ˆ— yields a
soft thresholding rule

Ô
j D sgn4zj 54—zj — ƒ ‹5C1 (2.6)

Figure 2. Plot of Thresholding Functions for (a) the Hard, (b) the Soft, and (c) the SCAD Thresholding Functions With ‹ D 2 and a D 3.7
for SCAD.

which was proposed by Donoho and Johnstone (1994a).
LASSO, proposed by Tibshirani (1996, 1997), is the penalized
least squares estimate with the L1 penalty in the general least
squares and likelihood settings. The Lq penalty p‹4—ˆ—5 D ‹—ˆ—q

leads to a bridge regression (Frank and Friedman 1993 and
Fu 1998). The solution is continuous only when q ¶ 1. How-
ever, when q > 1, the minimum of —ˆ— C p0

‹4—ˆ—5 is zero and
hence it does not produce a sparse solution [see Fig. 4(a)].
The only continuous solution with a thresholding rule in this
family is the L1 penalty, but this comes at the price of shifting
the resulting estimator by a constant ‹ [see Fig. 2(b)].

2.1 Smoothly Clipped Absolute Deviation Penalty

The Lq and the hard thresholding penalty functions do not
simultaneously satisfy the mathematical conditions for unbi-
asedness, sparsity, and continuity. The continuous differen-
tiable penalty function de� ned by

p0
‹4ˆ5 D ‹ I4ˆ µ ‹5 C

4a‹ ƒ ˆ5C

4a ƒ 15‹
I4ˆ > ‹5

for some a > 2 and ˆ > 01 (2.7)
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Estimates given by three penalties

When tuning parameter λ > 0:

I Hard thresholding estimate is discontinuous in data
I LASSO estimate is intrinsically biased
I Both LASSO and SCAD incorporate hard thresholding

1350 Journal of the American Statistical Association, December 2001

Figure 1. Three Penalty Functions p‹(ˆ) and Their Quadratic Approximations. The values of ‹ are the same as those in Figure 5(c).

for large —ˆ— is a suf� cient condition for unbiasedness for a
large true parameter. It corresponds to an improper prior dis-
tribution in the Bayesian model selection setting. A suf� cient
condition for the resulting estimator to be a thresholding rule
is that the minimum of the function —ˆ— C p0

‹4—ˆ—5 is positive.
Figure 3 provides further insights into this statement. When
—z— < minˆ 6D08—ˆ— C p0

‹4—ˆ—59, the derivative of (2.3) is posi-
tive for all positive ˆ’s (and is negative for all negative ˆ’s).
Therefore, the penalized least squares estimator is 0 in this
situation, namely Ô D 0 for —z— < minˆ 6D08—ˆ—C p0

‹4—ˆ—59. When
—z— > minˆ 6D0 —ˆ— C p0

‹4—ˆ—5, two crossings may exist as shown
in Figure 1; the larger one is a penalized least squares esti-
mator. This implies that a suf� cient and necessary condition
for continuity is that the minimum of the function —ˆ—Cp0

‹4—ˆ—5
is attained at 0. From the foregoing discussion, we conclude
that a penalty function satisfying the conditions of sparsity
and continuity must be singular at the origin.

It is well known that the L2 penalty p‹4—ˆ—5 D ‹—ˆ—2 results
in a ridge regression. The L1 penalty p‹4—ˆ—5 D ‹—ˆ— yields a
soft thresholding rule

Ô
j D sgn4zj 54—zj — ƒ ‹5C1 (2.6)

Figure 2. Plot of Thresholding Functions for (a) the Hard, (b) the Soft, and (c) the SCAD Thresholding Functions With ‹ D 2 and a D 3.7
for SCAD.

which was proposed by Donoho and Johnstone (1994a).
LASSO, proposed by Tibshirani (1996, 1997), is the penalized
least squares estimate with the L1 penalty in the general least
squares and likelihood settings. The Lq penalty p‹4—ˆ—5 D ‹—ˆ—q

leads to a bridge regression (Frank and Friedman 1993 and
Fu 1998). The solution is continuous only when q ¶ 1. How-
ever, when q > 1, the minimum of —ˆ— C p0

‹4—ˆ—5 is zero and
hence it does not produce a sparse solution [see Fig. 4(a)].
The only continuous solution with a thresholding rule in this
family is the L1 penalty, but this comes at the price of shifting
the resulting estimator by a constant ‹ [see Fig. 2(b)].

2.1 Smoothly Clipped Absolute Deviation Penalty

The Lq and the hard thresholding penalty functions do not
simultaneously satisfy the mathematical conditions for unbi-
asedness, sparsity, and continuity. The continuous differen-
tiable penalty function de� ned by

p0
‹4ˆ5 D ‹ I4ˆ µ ‹5 C

4a‹ ƒ ˆ5C

4a ƒ 15‹
I4ˆ > ‹5

for some a > 2 and ˆ > 01 (2.7)
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Recap on penalties for variable selection: I
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Figure 1. Three Penalty Functions p‹(ˆ) and Their Quadratic Approximations. The values of ‹ are the same as those in Figure 5(c).

for large —ˆ— is a suf� cient condition for unbiasedness for a
large true parameter. It corresponds to an improper prior dis-
tribution in the Bayesian model selection setting. A suf� cient
condition for the resulting estimator to be a thresholding rule
is that the minimum of the function —ˆ— C p0

‹4—ˆ—5 is positive.
Figure 3 provides further insights into this statement. When
—z— < minˆ 6D08—ˆ— C p0

‹4—ˆ—59, the derivative of (2.3) is posi-
tive for all positive ˆ’s (and is negative for all negative ˆ’s).
Therefore, the penalized least squares estimator is 0 in this
situation, namely Ô D 0 for —z— < minˆ 6D08—ˆ—C p0

‹4—ˆ—59. When
—z— > minˆ 6D0 —ˆ— C p0

‹4—ˆ—5, two crossings may exist as shown
in Figure 1; the larger one is a penalized least squares esti-
mator. This implies that a suf� cient and necessary condition
for continuity is that the minimum of the function —ˆ—Cp0

‹4—ˆ—5
is attained at 0. From the foregoing discussion, we conclude
that a penalty function satisfying the conditions of sparsity
and continuity must be singular at the origin.

It is well known that the L2 penalty p‹4—ˆ—5 D ‹—ˆ—2 results
in a ridge regression. The L1 penalty p‹4—ˆ—5 D ‹—ˆ— yields a
soft thresholding rule

Ô
j D sgn4zj 54—zj — ƒ ‹5C1 (2.6)

Figure 2. Plot of Thresholding Functions for (a) the Hard, (b) the Soft, and (c) the SCAD Thresholding Functions With ‹ D 2 and a D 3.7
for SCAD.

which was proposed by Donoho and Johnstone (1994a).
LASSO, proposed by Tibshirani (1996, 1997), is the penalized
least squares estimate with the L1 penalty in the general least
squares and likelihood settings. The Lq penalty p‹4—ˆ—5 D ‹—ˆ—q

leads to a bridge regression (Frank and Friedman 1993 and
Fu 1998). The solution is continuous only when q ¶ 1. How-
ever, when q > 1, the minimum of —ˆ— C p0

‹4—ˆ—5 is zero and
hence it does not produce a sparse solution [see Fig. 4(a)].
The only continuous solution with a thresholding rule in this
family is the L1 penalty, but this comes at the price of shifting
the resulting estimator by a constant ‹ [see Fig. 2(b)].

2.1 Smoothly Clipped Absolute Deviation Penalty

The Lq and the hard thresholding penalty functions do not
simultaneously satisfy the mathematical conditions for unbi-
asedness, sparsity, and continuity. The continuous differen-
tiable penalty function de� ned by

p0
‹4ˆ5 D ‹ I4ˆ µ ‹5 C

4a‹ ƒ ˆ5C

4a ƒ 15‹
I4ˆ > ‹5

for some a > 2 and ˆ > 01 (2.7)
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Figure 3. A Plot of ˆ + p0
‹( ˆ) Against ˆ( ˆ > 0) .

improves the properties of the L1 penalty and the hard
thresholding penalty function given by (2.4) [see Fig. 1(c)
and subsequent discussion]. We call this penalty function the
smoothly clipped absolute deviation (SCAD) penalty. It corre-
sponds to a quadratic spline function with knots at ‹ and a‹.
This penalty function leaves large values of ˆ not excessively
penalized and makes the solution continuous. The resulting
solution is given by

Ô D

8
><
>:

sgn4z54—z— ƒ ‹5C1 when —z— µ 2‹1

84a ƒ 15zƒ sgn4z5a‹9=4aƒ 251 when 2‹ < —z— µ a‹1

z1 when —z— > a‹

(2.8)

[see Fig. 2(c)]. This solution is owing to Fan (1997), who gave
a brief discussion in the settings of wavelets. In this article,
we use it to develop an effective variable selection procedure
for a broad class of models, including linear regression models
and generalized linear models. For simplicity of presentation,
we use the acronym SCAD for all procedures using the SCAD
penalty. The performance of SCAD is similar to that of � rm
shrinkage proposed by Gao and Bruce (1997) when design
matrices are orthonormal.

Figure 4. Plot of p0
‹
( ˆ) Functions Over ˆ > 0 (a) for Lq Penalties, (b) the Hard Thresholding Penalty, and (c) the SCAD Penalty. In (a), the heavy

line corresponds to L1 , the dash-dot line corresponds to L.5 , and the thin line corresponds to L2 penalties.

The thresholding rule in (2.8) involves two unknown param-
eters ‹ and a. In practice, we could search the best pair 4‹1 a5
over the two-dimensional grids using some criteria, such as
cross-validation and generalized cross-validation (Craven and
Wahba 1979). Such an implementation can be computation-
ally expensive. To implement tools in Bayesian risk analy-
sis, we assume that for given a and ‹, the prior distribution
for ˆ is a normal distribution with zero mean and variance
a‹. We compute the Bayes risk via numerical integration.
Figure 5(a) depicts the Bayes risk as a function of a under the
squared loss, for the universal thresholding ‹ D

p
2 log4d5 (see

Donoho and Johnstone, 1994a) with d D 20140160, and 100;
and Figure 5(b) is for d D 512, 1024, 2048, and 4096. From
Figure 5, (a) and (b), it can be seen that the Bayesian risks
are not very sensitive to the values of a. It can be seen from
Figure 5(a) that the Bayes risks achieve their minimums at
a 307 when the value of d is less than 100. This choice gives
pretty good practical performance for various variable selec-
tion problems. Indeed, based on the simulations in Section
4.3, the choice of a D 307 works similarly to that chosen by
the generalized cross-validation (GCV) method.

2.2 Performance of Thresholding Rules

We now compare the performance of the four previously
stated thresholding rules. Marron, Adak, Johnstone, Neumann,
and Patil (1998) applied the tool of risk analysis to under-
stand the small sample behavior of the hard and soft thresh-
olding rules. The closed forms for the L2 risk functions
R4 Ô1 ˆ5 D E4 Ô ƒ ˆ52 were derived under the Gaussian model
Z N 4ˆ1‘ 25 for hard and soft thresholding rules by Donoho
and Johnstone (1994b). The risk function of the SCAD thresh-
olding rule can be found in Li (2000). To gauge the perfor-
mance of the four thresholding rules, Figure 5(c) depicts their
L2 risk functions under the Gaussian model Z N 4ˆ115. To
make the scale of the thresholding parameters roughly com-
parable, we took ‹ D 2 for the hard thresholding rule and
adjusted the values of ‹ for the other thresholding rules so that
their estimated values are the same when ˆ D 3. The SCAD
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Recap on penalties for variable selection: II
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Figure 3. A Plot of ˆ + p0
‹( ˆ) Against ˆ( ˆ > 0) .

improves the properties of the L1 penalty and the hard
thresholding penalty function given by (2.4) [see Fig. 1(c)
and subsequent discussion]. We call this penalty function the
smoothly clipped absolute deviation (SCAD) penalty. It corre-
sponds to a quadratic spline function with knots at ‹ and a‹.
This penalty function leaves large values of ˆ not excessively
penalized and makes the solution continuous. The resulting
solution is given by

Ô D

8
><
>:

sgn4z54—z— ƒ ‹5C1 when —z— µ 2‹1

84a ƒ 15zƒ sgn4z5a‹9=4aƒ 251 when 2‹ < —z— µ a‹1

z1 when —z— > a‹

(2.8)

[see Fig. 2(c)]. This solution is owing to Fan (1997), who gave
a brief discussion in the settings of wavelets. In this article,
we use it to develop an effective variable selection procedure
for a broad class of models, including linear regression models
and generalized linear models. For simplicity of presentation,
we use the acronym SCAD for all procedures using the SCAD
penalty. The performance of SCAD is similar to that of � rm
shrinkage proposed by Gao and Bruce (1997) when design
matrices are orthonormal.

Figure 4. Plot of p0
‹
( ˆ) Functions Over ˆ > 0 (a) for Lq Penalties, (b) the Hard Thresholding Penalty, and (c) the SCAD Penalty. In (a), the heavy

line corresponds to L1 , the dash-dot line corresponds to L.5 , and the thin line corresponds to L2 penalties.

The thresholding rule in (2.8) involves two unknown param-
eters ‹ and a. In practice, we could search the best pair 4‹1 a5
over the two-dimensional grids using some criteria, such as
cross-validation and generalized cross-validation (Craven and
Wahba 1979). Such an implementation can be computation-
ally expensive. To implement tools in Bayesian risk analy-
sis, we assume that for given a and ‹, the prior distribution
for ˆ is a normal distribution with zero mean and variance
a‹. We compute the Bayes risk via numerical integration.
Figure 5(a) depicts the Bayes risk as a function of a under the
squared loss, for the universal thresholding ‹ D

p
2 log4d5 (see

Donoho and Johnstone, 1994a) with d D 20140160, and 100;
and Figure 5(b) is for d D 512, 1024, 2048, and 4096. From
Figure 5, (a) and (b), it can be seen that the Bayesian risks
are not very sensitive to the values of a. It can be seen from
Figure 5(a) that the Bayes risks achieve their minimums at
a 307 when the value of d is less than 100. This choice gives
pretty good practical performance for various variable selec-
tion problems. Indeed, based on the simulations in Section
4.3, the choice of a D 307 works similarly to that chosen by
the generalized cross-validation (GCV) method.

2.2 Performance of Thresholding Rules

We now compare the performance of the four previously
stated thresholding rules. Marron, Adak, Johnstone, Neumann,
and Patil (1998) applied the tool of risk analysis to under-
stand the small sample behavior of the hard and soft thresh-
olding rules. The closed forms for the L2 risk functions
R4 Ô1 ˆ5 D E4 Ô ƒ ˆ52 were derived under the Gaussian model
Z N 4ˆ1‘ 25 for hard and soft thresholding rules by Donoho
and Johnstone (1994b). The risk function of the SCAD thresh-
olding rule can be found in Li (2000). To gauge the perfor-
mance of the four thresholding rules, Figure 5(c) depicts their
L2 risk functions under the Gaussian model Z N 4ˆ115. To
make the scale of the thresholding parameters roughly com-
parable, we took ‹ D 2 for the hard thresholding rule and
adjusted the values of ‹ for the other thresholding rules so that
their estimated values are the same when ˆ D 3. The SCAD
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Figure 1. Three Penalty Functions p‹(ˆ) and Their Quadratic Approximations. The values of ‹ are the same as those in Figure 5(c).

for large —ˆ— is a suf� cient condition for unbiasedness for a
large true parameter. It corresponds to an improper prior dis-
tribution in the Bayesian model selection setting. A suf� cient
condition for the resulting estimator to be a thresholding rule
is that the minimum of the function —ˆ— C p0

‹4—ˆ—5 is positive.
Figure 3 provides further insights into this statement. When
—z— < minˆ 6D08—ˆ— C p0

‹4—ˆ—59, the derivative of (2.3) is posi-
tive for all positive ˆ’s (and is negative for all negative ˆ’s).
Therefore, the penalized least squares estimator is 0 in this
situation, namely Ô D 0 for —z— < minˆ 6D08—ˆ—C p0

‹4—ˆ—59. When
—z— > minˆ 6D0 —ˆ— C p0

‹4—ˆ—5, two crossings may exist as shown
in Figure 1; the larger one is a penalized least squares esti-
mator. This implies that a suf� cient and necessary condition
for continuity is that the minimum of the function —ˆ—Cp0

‹4—ˆ—5
is attained at 0. From the foregoing discussion, we conclude
that a penalty function satisfying the conditions of sparsity
and continuity must be singular at the origin.

It is well known that the L2 penalty p‹4—ˆ—5 D ‹—ˆ—2 results
in a ridge regression. The L1 penalty p‹4—ˆ—5 D ‹—ˆ— yields a
soft thresholding rule

Ô
j D sgn4zj 54—zj — ƒ ‹5C1 (2.6)

Figure 2. Plot of Thresholding Functions for (a) the Hard, (b) the Soft, and (c) the SCAD Thresholding Functions With ‹ D 2 and a D 3.7
for SCAD.

which was proposed by Donoho and Johnstone (1994a).
LASSO, proposed by Tibshirani (1996, 1997), is the penalized
least squares estimate with the L1 penalty in the general least
squares and likelihood settings. The Lq penalty p‹4—ˆ—5 D ‹—ˆ—q

leads to a bridge regression (Frank and Friedman 1993 and
Fu 1998). The solution is continuous only when q ¶ 1. How-
ever, when q > 1, the minimum of —ˆ— C p0

‹4—ˆ—5 is zero and
hence it does not produce a sparse solution [see Fig. 4(a)].
The only continuous solution with a thresholding rule in this
family is the L1 penalty, but this comes at the price of shifting
the resulting estimator by a constant ‹ [see Fig. 2(b)].

2.1 Smoothly Clipped Absolute Deviation Penalty

The Lq and the hard thresholding penalty functions do not
simultaneously satisfy the mathematical conditions for unbi-
asedness, sparsity, and continuity. The continuous differen-
tiable penalty function de� ned by

p0
‹4ˆ5 D ‹ I4ˆ µ ‹5 C

4a‹ ƒ ˆ5C

4a ƒ 15‹
I4ˆ > ‹5

for some a > 2 and ˆ > 01 (2.7)
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Geometry of linear transform
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Singular value decomposition

Let A ∈ Rm×n with r = rank (A). The “singular value decomposition
(SVD)” of A is

A = UDVT =
r

∑
i=1

diuivT
i

I D = diag {d1, . . . , dr} and d1 ≥ · · · ≥ dr > 0. Each di is called a
“singular value” of A

I U ∈ Rm×r and V ∈ Rn×r such that UTU = VTV = Ir. Further,
〈U〉 = 〈A〉 and 〈V〉 =

〈
AT〉

I ui is the ith column of U and is called a “left singular vector”, and
vi the ith column of V and is called a “right singular vector”

I (U, D, V) above can be extended into U ∈ Rm×n, V ∈ Rn×n and
D = diag {d1, . . . , dn} such that UTU = VTV = In and
dr+1 = · · · = dn = 0
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Geometric meaning of SVD: illustration

I SVD M = UΣV∗ where Σ is diagonal; note the rotations induced
by U and V∗ and scaling induced by Σ (Credit: Wiki)
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Spectral decomposition

Let A ∈ Rm×m with A = AT. The “spectral decomposition” of A is

A = ṼD̃ṼT
=

m

∑
i=1

d̃iṽiṽT
i

I D̃ = diag
{

d̃1, . . . , d̃m
}

with
∣∣d̃1
∣∣ ≥ · · · ≥

∣∣d̃m
∣∣, and each d̃i is called

an “eigenvalue” of A
I Ṽ ∈ Rm×m such that ṼTṼ = Im, and the ith column ṽi of Ṽ is an

eigenvector of A associated with d̃i

I
(
d̃i, ṽi

)
is called the “ith eigenpair”

Remark: Spectral decomposition⇐⇒ SVD; decompositions hold for
Hermitian matrix A = A∗ with operation “conjugate transpose ∗”
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Maximal scaling

I A ∈ Rm×n induces a linear map A : Rn → Rm via right
multiplication w = Av

I Set S = ATA. Then S � 0, i.e., S is positive semi-definite, and

‖w‖2 = ‖Av‖2 = vT
(

ATA
)

v = vTSv

I SVD A = UDVT gives S = VD2VT with D = diag {d1, . . . , dn}
where

d1 ≥ · · · ≥ dn ≥ 0

I Set ‖A‖op = max1≤i≤n di = d1. Rayleigh’s inequality:

‖Av‖ ≤ ‖A‖op ‖v‖ ,

i.e., v ∈ Rn can be scaled at most ‖A‖op by A when mapped to Av
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Rayleigh’s inequality

I Recall S = ATA = VD2VT, VTV = I and D = diag {d1, . . . , dn}
I Recall w = Av . So, ‖w‖2 = vTVD2VTv. Let ṽ = VTv. Then

‖ṽ‖ = ‖v‖ , i.e., orthogonal transform preserves length

Recall ‖A‖op = max1≤i≤n di. Then

‖Av‖2 = vTVD2VTv = ṽTD2ṽ ≤ ‖A‖2
op ‖ṽ‖2 = ‖A‖2

op ‖v‖2

with equality iff v = cv1 with (d1, v1) and c 6= 0
I So, ‖Av‖ ≤ ‖A‖op ‖v‖ and

(
max‖v‖=1 ‖Av‖ , argmax‖v‖=1 ‖Av‖

)
=
(
‖A‖op , v1

)

Xiongzhi Chen (Washington State University) Stat 577 “Statistical Learning Theory” 41 / 58



Successive maximal scaling

I Recall S = ATA = VD2VT with VTV = I and

D = diag {d1, . . . , dn} and d1 ≥ · · · ≥ dn ≥ 0

I Rayleigh’s inequality: max‖v‖=1 ‖Av‖ ≤ ‖A‖op = d1

I Recall vi as ith column of V and eigenpair (di, vi). Same
arguments (plus induction) can show, for 1 ≤ k ≤ n− 1,
(

max
‖v‖=1,v⊥〈v1,...,vk〉

‖Av‖ , argmax
‖v‖=1,v⊥〈v1,...,vk〉

‖Av‖
)

= (dk+1, vk+1)

by noting that {vi}n
i=1 are orthonormal and constraint ‖v‖ = 1

I The above is called “sucessive maximal scaling (SMS)” lemma
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Successive maximal scaling: sketch of proof

I Let
(

max‖v‖=1 ‖Av‖ , argmax‖v‖=1 ‖Av‖
)
= (d1, v1)

I Recall Sn−1 = {x ∈ Rn : ‖x‖ = 1}. Since {vi}n
i=1 are orthonormal,

then ‖v‖ = 1 and v ⊥ v1 iff v ∈
〈
{vi}n

i=2
〉

and

∃a = (a1, ..., an−1)
T ∈ Sn−1 such that v =

n

∑
i=2

ai−1vi

I So, Av = ∑n
i=2 ai−1Avi. But {vi}n

i=1 are orthonormal eigenvectors
of S = ATA, So,

‖Av‖2 =
n

∑
i=2

a2
i−1 ‖Avi‖2 =

n

∑
i=2

a2
i−1d2

i ≤ d2
2 ‖a‖2 = d2

2,

i.e.,
(

max‖v‖=1,v⊥v1 ‖Av‖ , argmax‖v‖=1,v⊥v1
‖Av‖

)
= (d2, v2)

I Remaining part done via induction
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Orthogonal projections and PCA
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Directions of successive maximal variability

I Fact: if v ∈ Sn−1 and x ∈ Rn, then their inner product 〈x, v〉 is the
orthogonal projection of x onto v

I Let X ∈ Rn have covariance matrix Σ ∈ Rn×n with eigenpairs
(σi, vi). Given any orthonormal {ui}n

i=1, define yi = 〈X, ui〉. Then
var (〈X, ui〉) = uT

i Σui

I SMS Lemma (applied to Σ) implies that {vi}n
i=1 are the directions

for which {yi}n
i=1 successively achieve maximal variances, i.e.,

{
max‖v‖=1,v⊥〈v1,...,vk〉 var (〈X, v〉) = dk+1

argmax‖v‖=1,v⊥〈v1,...,vk〉 var (〈X, v〉) = vk+1

I vi is called the “ith principal component direction”. Further,
cov

(
〈X, vi〉 ,

〈
X, vj

〉)
= 0 for i 6= j when E (X) = 0
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Principal components

I Let X ∈ Rn and X =
(
xT

1 , ..., xT
m
)T be the column-centered data

matrix (i.e., sample mean for entries of each column of X is 0)
I SVD X = UDVT gives S = XTX = VD2VT, and S = m−1c̃ov (X)

I Let
{(

d2
i , vi

)}n
i=1 be the eigenpairs of S. Given any orthonormal

{ũi}n
i=1, define zi = Xũi. Then

zi = (z1i, ..., zmi)
T = (〈x1, ũi〉 , · · · , 〈xm, ũi〉)T

and c̃ov (zi) = ũT
i Sũi. (What is the interpretation of zi?)

I SMS Lemma (applied to S) implies that {vi}n
i=1 are the directions

for which {zi}n
i=1 successively achieve maximal sample variances, i.e.,

{
max‖v‖=1,v⊥〈v1,...,vk〉 ṽar (〈X, v〉) = m−1d2

k+1
argmax‖v‖=1,v⊥〈v1,...,vk〉 ṽar (〈X, v〉) = vk+1

I Thus, optimal zi = divi (why?)
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Recap on classic PCA

I Population version of optimal projections:
I Let X ∈ Rn have covariance matrix Σ ∈ Rn×n with eigenpairs

(σi, vi)
I Optimal linear combinations of entries of X are {yi = 〈X, vi〉}n

i=1
when {vi}n

i=1 have to be orthonormal
I {yi}n

i=1 successively achieve maximal variances and are mutually
uncorrelated

I Sample version of optimal projections:

I Let X ∈ Rn and X =
(
xT

1 , ..., xT
m
)T be the column-centered data matrix

I Let
{(

d2
i , vi

)}n
i=1 be the eigenpairs of S = XTX

I Optimal linear combinations of columns of X are {zi = Xvi}n
i=1

when {vi}n
i=1 have to be orthonormal

I {zi}n
i=1 successively achieve maximal sample variances

I Both versions involve orthogonal projections
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Solution for ridge regression
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Norms and geometry

I Unit lp-ball: Bp =
{

x ∈ Rn : ‖x‖p ≤ 1
}

(Credit: Wikipedia
lp-space)
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LASSO and Ridge estimates

I Contour of RSS can only meet vertex on l1-sphere (due to
subdifferential) since l1-norm is singular at 0, leading to variable
selection via hard thresholding

I Contour of RSS can meet any point on l2-sphere since l2-norm is
nonsingular at 0, leading to shrinkage only

3.4 Shrinkage Methods 71

TABLE 3.4. Estimators of βj in the case of orthonormal columns of X.M and λ
are constants chosen by the corresponding techniques; sign denotes the sign of its
argument (±1), and x+ denotes “positive part” of x. Below the table, estimators
are shown by broken red lines. The 45◦ line in gray shows the unrestricted estimate
for reference.

Estimator Formula

Best subset (size M) β̂j · I(|β̂j | ≥ |β̂(M)|)
Ridge β̂j/(1 + λ)

Lasso sign(β̂j)(|β̂j | − λ)+

(0,0) (0,0) (0,0)

|β̂(M)|

λ

Best Subset Ridge Lasso

β^ β^2
. .β

1

β 2

β1
β

FIGURE 3.11. Estimation picture for the lasso (left) and ridge regression
(right). Shown are contours of the error and constraint functions. The solid blue
areas are the constraint regions |β1| + |β2| ≤ t and β2

1 + β2
2 ≤ t2, respectively,

while the red ellipses are the contours of the least squares error function.
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Linear model with scalar response

I Predictor X =
(
X1, ..., Xp

)T ∈ Rp and response Y ∈ R

I Coefficient vector β =
(

β1, . . . , βp
)T ∈ Rp and population model

Y =
p

∑
j=1

Xjβj + ε,

where ε ∈ R is the random error term E (ε) = 0 and var (ε) = σ2

I Data version: set ε = (ε1, ..., εN)
T ∈ RN and each εi ∼ ε, then

y = Xβ + ε
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Ridge regression

I l2-penalized RSS:

h2 (β; λ) = ‖y− Xβ‖2 + λ ‖β‖2

= ‖y‖2 − (Xβ)T y + βT
(

λI + XTX
)

β

I If
∣∣XTX

∣∣ 6= 0, then unique optimizer

β̂R (λ) =
(

λI + XTX
)−1

XTy for λ ≥ 0

I If XTX = I, then β̂R (λ) = (1 + λ)−1 XTy = (1 + λ)−1 β̂

I β̂R (0) = β̂, i.e., LSE and unbiased when E (ε) = 0
I β̂R (∞) = 0, i.e., largest based but smallest “variance”
I For some λ ∈ (0, ∞), there is a balance between bias and variance

when
∣∣XTX

∣∣ = 0
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Ridge regression: solution path

I df (λ) = trace
(

X
(
λI + XTX

)−1 XT
)
= trace (Hλ) ↓ λ

3.4 Shrinkage Methods 65
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FIGURE 3.8. Profiles of ridge coefficients for the prostate cancer example, as
the tuning parameter λ is varied. Coefficients are plotted versus df(λ), the effective
degrees of freedom. A vertical line is drawn at df = 5.0, the value chosen by
cross-validation.
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Trajectory of selected models

I “Circle”, “Rectangle” and “Triangle”: models selected by LASSO,
Ridge and BSS; “Diamond”: best model by BSS

                       

 
  

 
 

 
  

 
 

 
  

 
 

 
  

 
 

 
  

 
 

 
  

 
 

 
  

 
 

 
  

 
 

 
  

 
 

 
  

 
 

 
  

  
 

      

LASSO
Thursday, March 10, 2022 9:32 PM

   LASSO Page 1    

Xiongzhi Chen (Washington State University) Stat 577 “Statistical Learning Theory” 54 / 58



Adaptive shrinkage for non-orthogonal design

I Recall ridge estimate β̂R (λ) =
(
λI + XTX

)−1 XTy for λ ≥ 0
I Recall X = UDVT ∈ Rn×p and S = XTX, where ui is the ith

column of U, UTU = VTV = Ip and

D = diag {d1, . . . , dn} & d1 ≥ · · · ≥ dn ≥ 0

I Adaptive shrinkage on LSE β̂ = β̂R (0), i.e., β̂R (λ) 6= cλ β̂ for some
cλ 6= 0 (except when XTX = I)

I Adaptive shrinkage in prediction:

ŷ = Xβ̂R (λ) = UD
(
λI + D2)−1

DUTy =
p

∑
j=1

uj
d2

j

d2
j + λ

uT
j y,

i.e., ŷ is a sum of projections of y onto each uj with shrinkage

proportional to d2
j

(
d2

j + λ
)−1
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Adaptive shrinkage for non-orthogonal design

I Recall X = UDVT and S = XTX = VD2VT, where ui is the ith
column of U and

D = diag {d1, . . . , dn} & d1 ≥ · · · ≥ dn ≥ 0

I Recall zi = Xvi = diui, 1 ≤ i ≤ n successively achieve maximal
sample variances, i.e., ṽar (zi) = m−1d2

i . Recall

ŷ = Xβ̂R (λ) =
p

∑
j=1

ujd2
j

(
d2

j + λ
)−1

uT
j y

I So, ŷ is a sum of shrunken y’s in the directions {ui}n
i=1 of

successive maximal sample variances where a larger such
variance leads to more shrinkage
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Adaptive shrinkage in prediction: illustration

I Recall ŷ = ∑
p
j=1 ujd2

j

(
d2

j + λ
)−1

uT
j y 3.4 Shrinkage Methods 67
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2

FIGURE 3.9. Principal components of some input data points. The largest prin-
cipal component is the direction that maximizes the variance of the projected data,
and the smallest principal component minimizes that variance. Ridge regression
projects y onto these components, and then shrinks the coefficients of the low–
variance components more than the high-variance components.

component. Subsequent principal components zj have maximum variance
d2j/N , subject to being orthogonal to the earlier ones. Conversely the last
principal component has minimum variance. Hence the small singular val-
ues dj correspond to directions in the column space of X having small
variance, and ridge regression shrinks these directions the most.

Figure 3.9 illustrates the principal components of some data points in
two dimensions. If we consider fitting a linear surface over this domain
(the Y -axis is sticking out of the page), the configuration of the data allow
us to determine its gradient more accurately in the long direction than
the short. Ridge regression protects against the potentially high variance
of gradients estimated in the short directions. The implicit assumption is
that the response will tend to vary most in the directions of high variance
of the inputs. This is often a reasonable assumption, since predictors are
often chosen for study because they vary with the response variable, but
need not hold in general.
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