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Overview and Some Questions
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Overview

Topics to cover

1. Regression with multivariate response
2. Regularized linear models
3. Other regularization techniques
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Some questions: I

1. Let X ∈ Rn×(p+1). Let tr be the trace operator for matrices. Do you
know that

tr

(
I− X

(
XTX

)−1
XT
)
= n− (p + 1) (1)

when rank (X) = p + 1? Note H = X
(
XTX

)−1 XT is often called the
“hat matrix” in statistics.

2. What is your understanding of the term “degrees of freedom”?
What is the degrees of freedom for

σ̂2 =
1

n− (p + 1)

n

∑
i=1

(yi − ŷi)
2 ,

where ŷi is the fitted value for yi?
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Some questions: II

1. What is the purpose of regularization? What properties does an
optimizer of the following regularization

Rλ (f ) =
N

∑
i=1

(yi − f (xi))
2 + λ

∫ [
f ′′ (x)

]2 dx

have?
2. Can you explain what properties of f each of these controls:∫

[f ′′ (x)]2 dx,
∫
[f ′ (x)]2 dx and

∫
[f (x)]2 dx?

3. What is a general principle for variable/model selection?
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Some questions: III

1. What is the key difficulty for Subset Selection?
2. Why cannot Backward Stepwise selection be applied when N < p,

i.e., when the sample size is smaller than the number of
predictors?

3. Among Best Subset selection, Forward-stepwise selection, and
backward-stepwise selection, which produces a sequence of
nested model?
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Some questions: IV

1. Why in Figure 3.6 the mean-squared errors of the estimated
coefficient are close for Best Subset, Forward Stepwise and
Backward Stepwise selection? The text book claims that “Their
performance is very similar, as is often the case.” Is there an
example where their performances are not similar?

2. What are your comments about a variable selection method that
includes a predictor if it is the most correlated with the current
residual among all remaining predictors to be selected?

3. What are 3 principles of variable selection that were advocated by
Dr. Jianqing Fan’s 2001 paper “Variable Selection via Nonconcave
Penalized Likelihood and its Oracle Properties”? How to achieve
these via a penalty?
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Linear Models
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Scalar response

I Predictor X =
(
X1, ..., Xp

)T ∈ Rp and response Y ∈ R

I Coefficient vector β =
(

β0, β1, . . . , βp
)T ∈ Rp+1 and population

model

Y = β0 +
p

∑
j=1

Xjβj + ε,

where ε ∈ R is the random error term
I Given observation vector y = (y1, . . . , yN)

T for Y and those xi for
X, we define design matrix

X =

 x̃T
1
...

x̃T
N

 =

 1 xT
1

...
...

1 xT
N

 ∈ RN×(p+1)
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Scalar response

I Data version of model y = Xβ + ε, where ε = (ε1, ..., εN)
T ∈ RN

and each εi ∼ ε

I Minimizing “residual sums of squares (RSS)”

RSS (β) = (y− Xβ)T (y− Xβ) = ‖y− Xβ‖2

gives “least squares estimate (LSE)” of β as

β̂ =
(

XTX
)−

XTy,

where A− is a generalized inverse of a matrix A
I Least squares estimate of y as

ŷ = Xβ̂ = X
(

XTX
)−

XTy,

i.e., ŷ is the orthogonal projection of y onto the column space of X
I ŷ is unique but β̂ not always
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Distributional properties of LSE

I Recall the model y = Xβ + ε and LSE β̂ =
(
XTX

)−1 XTy
I Assume ε ∼ Normal

(
0, σ2I

)
. Then we have unbiasedness

E
[

β̂
]
= E

[(
XTX

)−1
XT (Xβ + ε)

]
= β

I Further, set S = XTX. Then β̂ − β = S−1XTε and

Var
(

β̂
)
= E

{(
β̂ − β

) (
β̂ − β

)T
}

= E
{

S−1XTεεT
(

S−1XT
)T
}

=
(

S−1XT
)

E
(

εεT
) (

S−1XT
)T

= σ2S−1XTX
(

S−1
)T

= σ2
(

XTX
)−1
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Estimating variance of error term

I Recall the model y = Xβ + ε, LSE β̂ =
(
XTX

)−1 XTy and
ŷ = Xβ̂ = (ŷ1, ..., ŷN)

T

I Assume ε ∼ Normal
(
0, σ2I

)
. Then an estimate of σ2 is

σ̂2 =
1

N− p− 1

N

∑
i=1

(yi − ŷi)
2 =

‖y− ŷ‖2

N− p− 1
,

and
(N− p− 1) σ̂2 ∼ σ2χ2

N−p−1

I Further, β̂ and σ̂2 are statistically independent

Xiongzhi Chen (Washington State University) Stat 577 “Statistical Learning Theory” 12 / 46



Linear model: recap

I Recall the model

Y = β0 +
p

∑
j=1

Xjβj + ε with E (ε) = 0

I Equivalent model: E (Y|X) = β0 + ∑
p
j=1 Xjβj

I Caution: if E (Y|X) is restricted in, e.g., [0, 1] but
β =

(
β0, β1, . . . , βp

)T ∈ Rp+1 is allowed, then the above model is
insensible

I In general, we model

g [E (Y|X)] = β0 +
p

∑
j=1

Xjβj,

where g is a suitable “link function”

Xiongzhi Chen (Washington State University) Stat 577 “Statistical Learning Theory” 13 / 46



Derivation of LSE: I

I Recall

RSS (β) = (y− Xβ)T (y− Xβ) = ‖y− Xβ‖2 (2)

= yTy− (Xβ)T y− yTXβ︸ ︷︷ ︸
=2yTXβ

+βT XTX︸︷︷︸
=S

β

I Vector calculus to derive β̂ ∈ argminβ∈Rp+1 RSS (β)

I Let ej ∈ Rp+1 have its jth entry as 1 and the rest as 0. Set
a = yTX =

(
a1, ..., ap+1

)
. Then

∂βj (aβ) = lim
t→0

a
(

β + tej
)
− aβ

t
= aej = aj,

and the gradient ∇β, always a column vector, is

∇β

(
yTXβ

)
= ∇β (aβ) = aT = XTy (3)
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Derivation of LSE: II

I Obtain the gradient ∇β

(
βTSβ

)
as follows:

∂βj

(
βTSβ

)
= lim

t→0
t−1
[(

β + tej
)T S

(
β + tej

)
− βTSβ

]
= lim

t→0
t−1
[
tβTSej + teT

j Sβ + t2eT
j Sej

]
= lim

t→0
t−1
[
2teT

j Sβ + t2eT
j Sej

]
since S = ST

= 2eT
j Sβ = 2 (Sβ)j = the jth entry of Sβ

and
∇β

(
βTSβ

)
= 2Sβ = 2XTXβ (4)

I Note: eT
j b gives the jth entry of b, and eT

j A the jth row of A, and
Aej the jth column of A
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Derivation of LSE: III

I Combining (2), (3) and (4) gives

∇βRSS (β) = ∇β ‖y− Xβ‖2 = −2XTy + 2XTXβ

I The critical condition for β̂ ∈ argminβ∈Rp+1 RSS (β) forces

∇βRSS (β)
∣∣

β̂
= 0. This gives the “normal equation” for β̂ as

−2XTy + 2XTXβ = 0⇔ XTXβ = XTy, (5)

where the symbol⇔ denotes “equivalence” or “if and only if”

I So, LSE β̂ =
(
XTX

)− XTy

Xiongzhi Chen (Washington State University) Stat 577 “Statistical Learning Theory” 16 / 46



Vector response

I Linear model with a scalar response: Y = β0 + ∑
p
j=1 Xjβj + ε and

y = Xβ + ε

I Linear model with vector response:
I Let Y = (Y1, ..., Ym) and X =

(
1, X1, ..., Xp

)
I Let B ∈ R(p+1)×m be the unknown coefficient matrix, and ε ∈ Rm

the random error vector
I Models:  population version: Y = XB + ε

data version: Y = XB + E
data version (rowwise): yi = xiB + εi

,

where the ith row yi of Y contains the ith observation for Y, the ith
row xi of X the ith observation on X, and ith row εi of E the ith
realization of ε for 1 ≤ i ≤ N
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LSE of coefficient matrix

I Recall model yi = xiB + εi or Y = XB + E and

RSS (B) =
N

∑
i=1
‖yi − xiB‖2

I Then minimizing RSS (B) for B ∈ R(p+1)×m gives the LSE

B̂ =
(

XTX
)−

XTY,

where
(
XTX

)− is a general inverse of S = XTX, and is S−1 if S is
invertible
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Derivation of LSE: overview

I Frobenius norm and trace operator
I Special matrices and basis
I Matrix calculus
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Trace operator and Frobenius norm

Let A =
(
aij
)
∈ Rn×m.

I Define its “Frobenius norm” as

‖A‖ =
√

∑n
i=1 ∑m

j=1 a2
ij

I When m = n, i.e., A is a square matrix, its “trace” is defined as

trace (A) = ∑n
i=1 aii

I For any two (compatible) matrices A and C, we have{
trace (A) = trace

(
AT) ; trace (AC) = trace (CA) ;

trace (A + C) = trace (C + A)

since trace operates on the diagonal entries of a matrix

Xiongzhi Chen (Washington State University) Stat 577 “Statistical Learning Theory” 20 / 46



Frobenius norm

I Let A =
(
aij
)
∈ Rn×m and write

A =

 a1
...

an


︸ ︷︷ ︸
row layout

=
(

ã1 · · · ãm
)︸ ︷︷ ︸

column layout

I Recall the Frobenius norm ‖A‖ =
√

∑n
i=1 ∑m

j=1 a2
ij. Then

‖A‖ =
√

n

∑
i=1
‖ai‖2 =

√
m

∑
i=1

∥∥ãj
∥∥2

I Also, ‖A‖ = ‖vec (A)‖, where

vec (A) =
(

ãT
1 , ..., ãT

m

)
︸ ︷︷ ︸

column concatenation

or vec (A) = (a1, ..., an)︸ ︷︷ ︸
row concatenation
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Trace operator and Frobenius norm

I Let A =
(
aij
)
∈ Rn×m and write

A =

 a1
...

an

 =
(

ã1 · · · ãm
)

I Its Frobenius norm: ‖A‖ =
√

∑n
i=1 ‖ai‖2 =

√
∑m

i=1
∥∥ãj
∥∥2

I Since
(
AAT) (i, i) = aiaT

i = ‖ai‖2 and
(
ATA

)
(j, j) =

∥∥ãj
∥∥2, then

‖A‖2 =
n

∑
i=1

(
AAT

)
(i, i) = trace

(
AAT

)
=

m

∑
i=1

(
ATA

)
(j, j) = trace

(
ATA

)
I Namely, ‖A‖ =

√
trace (ATA) =

√
trace

(
AAT)
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Frobenius norm and inner product

I Let A =
(
aij
)
∈ Rn×m and recall its Frobenius norm

‖A‖ =
√

∑n
i=1 ∑m

j=1 a2
ij =

√
trace (ATA) =

√
trace

(
AAT)

I For C ∈ Rn×m, we can define “inner product”

〈A, C〉 = trace
(

ATC
)
= trace

(
CTA

)
(6)

I When A and C are vectors in Rs, 〈A, C〉 is just the Euclidean inner
product

I With (6), we can endow a geometric structure on Rn×m, where we
can discuss angle, length, etc and where essentially we regard A
as vec (A)
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Special matrices

I Let Pij ∈ Rn×m have only its (i, j)th entry as 1 and the rest as 0
I The set

{
Pij
}

1≤i≤n,1≤j≤m form a basis for Rn×m, i.e., any

A =
(
aij
)
∈ Rn×m is a linear combination of the Pij’s. In fact,

A =∑n
i=1 ∑m

j=1 aijPij ⇔ A =
(
aij
)

I Note PT
ij = Pji. Let PT

ijA ∈ Rm×m. Then

PT
ijA =

 0
ai1, ai2, ..., aim

0

 ,

i.e., the jth row of PT
ijA is the ith row of A =

(
aij
)
, and all other

rows of PT
ijA are zero
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Matrix calculus

I Recall Pij ∈ Rn×m has only its (i, j)th entry as 1 and the rest as 0,
and pick any A =

(
aij
)
∈ Rn×m

I Let g : Rn×m → R and define

∂g (A)

∂A
=

(
∂g (A)

∂aij

)
∈ Rn×m,

where the partial derivative

∂

∂aij
g (A) = lim

t→0

1
t
[
g
(
A + tPij

)
− g (A)

]
I An example g is

g (B) = RSS (B) =
N

∑
i=1
‖yi − xiB‖2 = ‖Y− XB‖2

= trace
[
(Y− XB)T (Y− XB)

]
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Derivation of LSE: strategy

I Recall B =
(
bij
)

and

RSS (B) = g (B) = trace
[
(Y− XB)T (Y− XB)

]
and

∂g (B)
∂B

=

(
∂g (B)

∂bij

)
=

(
lim
t→0

1
t
[
g
(
B + tPij

)
− g (B)

])
I The critical condition for

B̂ ∈ argmin
B∈R(p+1)×m

RSS (β) =⇒ ∂g (B)
∂B

∣∣∣∣
B̂
= 0,

which induces the normal equation for B̂ as

−2XT (Y− XB) = 0⇔ XTY = XTXB⇒ B̂ =
(

XTX
)−

XTY
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Derivation of LSE: I

I Step 1: compute difference as

g
(
B + tPij

)
− g (B)

= trace
{[

Y− X
(
B + tPij

)]T [Y− X
(
B + tPij

)]}
− trace

[
(Y− XB)T (Y− XB)

]
= trace

{[
(Y− XB)− tXPij

]T [
(Y− XB)− tXPij

]}
− trace

[
(Y− XB)T (Y− XB)

]
= trace

{
−t (Y− XB)T XPij − tPT

ijX
T (Y− XB) + t2PT

ijX
TXPij

}
(note linear terms and quadratic term in t)
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Derivation of LSE: II

I Step 2: compute partial derivative as

∂

∂bij
g (B) = lim

t→0

1
t
[
g
(
B + tPij

)
− g (B)

]
= lim

t→0

1
t
trace

{
−t (Y− XB)T XPij − tPT

ijX
T (Y− XB)

}
+ lim

t→0

1
t
trace

{
t2PT

ijX
TXPij

}
= trace

{
− (Y− XB)T XPij − PT

ijX
T (Y− XB)

}
= −2trace

{
PT

ijX
T (Y− XB)

}
,

since trace (C) = trace
(
CT) with C = PT

ijX
T (Y− XB)
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Derivation of LSE: III

I Step 3: obtain matrix derivative. Set

A = XT (Y− XB) =
(
aij
)

and Q = PT
ijA.

Then

Q = PT
ijA =

 0(
ai1, ..., aij, ...aim

)
0

 (jth row),

i.e., the jth row of Q is the ith row of A and the rest are 0
I So,

∂g (B)
∂bij

= −2trace
{

PT
ijX

T (Y− XB)
}
= −2aij

i.e., ∂
∂bij

g (B) is the (i, j)th entry of A

I By the definition of ∇B as ∇B =
(

∂
∂bij

)
, we see

∇Bg (B) = −2XT (Y− XB)

Xiongzhi Chen (Washington State University) Stat 577 “Statistical Learning Theory” 29 / 46



Derivation of LSE: V

I Obtain normal equation: since

∇Bg (B) = −2XT (Y− XB) ,

setting ∇Bg (B) = 0 gives

−2XT (Y− XB) = 0⇔ XTY = XTXB

I When XTX is invertible, the unique solution is

B̂ =
(

XTX
)−1

XTY (7)
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Dependence adjustment: settings and LSE

I Recall model:{
data version: Y = XB + E

data version (rowwise): yi = xiB + εi

I Assume: εi ∼ G (0, Σ) with |Σ| 6= 0 and
(
XTX

)−1 exitsts

I Then B̂ =
(
XTX

)−1 XTY minimizes

h (B) =
N

∑
i=1

(yi − xiB)Σ−1 (yi − xiB)
T︸ ︷︷ ︸

=ri(Σ)=‖ri(Σ)‖2

=
∥∥∥(Y− XB)Σ−1/2

∥∥∥2
,

I Note: residual vector ri = yi − xiB is adjusted by Σ−1/2 into

ri (Σ) = (yi − xiB)Σ−1/2
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LSE based on adjusted residuals

I “Spectral decomposition”: Σ = UDUT, where UUT = I and D is a
diagonal matrix. Then Σ−1/2 = UD−1/2UT

I Let ỹi = yiΣ
−1/2 and Ỹ = YΣ−1/2. Then the covariance of ỹi is I

I Set B̃ = BΣ−1/2 . Then

h (B) = ∑N
i=1 (yi − xiB)Σ−1 (yi − xiB)

T

⇐⇒ h
(
B̃
)
= ∑N

i=1

(
ỹi − xiB̃

) (
ỹi − xiB̃

)T

I The minimizer of h
(
B̃
)

is

B∗ =
(

XTX
)−1

XTỸ =
(

XTX
)−1

XTYΣ−1/2,

and B̃ = BΣ−1/2 gives B̂ =
(
XTX

)−1 XTY as the minimizer of h (B)
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LSE fails to incorporate dependence adjustment

I B̂ = (XX)−1 XTY is the minimizer of the “weighted RSS”

h (B) =
N

∑
i=1

(yi − xiB)Σ−1 (yi − xiB)
T =

∥∥∥(Y− XB)Σ−1/2
∥∥∥2

,

where ri = yi − xiB is adjusted by Σ−1/2 (encoding dependence)

I However, B̂ = (XX)−1 XTY is also the minimizer of

g (B) =
N

∑
i=1

(yi − xiB) (yi − xiB)
T = ‖Y− XB‖2

I Namely, for a linear model, least squares method cannot take into
account the dependence structure of random error vector
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Weighted least squares: settings and LSE

I Model with ε̃j ∼ G (0, Σ),{
data version: Y = XB + E

data version (columnwise): ỹj = Xb̃j + ε̃j

I Consider the weighted RSS

u (B) =
N

∑
j=1

[
Σ−1/2 (ỹj − Xb̃j

)]T [
Σ−1/2 (ỹj − Xb̃j

)]
Then we have the “weighted LSE”

B̂ =
(

XTΣ−1X
)−1

XTΣ−1Y
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Derivation of weighted LSE

I “Spectral decomposition”: Σ = UDUT, where UUT = I and D is a
diagonal matrix. Then Σ−1/2 = UD−1/2UT and

u (B) = trace

{[
Σ−1/2 (Y− XB)

]T [
Σ−1/2 (Y− XB)

]}
I Set X̃ = Σ−1/2X and Ỹ = Σ−1/2Y. Then

u (B) = trace
{(

Ỹ− X̃B
)T (Ỹ− X̃B

)}
I The minimizer B̂ for u (B) , B ∈ R(p+1)×m is

B̂ =

[(
Σ−1/2X

)T
Σ−1/2X

]−1 (
Σ−1/2X

)T
Σ−1/2Y

=
(

XTΣ−1X
)−1

XTΣ−1Y
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Comparisons: LSE and weighted LSE

I For model Y = XB + E, i.e.,

rowwise: yi = xiB + εi with εi ∼ G (0, Σ) ,

the LSE B̂ =
(
XTX

)−1 XTY is the minimizer of both g (B) = ∑N
i=1 (yi − xiB) (yi − xiB)

T

h (B) = ∑N
i=1

[
(yi − xiB)Σ−1/2

] (
(yi − xiB)Σ−1/2

)T

I For model Y = XB + E, i.e.,

columnwise: ỹj = Xb̃j + ε̃j with ε̃j ∼ G (0, Σ) ,

the LSE B̂ =
(
XTΣ−1X

)−1
XTΣ−1Y is the minimizer of

u (B) =
N

∑
j=1

[
Σ−1/2 (ỹj − Xb̃j

)]T [
Σ−1/2 (ỹj − Xb̃j

)]
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Traditional variable/model selection
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Linear model with scalar response

I Predictor X =
(
X1, ..., Xp

)T ∈ Rp and response Y ∈ R

I Coefficient vector β =
(

β0, β1, . . . , βp
)T ∈ Rp+1 and population

model

Y = β0 +
p

∑
j=1

Xjβj + ε, (8)

where ε ∈ R is the random error term E (ε) = 0 and var (ε) = σ2

I Data version: set ε = (ε1, ..., εN)
T ∈ RN and each εi ∼ ε, then

y = Xβ + ε

I Variable/model selection for (8) is the same as retaining Xj whose
βj 6= 0
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Motivations for variable selection

I “Simple model with good predictive performance” is desired
I There is need for variable/model selection

I when sample size N ≥ p + 1 to obtain simpler models
I when N < p + 1 to obtain more stable models
I when structural assumptions are reasonable to obtain more

efficient models

I Usually variable/model selection is performed in
I “Non-interpolation regime” for, i.e., small and non-zero training

error, for “small models” such as generalized additive models
I “Interpolation regime”, i.e., zero training error, for “big models”

such as neural networks

I Variable/model selection requires criteria
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Selection criteria

I Always keep β0 in Y = β0 + ∑
p
j=1 Xjβj + ε

I Let d be the number of predictors retained in a model and σ̂2 an
estimate of σ2

I Criterion on this model:

Mallow’s Cp: Cp = 1
n

(
RSS + 2dσ̂2)

Akaike information criterion (AIC): AIC ' 1
nσ̂2

(
RSS + 2dσ̂2)

Bayesian information criterion (BIC): BIC ' 1
nσ̂2

(
RSS + dσ̂2 log n

)
Adjusted R-square: R2

Adj = 1− RSS/(n−d−1)
TSS/(n−1)

Cross-validation: no explicit formula
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Best-subset selection (BSS)

I Always keep β0 in Y = β0 + ∑
p
j=1 Xjβj + ε

I There are 2p submodels to check

6.1 Subset Selection 205

6.1 Subset Selection

In this section we consider some methods for selecting subsets of predictors.
These include best subset and stepwise model selection procedures.

6.1.1 Best Subset Selection

To perform best subset selection, we fit a separate least squares regression
best subset
selectionfor each possible combination of the p predictors. That is, we fit all pmodels

that contain exactly one predictor, all
(
p
2

)
= p(p−1)/2 models that contain

exactly two predictors, and so forth. We then look at all of the resulting
models, with the goal of identifying the one that is best.
The problem of selecting the best model from among the 2p possibilities

considered by best subset selection is not trivial. This is usually broken up
into two stages, as described in Algorithm 6.1.

Algorithm 6.1 Best subset selection

1. Let M0 denote the null model , which contains no predictors. This
model simply predicts the sample mean for each observation.

2. For k = 1, 2, . . . p:

(a) Fit all
(
p
k

)
models that contain exactly k predictors.

(b) Pick the best among these
(
p
k

)
models, and call it Mk. Here best

is defined as having the smallest RSS, or equivalently largest R2.

3. Select a single best model from among M0, . . . ,Mp using cross-
validated prediction error, Cp (AIC), BIC, or adjusted R2.

In Algorithm 6.1, Step 2 identifies the best model (on the training data)
for each subset size, in order to reduce the problem from one of 2p possible
models to one of p + 1 possible models. In Figure 6.1, these models form
the lower frontier depicted in red.
Now in order to select a single best model, we must simply choose among

these p + 1 options. This task must be performed with care, because the
RSS of these p + 1 models decreases monotonically, and the R2 increases
monotonically, as the number of features included in the models increases.
Therefore, if we use these statistics to select the best model, then we will
always end up with a model involving all of the variables. The problem is
that a low RSS or a high R2 indicates a model with a low training error,
whereas we wish to choose a model that has a low test error. (As shown
in Chapter 2 in Figures 2.9–2.11, training error tends to be quite a bit
smaller than test error, and a low training error by no means guarantees
a low test error.) Therefore, in Step 3, we use cross-validated prediction
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Forward-stepwise selection

I Always keep β0 in Y = β0 + ∑
p
j=1 Xjβj + ε

I There are 1 + ∑
p−1
k=0 (p− k) = 1 + 2−1p (p + 1) submodels to check

6.1 Subset Selection 207

p = 20, then there are over one million possibilities! Consequently, best sub-
set selection becomes computationally infeasible for values of p greater than
around 40, even with extremely fast modern computers. There are compu-
tational shortcuts—so called branch-and-bound techniques—for eliminat-
ing some choices, but these have their limitations as p gets large. They also
only work for least squares linear regression. We present computationally
efficient alternatives to best subset selection next.

6.1.2 Stepwise Selection

For computational reasons, best subset selection cannot be applied with
very large p. Best subset selection may also suffer from statistical problems
when p is large. The larger the search space, the higher the chance of finding
models that look good on the training data, even though they might not
have any predictive power on future data. Thus an enormous search space
can lead to overfitting and high variance of the coefficient estimates.

For both of these reasons, stepwise methods, which explore a far more
restricted set of models, are attractive alternatives to best subset selection.

Forward Stepwise Selection

Forward stepwise selection is a computationally efficient alternative to best
forward
stepwise
selection

subset selection. While the best subset selection procedure considers all
2p possible models containing subsets of the p predictors, forward step-
wise considers a much smaller set of models. Forward stepwise selection
begins with a model containing no predictors, and then adds predictors
to the model, one-at-a-time, until all of the predictors are in the model.
In particular, at each step the variable that gives the greatest additional
improvement to the fit is added to the model. More formally, the forward
stepwise selection procedure is given in Algorithm 6.2.

Algorithm 6.2 Forward stepwise selection

1. LetM0 denote the null model, which contains no predictors.

2. For k = 0, . . . , p− 1:

(a) Consider all p − k models that augment the predictors in Mk

with one additional predictor.

(b) Choose the best among these p − k models, and call it Mk+1.
Here best is defined as having smallest RSS or highest R2.

3. Select a single best model from among M0, . . . ,Mp using cross-
validated prediction error, Cp (AIC), BIC, or adjusted R2.

Xiongzhi Chen (Washington State University) Stat 577 “Statistical Learning Theory” 42 / 46



Backward-stepwise selection

I Always keep β0 in Y = β0 + ∑
p
j=1 Xjβj + ε

I There are 1 + ∑
p−1
k=0 (p− k) = 1 + 2−1p (p + 1) submodels to check

6.1 Subset Selection 209

# Variables Best subset Forward stepwise

One rating rating

Two rating, income rating, income
Three rating, income, student rating, income, student
Four cards, income, rating, income,

student, limit student, limit

TABLE 6.1. The first four selected models for best subset selection and forward
stepwise selection on the Credit data set. The first three models are identical but
the fourth models differ.

stepwise selection, it begins with the full least squares model containing
all p predictors, and then iteratively removes the least useful predictor,
one-at-a-time. Details are given in Algorithm 6.3.

Algorithm 6.3 Backward stepwise selection

1. LetMp denote the full model, which contains all p predictors.

2. For k = p, p− 1, . . . , 1:

(a) Consider all k models that contain all but one of the predictors
in Mk, for a total of k − 1 predictors.

(b) Choose the best among these k models, and call it Mk−1. Here
best is defined as having smallest RSS or highest R2.

3. Select a single best model from among M0, . . . ,Mp using cross-
validated prediction error, Cp (AIC), BIC, or adjusted R2.

Like forward stepwise selection, the backward selection approach searches
through only 1+p(p+1)/2 models, and so can be applied in settings where
p is too large to apply best subset selection.2 Also like forward stepwise
selection, backward stepwise selection is not guaranteed to yield the best
model containing a subset of the p predictors.

Backward selection requires that the number of samples n is larger than
the number of variables p (so that the full model can be fit). In contrast,
forward stepwise can be used even when n < p, and so is the only viable
subset method when p is very large.

2Like forward stepwise selection, backward stepwise selection performs a guided
search over model space, and so effectively considers substantially more than 1+p(p+1)/2
models.
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Trajectory of selected models

I “Triangle”: trajectory for BSS with “Diamond” as best model
I “Circle”: trajectory for FSS with “Rectangle” as best model
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An illustration

I Always keep β0 in Y = β0 + ∑
p
j=1 Xjβj + ε

3.3 Subset Selection 59

• Computational; for large p we cannot compute the best subset se-
quence, but we can always compute the forward stepwise sequence
(even when p≫ N).

• Statistical; a price is paid in variance for selecting the best subset
of each size; forward stepwise is a more constrained search, and will
have lower variance, but perhaps more bias.
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FIGURE 3.6. Comparison of four subset-selection techniques on a simulated lin-
ear regression problem Y = XTβ+ ε. There are N = 300 observations on p = 31
standard Gaussian variables, with pairwise correlations all equal to 0.85. For 10 of
the variables, the coefficients are drawn at random from a N(0, 0.4) distribution;
the rest are zero. The noise ε ∼ N(0, 6.25), resulting in a signal-to-noise ratio of
0.64. Results are averaged over 50 simulations. Shown is the mean-squared error
of the estimated coefficient β̂(k) at each step from the true β.

Backward-stepwise selection starts with the full model, and sequentially
deletes the predictor that has the least impact on the fit. The candidate for
dropping is the variable with the smallest Z-score (Exercise 3.10). Backward
selection can only be used when N > p, while forward stepwise can always
be used.

Figure 3.6 shows the results of a small simulation study to compare
best-subset regression with the simpler alternatives forward and backward
selection. Their performance is very similar, as is often the case. Included in
the figure is forward stagewise regression (next section), which takes longer
to reach minimum error.
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Recent progresses on BSS

I Best subset selection (BSS) is NP-hard but Mixed Integer
Optimization (MIO) can help

I “Best subset selection via a modern optimization lens” by
Dimitris Bertsimas, Angela King and Rahul Mazumder, The
Annals of Statistics, 2016

I “Sparse high-dimensional regression: Exact scalable algorithms
and phase transitions” by Dimitris Bertsimas and Bart Van Parys,
The Annals of Statistics, 2020
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