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Overview and Some Questions
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Some questions: I

1. Why the decision boundary of a nearest-neighbor method is
nonlinear? Can it be linear?

2. In terms of capturing the domain of the relationship y = f (x) for
the purpose of predicting y, what is the relationship between a
linear regression model and k-nearest neighbor method?

3. How does large dimensionality play an unfavorable role in a
linear model or a nearest-neighbor method?

4. What is the “curse of dimensionality” for a nearest-neighbor
method? What are the causes for it?

5. Can you describe the interaction between dimensionality,
underlying probability distribution, sampling scheme, and a
method being used?

Xiongzhi Chen (Washington State University) Stat 577 “Statistical Learning Theory” 3 / 66



Some questions: II

1. Why “learning by example” can be framed as “function
approximation”? Why is there a need for approximation?

2. What is the statistical and mathematical meaning of a loss
function and of the expected prediction error? What are the
advantages and disadvantages of the squared loss?

3. Does it make sense to consider

εq (f ) =
∫
‖y− f (x)‖q Pr (dx, dy) where q ∈ (0, ∞)

and use the minimizer f̂ of εq (f ), if it exists, as a procedure?
4. Why correctly balancing the bias-variance trade-off is important?

Does the bias-variance decomposition formula provided in the
Text hold when the loss is not the integrated squared loss?

5. You should fully understand the following figures in Chapter 2:
Figures 2.6, 2.7 and 2.9
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Overview

What is “learning”?

I Is learning the process of understanding a physical phenomenon?
I Is learning the process of developing knowledge on a physical

phenomenon?
I Is the purpose of learning to make future predictions on or

capture the truth underlying a physical phenomenon?
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Overview

Depending on whether “training samples” are provided, learning can
be roughly categorized into:

I Supervised learning, where a learner is provided examples from
what is to be learnt

I Unsupervised learning, where a learner is not provided examples
from what is to be learnt

Depending on whether uncertainty is quantified, learning can also be
roughly categorized into:

I Statistical learning, where uncertainty quantification is provided
by a learner

I Machine learning, where uncertainty quantification is not always
provided by a learner
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Some methods for supervised learning

Two popular methods for supervised learning:

I The “least squares” method and its variants

1. Regression models and their regularized versions

I The “nearest neighbors” method and its variants

Questions: Can you provide

1. 3 good properties of least squares method/estimate?
2. 3 not-so-good properties of least squares method/estimate?
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Linear Models
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Settings for classification

Two-class classification:

I N observations (x1, y1), . . . , (xN, yN) ∈ Rp+1, where xi ∈ Rp and
yi ∈ R

I xi records the ith observation for the same p features, and yi is the
class label for xi, for which yi ∈ {0, 1} for all i, i.e., 0 and 1 are the
class labels

I For a new observation (x, y) for which x is known, estimate its
label y, i.e., classify x into one of the 2 classes

Remark: Training set T = {(x1, y1), . . . , (xN, yN)} and the new
observation (x, y) /∈ T
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Linear model

I Predictor XT =
(
X1, X2, ..., Xp

)
and response Y

I Model

Ŷ = β̂0 +
p

∑
j=1

Xj β̂j

I Its extended version
Ŷ = X̃T β̂

(What are X̃ and β̂?)
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Least squares method

Using training set T , we obtain:

I Residual sums of squares

RSS (β) = (y− Xβ)T (y− Xβ)

I Minimizing RSS (β) wrt to β gives “normal equation”

XT (y− Xβ) = 0

I If
(
XTX

)−1 exits, then unique solution

β̂ =
(

XTX
)−1

XTy

Do you see that β̂ is a “linear estimator”?

Task: write out X, β and derive β̂
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Linear classifier: illustration
2.3 Least Squares and Nearest Neighbors 13

Linear Regression of 0/1 Response
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FIGURE 2.1. A classification example in two dimensions. The classes are coded
as a binary variable (BLUE = 0, ORANGE = 1), and then fit by linear regression.
The line is the decision boundary defined by xT β̂ = 0.5. The orange shaded region
denotes that part of input space classified as ORANGE, while the blue region is
classified as BLUE.

The set of points in IR2 classified as ORANGE corresponds to {x : xT β̂ > 0.5},
indicated in Figure 2.1, and the two predicted classes are separated by the
decision boundary {x : xT β̂ = 0.5}, which is linear in this case. We see
that for these data there are several misclassifications on both sides of the
decision boundary. Perhaps our linear model is too rigid— or are such errors
unavoidable? Remember that these are errors on the training data itself,
and we have not said where the constructed data came from. Consider the
two possible scenarios:

Scenario 1: The training data in each class were generated from bivariate
Gaussian distributions with uncorrelated components and different
means.

Scenario 2: The training data in each class came from a mixture of 10 low-
variance Gaussian distributions, with individual means themselves
distributed as Gaussian.

A mixture of Gaussians is best described in terms of the generative
model. One first generates a discrete variable that determines which of
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Column space

I Let wi, i = 1, ..., c be the columns of the matrix Wr×c, then “column
space” col (W) of W is defined as

col (W) =

{
w ∈ Rr : w =

n

∑
i=1

aiwi, ai ∈ R

}

I col (W) is a vector space itself and a vector subspace of Rs with
s ≥ r

I col (W) is a closed subset of Rs with s ≥ r, where Rs is endowed
with Euclidean distance

I col (W) is a convex subset of Rs with s ≥ r, where Rs is
considered a vector space
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Geometry behind least squares method

I Orthogonal projection operator: H = X
(
XTX

)−1 XT onto the
column space col (X) of X

I H is idempotent, i.e., HT = H and HH = H

I Best estimate ŷ = Hy and solution β̂ =
(
XTX

)− XTy, where A−

denotes Moore–Penrose inverse of matrix A
I Unique orthogonal projection but not always unique solution
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“Least squares” in general settings

I Let V be a closed set in a complete metric space (M, d) (e.g., a
Euclidean space, or some space of functions)

I Let y be a point in M. Then there exist ŷ ∈ V such that

ŷ ∈ argmin
z∈V

d2 (z, y) ,

and ŷ is unique when V is also convex

Remark:

1. A vector space is convex
2. ŷ does not need to be a linear function(al) of y
3. Many learning theory and methods can be cast in this general

setting!
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Nearest Neighbors
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Nearest neighbors: algorithm

“K-nearest-neighbor (K-NN)” methods are described as follows:

I Specify a positive integer k as the number of neighboring points
for a given observation

I Compute

Ŷ(x) =
1
k ∑

xi∈Nk(x)
yi = Ave (yi|xi ∈ Nk (x)) ,

where Nk(x) is the neighborhood of x consisting k points xi in T
that are closest to x

I Specify a threshold β ∈ (0, 1), and classify x as follows: Ŷ(x) = 1 if
Ŷ(x) > β, i.e., x is classified into class 1 if Ŷ(x) > β; otherwise
Ŷ(x) = 0. For example, β = 0.5 can be used
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Nearest neighbors: neighbor size

I How many parameters does k-NN have for a fixed k?
I It is 1 or N/k, where N is the sample size?

I Let Y be the population label:

P (Y = 1) = p and P (Y = 0) = 1− p with p ∈ [0, 1]

I What is Ŷ(x) = 1
k ∑xi∈Nk(x) yi?

I What does k-NN estimate?
I How does k-NN estimate?

I What if different values of k are used?
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Vapnik–Chervonenkis dimension

Vapnik–Chervonenkis (VC) dimension:

I Let C be a set andH ⊆ P (C), the power set of C
I Definition: C is shattered byH if

|{H ∈ H : H ∩ C}| = 2|C|,

i.e., no element of C is not contained in a element ofH
I VC dimension D ofH is the largest cardinality of sets shattered by
H

1. Constant classifier f has VC dimension 0
2. Indicator classifier f on R has VC dimension 1

I Effective number of parameters for k-NN relates to VC dimension
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Nearest neighbors: “closeness” and threshold

I In order to determine “neighborhood” Nk(x) of a point x, a
concept of “how close” is needed. How to determine such a
concept?

1. Euclidean distance: d (u, v) =
√
(u− v)T (u− v)

2. Mahalanobis distance: d (u, v) =
√
(u− v)T S (u− v) with S � 0

3. Hamming distance: d (u, v) = ∑
p
i=1 1{ui 6=vi} (ui, vi)

I What does “neighborhood” Nk(x) of a point x look like?
I What if a different threshold β ∈ (0, 1) than β = 0.5 is used, so

that Ŷ(x) = 1 iff Ŷ(x) > β?
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Illustrations: settings

The following examples are taken from Chapter 2 of the Text:

I Observations are from two classes ORANGE or BLUE,such that
ORANGE = 1 and BLUE = 0

I Classifier: KNN for which the class label for x is ORANGE if
Ŷ (x) > 0.5

I The following can be observed: usually a larger k gives a
smoother decision boundary for classification
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Illustrations: visualization I
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FIGURE 2.2. The same classification example in two dimensions as in Fig-
ure 2.1. The classes are coded as a binary variable (BLUE = 0, ORANGE = 1) and
then fit by 15-nearest-neighbor averaging as in (2.8). The predicted class is hence
chosen by majority vote amongst the 15-nearest neighbors.

In Figure 2.2 we see that far fewer training observations are misclassified
than in Figure 2.1. This should not give us too much comfort, though, since
in Figure 2.3 none of the training data are misclassified. A little thought
suggests that for k-nearest-neighbor fits, the error on the training data
should be approximately an increasing function of k, and will always be 0
for k = 1. An independent test set would give us a more satisfactory means
for comparing the different methods.

It appears that k-nearest-neighbor fits have a single parameter, the num-
ber of neighbors k, compared to the p parameters in least-squares fits. Al-
though this is the case, we will see that the effective number of parameters
of k-nearest neighbors is N/k and is generally bigger than p, and decreases
with increasing k. To get an idea of why, note that if the neighborhoods
were nonoverlapping, there would be N/k neighborhoods and we would fit
one parameter (a mean) in each neighborhood.

It is also clear that we cannot use sum-of-squared errors on the training
set as a criterion for picking k, since we would always pick k = 1! It would
seem that k-nearest-neighbor methods would be more appropriate for the
mixture Scenario 2 described above, while for Gaussian data the decision
boundaries of k-nearest neighbors would be unnecessarily noisy.
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Illustrations:: visualization II

16 2. Overview of Supervised Learning

1−Nearest Neighbor Classifier
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FIGURE 2.3. The same classification example in two dimensions as in Fig-
ure 2.1. The classes are coded as a binary variable (BLUE = 0, ORANGE = 1), and
then predicted by 1-nearest-neighbor classification.

2.3.3 From Least Squares to Nearest Neighbors

The linear decision boundary from least squares is very smooth, and ap-
parently stable to fit. It does appear to rely heavily on the assumption
that a linear decision boundary is appropriate. In language we will develop
shortly, it has low variance and potentially high bias.

On the other hand, the k-nearest-neighbor procedures do not appear to
rely on any stringent assumptions about the underlying data, and can adapt
to any situation. However, any particular subregion of the decision bound-
ary depends on a handful of input points and their particular positions,
and is thus wiggly and unstable—high variance and low bias.

Each method has its own situations for which it works best; in particular
linear regression is more appropriate for Scenario 1 above, while nearest
neighbors are more suitable for Scenario 2. The time has come to expose
the oracle! The data in fact were simulated from a model somewhere be-
tween the two, but closer to Scenario 2. First we generated 10 means mk

from a bivariate Gaussian distribution N((1, 0)T , I) and labeled this class
BLUE. Similarly, 10 more were drawn from N((0, 1)T , I) and labeled class
ORANGE. Then for each class we generated 100 observations as follows: for
each observation, we picked an mk at random with probability 1/10, and
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Quick comparison
2.3 Least Squares and Nearest Neighbors 17
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FIGURE 2.4. Misclassification curves for the simulation example used in Fig-
ures 2.1, 2.2 and 2.3. A single training sample of size 200 was used, and a test
sample of size 10, 000. The orange curves are test and the blue are training er-
ror for k-nearest-neighbor classification. The results for linear regression are the
bigger orange and blue squares at three degrees of freedom. The purple line is the
optimal Bayes error rate.

then generated a N(mk, I/5), thus leading to a mixture of Gaussian clus-
ters for each class. Figure 2.4 shows the results of classifying 10,000 new
observations generated from the model. We compare the results for least
squares and those for k-nearest neighbors for a range of values of k.
A large subset of the most popular techniques in use today are variants of

these two simple procedures. In fact 1-nearest-neighbor, the simplest of all,
captures a large percentage of the market for low-dimensional problems.
The following list describes some ways in which these simple procedures
have been enhanced:

• Kernel methods use weights that decrease smoothly to zero with dis-
tance from the target point, rather than the effective 0/1 weights used
by k-nearest neighbors.

• In high-dimensional spaces the distance kernels are modified to em-
phasize some variable more than others.

Xiongzhi Chen (Washington State University) Stat 577 “Statistical Learning Theory” 24 / 66



Curse of Dimensionality
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Uniform distribution on hypercube

I ∞-norm: ‖x‖∞ = max1≤i≤p |xi| for x =
(
x1, ..., xp

)T ∈ Rp

I Non-negative hyper-quadrant:

R
p
≥0 =

{
x ∈ Rp : min1≤i≤p xi ≥ 0

}

I p-dimensional unit cube: Cp =
{

x ∈ R
p
≥0 : ‖x‖∞ ≤ 1

}

I Scaling Cp: for λ ≥ 0, λCp =
{

x ∈ R
p
≥0 : ‖x‖∞ ≤ λ

}

I Translating λCp: for any z =
(
z1, ..., zp

)T ∈ Rp,

λCp (z) =
{

x ∈ Rp : |xi − zi| ≤ 2−1λ, 1 ≤ i ≤ p
}

I Uniform distribution on hypercube λCp (z):

µλCp(z) (A) =
1

λp

∫

A
dx for all “good” A ⊆ λCp (z)
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Hypercube as neighborhood

I The hypercube λCp has volume λp, and if λ = r1/p, then λCp
covers a fraction r of Cp

I Translating λCp by any z ∈ Rp does not change the volume of λCp,
i.e., volume in Euclidean space is translation-invariant

I Fix p = 10, then
r 0.01 0.1
λ 0.63 0.80

I When {xi}N
i=1 follow uniform distribution on Cp, then as

dimension p increases, for an x ∈ Cp a hypercube neighborhood
Nk (x) of size k will have side length (k/N)1/p, gradually forcing
k-NN to be non-local (since limp→∞ r1/p = 1 for any fixed
r ∈ (0, 1]) (why?)
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Curse of dimensionality on “uniform” unit cube

Uniform distribution of observations + Increasing dimension +
Restricted neighborhood shape⇒ Curse of dimensionality for k-NN

2.5 Local Methods in High Dimensions 23
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FIGURE 2.6. The curse of dimensionality is well illustrated by a subcubical
neighborhood for uniform data in a unit cube. The figure on the right shows the
side-length of the subcube needed to capture a fraction r of the volume of the data,
for different dimensions p. In ten dimensions we need to cover 80% of the range
of each coordinate to capture 10% of the data.

distance from the origin to the closest data point is given by the expression

d(p,N) =
(
1− 1

2

1/N)1/p
(2.24)

(Exercise 2.3). A more complicated expression exists for the mean distance
to the closest point. For N = 500, p = 10 , d(p,N) ≈ 0.52, more than
halfway to the boundary. Hence most data points are closer to the boundary
of the sample space than to any other data point. The reason that this
presents a problem is that prediction is much more difficult near the edges
of the training sample. One must extrapolate from neighboring sample
points rather than interpolate between them.
Another manifestation of the curse is that the sampling density is pro-

portional to N1/p, where p is the dimension of the input space and N is the
sample size. Thus, if N1 = 100 represents a dense sample for a single input
problem, then N10 = 10010 is the sample size required for the same sam-
pling density with 10 inputs. Thus in high dimensions all feasible training
samples sparsely populate the input space.
Let us construct another uniform example. Suppose we have 1000 train-

ing examples xi generated uniformly on [−1, 1]p. Assume that the true
relationship between X and Y is

Y = f(X) = e−8||X||2 ,

without any measurement error. We use the 1-nearest-neighbor rule to
predict y0 at the test-point x0 = 0. Denote the training set by T . We can
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Uniform distribution on a ball

I p-dimensional ball of radius r: Bp (r) = {x ∈ Rp : ‖x‖ ≤ r}
I (p− 1)-dim. sphere of radius r: Sp (r) = {x ∈ Rp : ‖x‖ = r}
I p-dim. unit ball Bp = Bp (1) and (p− 1)-dim. unit sphere

Sp = Sp (1)
I Uniform distribution on Bp (r):

µBp(r) (A) =
1

vp(r)

∫

A
dx for all “good” A ⊆ Bp (r) ,

where volume of Bp (r) is

vp(r) =
πp/2rp

Γ(1 + 2−1p)
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Ball as neighborhood

I If data points {zi}N
i=1 are i.i.d. and follow µBp , then the median of

distance from 0 to the closest data point is

d(p, N) =
(

1− 2−1/N
)1/p

(1)

I So, Bp (a) with a ≥ 0.5 likely contains data points, and hence Nk(0)
for x = 0 should contain Bp (0.5) in order to contain at least one zi
in order to be a sensible neighborhood for k-NN

I Proof sketch for the identity (1):

1. Z ∼ µBp implies the density f of Z is f (z) = 1/vp(1). So,

P(d(Z, 0) ≤ s) = P(‖Z‖ ≤ s) = vp(s)/vp(1) = sp
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Median of closest distance in “uniform” unit ball

I 2. Notice δmin,N = min1≤i≤N ‖zi‖ = min1≤i≤N d (zi, 0). For i.i.d.
zi ∼ Z ∼ µBp , then

G(s) = P (δmin,N ≤ s) = 1− (1− sp)N;

set G(s0) = 1/2 and s0 = δ(p, N) =
(

1− 2−1/N
)1/p

. (Interpret s0)

I E.g., δ(10, 500) ≈ 0.52. So, 50% of times there is no observation in
any Bp (r) for all 0 ≤ r < s0, leading to empty Nk (x) for x close to
the origin (Why?)

I Recall T as the training set. Then for larger p, prediction near the
boundary ∂T of T becomes harder (Why?) and extrapolation
from neighboring points (rather than interpolation between them)
is needed
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Example 1

I N = 1000 training samples xi generated uniformly on [−1, 1]p;

I True relationship between X and Y is Y = f (X) = e−8‖X‖2
without

measurement error
I Use 1-NN to predict y0 at test point x0 = 0 by ŷ0

I Let T be training set. Mean squared error (MSE) for estimating
f (0):

MSE (x0) = ET
[
(f (x0)− ŷ0)

2
]
= VarT (ŷ0) + Bias2

T (ŷ0) ,

the bias-variance decomposition; VarT (ŷ0) is due to sampling
variance of 1-NN
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Example 1: visualization

I Left figure: target function; training sample indicated by blue tick
mark; 1-NN has downward bias (why?)

I Right figure: for any x, radius of N1 (x) increases with dimension
p (intuitively why?); for p = 10, for more than 99% of samples the
nearest neighborhood is at distance ≥ 0.5 from origin

2.5 Local Methods in High Dimensions 25
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FIGURE 2.7. A simulation example, demonstrating the curse of dimensional-
ity and its effect on MSE, bias and variance. The input features are uniformly
distributed in [−1, 1]p for p = 1, . . . , 10 The top left panel shows the target func-

tion (no noise) in IR: f(X) = e−8||X||2 , and demonstrates the error that 1-nearest
neighbor makes in estimating f(0). The training point is indicated by the blue tick
mark. The top right panel illustrates why the radius of the 1-nearest neighborhood
increases with dimension p. The lower left panel shows the average radius of the
1-nearest neighborhoods. The lower-right panel shows the MSE, squared bias and
variance curves as a function of dimension p.
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Example 1: visualization

I Left figure: average radius of 1-NN neighborhoods
I Right figure: MSE, squared bias, and variance curves; squared

bias dominates variance (why? Hint: Y = f (X) = e−8‖X‖2
)

I As p increases, 1-NN estimate of f (0) tends to 0 more often than
not (why?)

2.5 Local Methods in High Dimensions 25
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FIGURE 2.7. A simulation example, demonstrating the curse of dimensional-
ity and its effect on MSE, bias and variance. The input features are uniformly
distributed in [−1, 1]p for p = 1, . . . , 10 The top left panel shows the target func-

tion (no noise) in IR: f(X) = e−8||X||2 , and demonstrates the error that 1-nearest
neighbor makes in estimating f(0). The training point is indicated by the blue tick
mark. The top right panel illustrates why the radius of the 1-nearest neighborhood
increases with dimension p. The lower left panel shows the average radius of the
1-nearest neighborhoods. The lower-right panel shows the MSE, squared bias and
variance curves as a function of dimension p.
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Example 2: effective dimension

I Effective dimension
26 2. Overview of Supervised Learning
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FIGURE 2.8. A simulation example with the same setup as in Figure 2.7. Here
the function is constant in all but one dimension: F (X) = 1

2
(X1 + 1)3. The

variance dominates.

unbiased, we find that

EPE(x0) = Ey0|x0
ET (y0 − ŷ0)2

= Var(y0|x0) + ET [ŷ0 − ET ŷ0]
2 + [ET ŷ0 − xT0 β]2

= Var(y0|x0) + VarT (ŷ0) + Bias2(ŷ0)

= σ2 + ET x
T
0 (X

TX)−1x0σ
2 + 02. (2.27)

Here we have incurred an additional variance σ2 in the prediction error,
since our target is not deterministic. There is no bias, and the variance
depends on x0. If N is large and T were selected at random, and assuming
E(X) = 0, then XTX→ NCov(X) and

Ex0
EPE(x0) ∼ Ex0

xT0 Cov(X)−1x0σ
2/N + σ2

= trace[Cov(X)−1Cov(x0)]σ
2/N + σ2

= σ2(p/N) + σ2. (2.28)

Here we see that the expected EPE increases linearly as a function of p,
with slope σ2/N . If N is large and/or σ2 is small, this growth in vari-
ance is negligible (0 in the deterministic case). By imposing some heavy
restrictions on the class of models being fitted, we have avoided the curse
of dimensionality. Some of the technical details in (2.27) and (2.28) are
derived in Exercise 2.5.

Figure 2.9 compares 1-nearest neighbor vs. least squares in two situa-
tions, both of which have the form Y = f(X) + ε, X uniform as before,
and ε ∼ N(0, 1). The sample size is N = 500. For the orange curve, f(x)
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Example 2

I N = 1000 training samples xi generated uniformly on [−1, 1]p;
I True relationship between X and Y is Y = XTβ + ε with

ε ∼ N
(
0, σ2)

I Use least squares to obtain β̂. For any test point x0, estimator

ŷ0 = xT
0 β̂ = xT

0 β + ∑N
i=1 li (x0) εi,

where li (x0) is the ith element of X
(
XTX

)−1 x0

I Expected squared prediction error (ESPE):

ESPE (x0) = Ey0|x0

[
(y0 − ŷ0)

2
]

= Var (y0|x0) + VarT (ŷ0) + Bias2
T (ŷ0)

= σ2 + σ2ET

(
xT

0

(
XTX

)−1
x0

)
+ 02
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Example 2: role of dimensionality

I ESPE (x0) = σ2 + σ2ET
(

xT
0
(
XTX

)−1 x0

)
+ 02

I If N is large, T were selected at random, E (X) = 0, then
XTX→ NCov (X) and

Ex0 [ESPE (x0)] ∼ σ2N−1Ex0

(
xT

0 Cov (X)−1 x0

)
+ σ2

= σ2N−1trace
(

Cov (X)−1 Cov (X)
)
+ σ2

=
pσ2

N
+ σ2
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Example 2: visualization

I Y = f (X) + ε, where X is uniform and ε ∼ N (0, 1); N = 500
I y-axis: ESPE of 1-NN over ESPE of OLS

2.5 Local Methods in High Dimensions 27
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Expected Prediction Error of 1NN vs. OLS

• Linear
• Cubic

FIGURE 2.9. The curves show the expected prediction error (at x0 = 0) for
1-nearest neighbor relative to least squares for the model Y = f(X) + ε. For the
orange curve, f(x) = x1, while for the blue curve f(x) = 1

2
(x1 + 1)3.

is linear in the first coordinate, for the blue curve, cubic as in Figure 2.8.
Shown is the relative EPE of 1-nearest neighbor to least squares, which
appears to start at around 2 for the linear case. Least squares is unbiased
in this case, and as discussed above the EPE is slightly above σ2 = 1.
The EPE for 1-nearest neighbor is always above 2, since the variance of
f̂(x0) in this case is at least σ2, and the ratio increases with dimension as
the nearest neighbor strays from the target point. For the cubic case, least
squares is biased, which moderates the ratio. Clearly we could manufacture
examples where the bias of least squares would dominate the variance, and
the 1-nearest neighbor would come out the winner.

By relying on rigid assumptions, the linear model has no bias at all and
negligible variance, while the error in 1-nearest neighbor is substantially
larger. However, if the assumptions are wrong, all bets are off and the
1-nearest neighbor may dominate. We will see that there is a whole spec-
trum of models between the rigid linear models and the extremely flexible
1-nearest-neighbor models, each with their own assumptions and biases,
which have been proposed specifically to avoid the exponential growth in
complexity of functions in high dimensions by drawing heavily on these
assumptions.

Before we delve more deeply, let us elaborate a bit on the concept of
statistical models and see how they fit into the prediction framework.
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Flexible models in high dimensions

I Rigid assumptions give a linear model unbiasedness and
negligible variance, while the ESPE of 1-NN (without any
assumptions at all) is substantially larger. However, if
assumptions are wrong, 1-NN may dominate linear model

I There is a whole spectrum of models between rigid linear models
and extremely flexible 1-NN models, each with their own
assumptions and biases

I Relying heavily on specific assumptions, these intermediate
models can avoid the exponential growth in complexity of
employed modelling functions in high dimensions
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Bayes Classifier
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Bayes classifier: settings

For two-class classification:

I Population label Y ∼ Bernoulli (p) with P (Y = 1) = p
I Posterior probability:

P (Y|X = x) =
P (X = x|Y)P (Y)

P (X = x)

I Bayes classifier:

Ŷ (x) = argmax
g∈{0,1}

P (Y = g|X = x)

Remark: multi-class classification employs multi-nomial distribution
but same classification rule
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Bayes classifier: illustration
2.4 Statistical Decision Theory 21
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FIGURE 2.5. The optimal Bayes decision boundary for the simulation example
of Figures 2.1, 2.2 and 2.3. Since the generating density is known for each class,
this boundary can be calculated exactly (Exercise 2.2).

and again it suffices to minimize EPE pointwise:

Ĝ(x) = argming∈G

K∑

k=1

L(Gk, g)Pr(Gk|X = x). (2.21)

With the 0–1 loss function this simplifies to

Ĝ(x) = argming∈G [1− Pr(g|X = x)] (2.22)

or simply

Ĝ(x) = Gk if Pr(Gk|X = x) = max
g∈G

Pr(g|X = x). (2.23)

This reasonable solution is known as the Bayes classifier, and says that
we classify to the most probable class, using the conditional (discrete) dis-
tribution Pr(G|X). Figure 2.5 shows the Bayes-optimal decision boundary
for our simulation example. The error rate of the Bayes classifier is called
the Bayes rate.
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Bayes classifier: optimality

Bayes classifier:

I Is Bayes classifier optimal? If so, in what sense?
I In practice can we fully implement Bayes classifier and achieve its

optimality?
I How is Bayes classifier related to and different from k-NN

classifier and linear-regression classifier?
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Formulation of Learning
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General formulation via loss

I Covariate vector X ∈ Rp and response Y ∈ R

I Probabilistic setup: (X, Y) has joint distribution Pr (X, Y)
I Learning: capture Pr (X, Y)
I Predictive Learner f : f (X) to predict Y
I Loss L: L (Y, f (X)); e.g., squared loss L (Y, f (X)) = (Y− f (X))2

I Expected prediction error (EPE):

EPE (f , L) = E (L (Y, f (X)))

and for squared loss

EPE2 (f ) =
∫

(y− f (x))2 Pr (dx, dy)
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Loss function

I Loss L is a nonnegative function(al), chosen by user, and defined
on general metric space (e.g., Y does not need to be a scalar)

I Lp-loss on Euclidean spaces:

Lp (Y, f (X)) = ‖Y− f (X)‖p , p > 0,

e.g., when Y ∈ Rq

I L1-loss is more robust to outliers than L2-loss
I For classification: L0-loss or 0-1 loss

L (y, f (x)) =
{

0 if f (x) = y
1 if f (x) 6= y for observation (x, y)

I Expected prediction error (EPE) is unknown and needs to be
estimated
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Minimizer under a loss

For expected prediction error (EPE)

EPEp (f ) =
∫
‖y− f (x)‖p Pr (dx, dy)

I Under L2-loss, the unique minimizer is

f2,opt (x) = E (Y|X = x)

I Under L1-loss, a minimizer is

f1,opt (x) = Median (Y|X = x)

Caution: median is not always unique or defined
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Minimizer under squared loss

I For EPE under L2-loss, the unique minimizer is

f2,opt (x) = E (Y|X = x)

I Intuition:

1. The spaceH of random variables with finite variances form a
complete metric space under metric

d2 (Z1, Z2) =

√
E
(
‖Z1 − Z2‖2

)

2. LetHX be the set of random variables that are (measurable)
functions of X. ThenHX is a linear subspace ofH

3. Since E (Y|X) is the orthogonal projection of Y ontoHX, it
minimizes EPE2 (f )
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Minimizer under squared loss

Theorem: f̂ (x) = E (Y|X = x) minimizes EPE2 (f )

I Since Pr (X, Y) = P (Y|X)P (X), then

EPE2 (f ) =
∫
[y− f (x)]2 Pr(dx, dy) = EX(EY|X[(Y− f (X))2|X])

I However,

EY|X[(Y− f (X))2|X] ≥ EY|X[(Y− E(Y|X))2|X]

since EY|X([Y− E(Y|X)][E(Y|X)− f (X)]|X) = 0 and

EY|X
(
[Y− f (X)]2 |X

)
= EY|X[(Y− E(Y|X) + E(Y|X)− f (X))2|X]

= EY|X([Y− E(Y|X)]2|X) + EY|X([E(Y|X)− f (X)]2|X)
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Pythagorean theorem

I Squared length of random vector X as ‖X‖2 = E
(
‖X‖2

)

I Let h (X) = E (Y|X). Then

‖Y− f (X)‖2
2 = ‖Y− h (X)‖2

2 + ‖h (X)− f (X)‖2
2

for any measurable f of X
I Equivalently, E {[Y− h (X)] [h (X)− f (X)]} = 0 for any

measurable f of X, i.e.,

Y− h (X) ⊥ h (X)− f (X)
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Strict convexity of squared 2-norm

I Fact: squared 2-norm is strictly convex
I Proof: (1) ‖x‖2 6= ‖y‖2 and λ ∈ (0, 1)

=⇒ λ (1− λ) (‖x‖2 − ‖y‖2)
2 > 0. Expand and rearrange terms to

obtain

(λ ‖x‖2 + (1− λ) ‖y‖2)
2 < λ ‖x‖2

2 + (1− λ) ‖y‖2
2

I (2) Holder’s inequality:

‖fg‖1 ≤ ‖f‖p ‖g‖q for p, q ∈ [1, ∞] and
1
p
+

1
q
= 1

implies Minkowski inequality

‖f + g‖p ≤ ‖f‖p + ‖g‖p for p ∈ [1, ∞]

I (2) Combine these to get

‖λx + (1− λ) y‖2
2 ≤ (λ ‖x‖2 + (1− λ) ‖y‖2)

2 < λ ‖x‖2
2 +(1− λ) ‖y‖2

2
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Median not unique

I Let Z have CDF F with median c, then

P (Z ≥ c) ≥ 1
2

and P (Z ≤ c) ≥ 1
2

I But F (c) = P (Z ≤ c) and

F (c) = 1− P (Z > c) = 1− P (Z ≥ c) + P (Z = c)

implies
1
2
≤ F (c) ≤ 1

2
+ P (Z = c)

I So, median is any number that satisfies the above inequality
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Minimizer under absolute deviation loss

Theorem: f̂ (x) = Median(Y|X = x) minimizes EPE1 (f )
I Minimizing g (X) = EY|X(|Y− f (X)||X) leads to minimizing

EPE1 (f ) =
∫
|Y− f (X)|P(dx, dy) = EX[EY|X(|Y− f (X)||X)]

I But g (x) is minimized by f̂ (x) = Med(Y|X = x) since:
1. Let m = Median (W). Then P(W ≤ m) ≥ 1/2 and P(W ≥ m) ≥ 1/2
2. Let δ = |W− c| − |W|. If m = 0, then for c > 0





E[δ1{W≤0} (W)] = cP(W ≤ 0);
E[δ1{W>0} (W)] ≥ −cP(W > 0);

E(δ) ≥ c [P(W ≤ 0)− P(W > 0)] = c [2P(W ≤ 0)− 1] ≥ 0

and 0 = argminc≥0 E(|W− c|); if m = 0 and c < 0, then consider
−W and −c in δ; if m 6= 0, then consider W−m

3. Thus,
Median (W) = argmin

c∈R

E(|W− c|)
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Minimizer under 0-1 loss

I Class label Y ∈ G = {1, 2, . . . , K}, classifier Ŷ (X) and 0-1 loss L
I Class Gk contains observations whose class label is k
I EPE under L0-loss is

EPE0 (f ) = E
[
L
(
Y, Ŷ (X)

)]
= EX

(
K

∑
k=1

L
(
Gk, Ŷ (X)

)
P (Gk|X)

)

I Minimization pointwise:

Ĝ (x) = argmin
g∈G

K

∑
k=1

L (Gk, g)P (Gk|X) = argmin
g∈G

(1− P (Y = g|X))

or
f̂0,opt (x) = argmax

g∈{1,...,K}
P (Y = g|X = x)
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Summary on three methods

I Regression methods: Ŷ(x) = E (Y|X = x)
I Simple linear model (global methods): Ŷ(x) = xT β̂ with

β̂ =
[
E
(

XXT
)]−1

E (XY) (data version: β̂ =
(

XTX
)−1

XTy)

I k-NN methods (local methods):

Ŷ(x) = Ave (yi|xi ∈ Nk (x)) ,

converging to E (Y|X = x) as N, k→ ∞ and k/N → 0
I Bayes method: Ŷ(x) = argmaxg∈{1,...,K} P (Y = g|X = x)

Remark: Essentially all three methods estimate E (Y|X = x). Since we
can estimate both Pr (Y) and Pr (X), statistical learning essentially
estimates Pr (X, Y)
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Conceptual Framework of Learning
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Supervised learning for prediction

Supervised learning for predictive modelling:

I Training set T = {(x1, y1), . . . , (xN, yN)}, where xi ∈ Rp and
yi ∈ Rq (and (xi, yi) ∈ Rp+q)

I Unknown underlying relationship f : X 7→ Y generates T
I Learner f̂ learns f based on T , and predicts y for a test point x for

(x, y) /∈ T
I Three example learners:

I Simple linear model; k-NN methods; Bayes classifier

and roughly speaking, they all estimate g (x) = E (Y|X = x)
I Ultimate goal: if we can estimate Pr (X, Y), then we can make

accurate predictions
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Balance accuracy and complexity

In general, Pr (X, Y) may be very complicated ...

I Dealing with full generality may not be realistic; e.g., family of
candidate models not amenable for algorithmic implementation
or theoretical analysis

I Structural assumptions: if special structure is known to exist, we
can reduce both bias and variance of estimates of a learner
I Additive error (i.e., additive model): Y = f (X) + ε with E (ε) = 0

for numerical response Y, which implies

E (Y|X = x) = f (x)

I Additive model for numerical response: the squared loss L2 is a
natural performance measure, and accordingly the least squares
method for implementation
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Balance accuracy and complexity

In general, Pr (X, Y) may be very complicated ...

I For categorical response Y, additive model

Y = f (X) + ε with E (ε) = 0

is usually insensible, and we model g (x) = E (Y|X = x)
I Regardless, the model

g (x) = E (Y|X = x)

subsumes additive model, and can still be quite complicated
I So, additional structural assumptions are needed on g. This leads

to functional approximation, structured regression, and model
selection
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Function approximation

To estimate g (x) = E (Y|X = x) (with x =
(
x1, ..., xp

)T):

I Semi-parametric models:

gθ (x) =
K

∑
k=1

hk (x) θk, (2)

whereH0 = {hk ∈ F : k ∈N} and F is a set of suitable functions
and θ = (θ1, ..., θK)

T

I Parametric models (simple linear models): g (x) = xTβ where
β = θ and hk (x) = xk

I Parametric models (logistic regression):
hk (x) = 1/

(
1 + exp

(
−xTβk

))

I Parametric models (polynomial regression): hk (x) = xk
k

I Non-parametric models: NN methods and some kernel density
estimation methods
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Implementations and algorithms

I For numerical response Y and model (2), least squares can be
applied to minimize RSS (θ) = ∑N

i=1 (yi − gθ (xi))
2 to estimate θ

I In general settings where {yi}N
i=1 are i.i.d. from Y with density

Prθ (·), “maximum likelihood principle” can be applied to
maximize wrt θ the joint density/likelihood

L (θ) =
N

∑
i=1

log Prθ (yi) ,

where Prθ (Y) is the density of Y.

1. The above principle is equivalent to the least squares for linear
models with Gaussian error

2. The above likelihood is equivalent to cross entropy when Y is
multinomial for classification
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Structured regression

Estimate g (x) = E (Y|X = x) (with x =
(
x1, ..., xp

)T):

I There may be infinitely many solutions f̂ to

minimizing RSS (f ) =
N

∑
i=1

(yi − f (xi))
2 wrt f ∈ F ,

none with good predictive performance
I Regularization with penalty, i.e., function(al) J to incorporate

structural information
I Penalized RSS: PRSS (f ; λ, J) = RSS (f ) + λJ (f )
I Penalized likelihood: L̃ (θ; J) = L (θ) + λJ (θ)

I The penalty/regularizer J needs to incorporate structural
information and balance model complexity and predictive
performance
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Bia-variance Trade-off
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Classic paradigm for bias-variance trade-off

I Single descent; usually for small models
38 2. Overview of Supervised Learning
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FIGURE 2.11. Test and training error as a function of model complexity.

be close to f(x0). As k grows, the neighbors are further away, and then
anything can happen.

The variance term is simply the variance of an average here, and de-
creases as the inverse of k. So as k varies, there is a bias–variance tradeoff.

More generally, as the model complexity of our procedure is increased, the
variance tends to increase and the squared bias tends to decrease. The op-
posite behavior occurs as the model complexity is decreased. For k-nearest
neighbors, the model complexity is controlled by k.

Typically we would like to choose our model complexity to trade bias
off with variance in such a way as to minimize the test error. An obvious
estimate of test error is the training error 1

N

∑
i(yi − ŷi)2. Unfortunately

training error is not a good estimate of test error, as it does not properly
account for model complexity.

Figure 2.11 shows the typical behavior of the test and training error, as
model complexity is varied. The training error tends to decrease whenever
we increase the model complexity, that is, whenever we fit the data harder.
However with too much fitting, the model adapts itself too closely to the
training data, and will not generalize well (i.e., have large test error). In

that case the predictions f̂(x0) will have large variance, as reflected in the
last term of expression (2.46). In contrast, if the model is not complex
enough, it will underfit and may have large bias, again resulting in poor
generalization. In Chapter 7 we discuss methods for estimating the test
error of a prediction method, and hence estimating the optimal amount of
model complexity for a given prediction method and training set.
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Modern paradigm for bias-variance trade-off

I Double descent; usually for big models
I H: family of functions employed by models
I Credit: https://www.pnas.org/content/116/32/15849
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Modern paradigm for bias-variance trade-off

I Triple descent: usually for big models
I P number of parameters; N sample size; D dimension of inputs
I Credit: https://arxiv.org/abs/2006.03509
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Figure 1: Left: The parameter-wise profile of the test loss exhibits double descent, with a peak at
P =N . Middle: The sample-wise profile can, at high noise, exhibit a single peak at N=P , a single
peak at N=D, or a combination of the two (triple descent2) depending on the degree of nonlinearity
of the activation function. Right: Color-coded location of the peaks in the (P,N) phase space.

to a sharp increase in the variance of the estimator [18, 9], and can be suppressed by regularization or
ensembling procedures [9, 19, 20].

Although double descent has only recently gained interest in the context of deep learning, a seemingly
similar phenomenon has been well-known for several decades for simpler models such as least
squares regression [21, 22, 23, 14, 15], and has recently been studied in more detail in an attempt to
shed light on the double descent curve observed in deep learning [24, 25, 26, 27]. However, in the
context of linear models, the number of parameters P is not a free parameter: it is necessarily equal
to the input dimension D. The interpolation threshold occurs at N=D, and coincides with a peak
in the test loss which we refer to as the linear peak. For neural networks with nonlinear activations,
the interpolation threshold surprisingly becomes independent of D and is instead observed when
the number of training examples is of the same order as the total number of training parameters, i.e.
N∼P : we refer to the corresponding peak as the nonlinear peak.

Somewhere in between these two scenarios lies the case of neural networks with linear activations.
They have P >D parameters, but only D of them are independent: the interpolation threshold occurs
at N=D. However, their dynamical behaviour shares some similarities with that of deep nonlinear
networks, and their analytical tractability has given them significant attention [28, 29, 6]. A natural
question is the following: what would happen for a “quasi-linear” network, e.g. one that uses a
sigmoidal activation function with a high saturation plateau? Would the overfitting peak be observed
both at N=D and N=P , or would it somehow lie in between?

In this work, we unveil the similarities and the differences between the linear and nonlinear peaks. In
particular, we address the following questions:

• Are the linear and nonlinear peaks two different phenomena?
• If so, can both be observed simultaneously, and can we differentiate their sources?
• How are they affected by the activation function? Can they both be suppressed by regulariz-

ing or ensembling? Do they appear at the same time during training?

Contribution In modern neural networks, the double descent phenomenon is mostly studied by
increasing the number of parameters P (Fig. 1, left), and more rarely, by increasing the number of
training examples N (Fig. 1, middle) [13]. The analysis of linear models is instead performed by
varying the ratio P/N . By studying the full (P,N) phase space (Fig. 1, right), we disentangle the
role of the linear and the nonlinear peaks in modern neural networks, and elucidate the role of the
input dimension D.

In Sec.1, we demonstrate that the linear and nonlinear peaks are two different phenomena by showing
that they can co-exist in the (P,N) phase space in noisy regression tasks. This leads to a sample-wise
triple descent, as sketched in Fig. 1. We consider both an analytically tractable model of random
features [30] and a more realistic model of neural networks.

In Sec. 2, we provide a theoretical analysis of this phenomenon in the random feature model. We
examine the eigenspectrum of random feature Gram matrices and show that whereas the nonlinear

2The name “triple descent” refers to the presence of two peaks instead of just one in the famous “double
descent” curve, but in most cases the test error does not actually descend before the first peak.

2
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