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management for decision-makers who often seek to determine how a population

monitoring.
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non-complementary competing hypotheses to allow for sequential calculation of

3. We overcame this limitation by using Bayes' theorem to sequentially update the

Handling Editor: Robin Boyd posterior probability of a tested hypothesis against its complementary as data is
collected. The new test can explicitly consider simple or composite hypotheses
about static or dynamic population densities and process either purely sequential
(one-at-a-time) or group sequential data to produce a trajectory of posterior prob-
abilities related to the tested hypothesis. The efficiency of our new test is dem-
onstrated with three case studies that involve inferences about static or dynamic
pest populations and the detection of rare species through monitoring.

4. Our new test, the sequential test of Bayesian posterior probabilities, offers a
more efficient and accurate approach to assess if a sampled population exceeds
or is below a threshold than probability ratios or fixed-sample-size approaches.
Although the test requires fewer samples, more incorrect decisions may be pro-
duced for purely sequential designs when densities are below the thresholds
(type | error), compared with probability ratios. We show the new test is a pow-
erful, easily implementable framework with applications in natural resource and

pest management, whose outputs are easily interpretable for decision making.
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1 | INTRODUCTION

Inferences about population density often guide interventions
for pest control, biological invasions, and conservation (Barnes
et al., 2021; Binns et al., 2000; Williams et al., 2002). Monitoring
data is often used to infer whether populations are above a thresh-
old where an action should be taken, such as economic thresholds
for pesticides (Binns & Nyrop, 1992). Sequential data analysis is ap-
pealing for assessing population density data against thresholds, as
hypothesis testing is performed whenever new information is col-
lected without requiring a fixed sampling size in advance (Burr, 1976;
Lai, 2001; Lai et al., 2012). Sequential designs are often more cost-
efficient than fixed-sample-size approaches by requiring substan-
tially smaller sample sizes to achieve a given power (Schénbrodt
et al., 2017; Wald & Wolfowitz, 1948).

Most sequential tests monitor evidence in favour of two com-
peting models by updating some version of the likelihood ratio each
time new data is collected. Models are often specified as simple
hypotheses about density (i.e. single values for number of individ-
uals per sampling unit) and sampling continues as long as the mon-
itored likelihood ratio falls between predefined stopping criteria
(Lai, 2001). The sequential probability ratio test is widely used due to
its optimality in sampling costs vs. losses derived from an incorrect
terminal decision (Schnuerch & Erdfelder, 2020; Wald, 1945; Wald
& Wolfowitz, 1948). Yet, a key limitation of this approach is that it
requires the specification of two competing non-complementary
hypotheses, which is often not directly relevant when assessing if
a population is above a threshold (Lai et al., 2012). Furthermore,
the optimality properties of current sequential analysis models are
restricted to testing simple hypotheses and to designs where sin-
gle data are collected every time (i.e. purely sequential sampling),
and these properties may not hold for designs that imply the se-
quential collection of groups of data (i.e. group sequential sampling)
(Lai, 2001; Morgan & Cressie, 1997).

Modifications of the sequential probability ratio test involve a
test where the alternative hypothesis is implicitly derived from a
predefined effect and maximum sample size (Pramanik et al., 2021).
Other modifications account for group sequential sampling with
constant sample size or include weighting parameters to account for
composite hypotheses (Binns et al., 2000; Wald, 1945; Wald, 1947).
Researchers have also proposed variable-sample-size probabil-
ity ratio tests for purely sequential and group sequential designs,
which apply Bayes' theorem to sequentially calculate the poste-
rior probability of a hypothesis relative to an alternative (Cressie &
Morgan, 1993). Stopping criteria or sample sizes for this approach
are not predefined but calculated sequentially based on the balance
between the cost of new samples and that of making an incorrect
decision. The variable-sample-size probability ratio test has been
shown to inherit most of sequential probability ratio test's optimality
properties and offer a more general and cost-efficient approach to
sequential analysis (Morgan & Cressie, 1997).

Here we use the variable-sample-size probability ratio testapproach
to handle explicit simple or composite complementary hypotheses (i.e.
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above or below a threshold) on dynamic or static populations, without
requiring a pair of competing, non-complementary hypotheses. Our
approach, the sequential test of Bayesian posterior probabilities, pro-
poses that stopping decision criteria should be predefined based on
the available sampling effort and desired statistical power. We assess
the test with three case studies that involve management of biologi-
cal populations, two involving pests and one involving detection of a
rare species. We show that the sequential test of Bayesian posterior
probabilities offers a superior alternative to probability ratios or fixed-
sample-size designs to make inferences about population size that are
more interpretable for decision making even when sampling is stopped
before a predefined criterion is reached.

2 | METHODS
2.1 | Model derivation

In a simple case, the aim is to test Hy: u > w against its complemen-
tary Hy: u < w, where y is the true density of a population per sam-
pling unit and y is a density threshold above which an action is taken.
By applying Bayes' theorem to determine credibility for H; under the
condition of an independent and identically distributed instance
x € X from the population, we get:

P(X =x|Hy)P(Hy)

P(Hy X =x) = P(X =xI =H;)P(~Hy) + P(X = x| Hy)P(Hy)’

(1a)

where ~H; denotes the negation of H. As H; and H, are complemen-
tary, ~H; = H,, and Equation (1) may also be expressed including ex-
plicitly H, and Hy:

PX = x| pu > y)P(u > w)

Pu>w|X=x)= .
VI =X = B Tk <wIPGi < w) + PX =Xl 1 = )P = W)
(1b)
The conditional prior density function can be defined as:
a(ulp 2 y) < Lp > y) (2a)
and
aulp <y)x 10 < p <w), (2b)

where z(u) is an improper prior density. Improper priors are prior
probability densities without a finite integral that are a useful tool for
Bayesian inference when there is no prior information on a proper dis-
tribution, and are more appropriate than vague proper distributions
that integrate to the unity (Berger, 2000; Robert, 2007; Taraldsen &
Lindqvist, 2010). If we express Equation (1) in terms of probability den-

sities on the parameter space of u, we get:

sup u
J fxOp)m(p) dy
Pluzy|X=x=— ‘ Y ,
[ fOcmaG du+ [ fxOcum(u) du (3a)
infu v
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where fy(+) is a probability density or mass function with mean x and
known dispersion. In each of the intervals of integration, z(x) is a con-

stant, either por 1 — p, where p = P(u > w). Thus, by substituting:

sup u
[ o) pdu
Puzy|X=x=— - Ty (3b)
[ O A=pydu+ [ fxOGu) pdyu
infu v

As p and 1 — p no longer depend on , they can be moved outside the
integrals to get:
sup u
p [ fxOu)du
P(u2y|X=x)= B

(3c)

sup 4

(1-p) 7 fxOou) du+p [ fxOu)du
infu %

Notice that likelihood of x given fy(e) is integrated over the parame-
ter space of u = {inf 4, ... ,sup u} according to Hy and Hy, such that
0 <inf u < sup u and that sup u can be co. As long as fy(+) (the ker-
nel distribution) is a proper probability density function, the result of
Equation (3) is always on the interval [0, 1].

If a sample x; is collected from a total of I bouts andi € {0, ..., 1},
then p;, = P(y >yl X = x,-) and a sequence of credibility levels for
H; can be produced across sampling bouts by using the posterior
value from the last bout as the prior for the next like so:

sup

p; f fx(Xi?ﬂ) du
W

i1 = Ty )

(1-p) ; fx () du+p; [ fx(xism) du
infu w
which is similar to the decision maker's posterior probability (Cressie
& Morgan, 1993), except that Equation (4) includes explicitly the pa-
rameter space associated with H, and its complementary H,. Note that
H, should be formulated so that p; can be directly associated with the
need for a population management action (e.g. control, quarantine, re-
introduction, etc.).

Ideally, sequential sampling should continue as long as
p. < p; < py, Where p, and py, are predefined upper and lower stop-
ping criteria to decide in favour or against H,, but sampling may
also be terminated before a predefined maximum sampling effort
is reached. In the latter case, the value of p; can inform decisions
as it refers to the absolute level of credibility of H; with the data at
hand and can be associated with the cost of triggering an action from
accepting H, or otherwise. If one knows (i) Ly4, the cost of deciding
in favour of H; when Hy is true (u > w); (ii) Lo, the cost of deciding
in favour of Hy (against Hy) when Hy is true (u < w); (iii) L4q, the cost
of deciding in favour of H; when Hy is true (u < w); and (iv) Ly, the
cost of deciding in favour of Hy when Hy is true (u > y), the optimal
decision rule in favour of H; occurs when (Cressie & Morgan, 1993):

Lyapy + Lio(1=p;) < Lowpy + Loo (1= p) (5a)

or in favour of H, (against H,) when:

Lyspy +Lio(1 = py) 2 Logby + Lo (1 - py), (5b)

where p, is the posterior of the final sampling bout from a total of |
bouts.

On the contrary, when sampling can be continued because the
maximum sample size has not been reached, the definitions of p; and
py are analog to the selection of a and g for sequential probability
ratio tests such that @ ~ p, and g ~ 1 — p, and indicate probabilities
of committing type | or type Il error when H, is true or when Hy is
true, respectively. Smaller values for p; and 1 — p, result in greater
numbers of sampling bouts and more powerful tests. As when de-
signing sequential probability ratio tests for the selection of a and
B, the selection of p; and 1 — p, for the sequential test of Bayesian
posterior probabilities should be based on the operating character-
istics curve and the average number of samples function to ensure
a balance between required precision and the logistically possible
maximum sampling effort (Wald, 1945).

Except for py, the entire set of values for p; are estimated sequen-
tially from the data. The chosen value for p; is based on prior knowl-
edge of the system and expectations for u before sampling begins.
When there is no information before sampling starts, it is advised to
use py = 0.5, but when there is reliable information about the cred-
ibility for Hy, values different from 0.5 can be assigned to pg, which
may reduce the required sampling effort and increase accuracy.

We validated the sequential test of Bayesian posterior proba-
bilities with three case studies that involve the management of bi-
ological populations. The first case addresses a common situation
in agriculture where managers need to assess whether a pest pop-
ulation is above a predefined economic threshold at a single point
in time. The second deals with population monitoring through reg-
ular sampling to determine whether abundance values are compat-
ible with, or above, undesirable trajectories from forecast models.
The third case focuses on the sample size required to monitor the
presence of rare species over time with a prespecified probability

of detection.

2.2 | Case 1: Testing static population densities
through purely sequential sampling

Prior research developed a sequential probability ratio test
to assess if a given tomato leafminer, Tuta absoluta (Meyrick),
population is above a static economic threshold at specific times
(Rincon et al., 2021). The model used a threshold of 9 larvae per
plant, and assumed a negative binomial distribution of tomato
leafminer counts among tomato plants within greenhouses. Even
though the aim is to test the hypothesis of 4 > 9 larvae per plant, a
sequential probability ratio test requires specification of two non-
complementary hypotheses. These were Hy: 4 = 8 larvae per plant,
and Hq:u =10 larvae per plant, and probabilities of committing
type | and type Il error, a and g, were both set to 0.1. The idea is
to count the tomato leafminer larvae on one randomly selected
tomato plant, calculate the ratio between the probability of getting
the data if Hy is true and if Hy is true, and repeat the process until
one of two stop criteria is reached. The upper stopping criterion
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to decide in favour of H; and recommend a control to prevent
yield loss is given by (1 — )/« and the lower to decide in favour
of Hy and recommend doing nothing by /(1 - ). To facilitate
sequential calculation of likelihood ratios and comparison with
the stopping criterion values for sequential probability ratio tests,
two parallel ascending stop lines based on cumulative counts
can be established for several probability density functions.
We used the formulae provided by Binns et al. (2000) for the
sequential probability ratio test stopping lines with a negative
binomial distribution and the variance-mean model fit by Rincon
et al. (2021) to estimate the dispersion parameter k as a function
of u at the threshold density as:

2

1.83;41'22 _ ”' 6

k(u) =
The model for the sequential test of Bayesian posterior probabilities
can be formulated to test explicitly whether the tomato leafminer
population density is above the economic threshold of 9 larvae
per plant. Thus, to test Hy: u > 9 larvae per plant, against its com-
plementary Hy: u < 9 larvae per plant, posterior probabilities were

estimated as:

pi/ NBy (X,';ll, k(ﬂ)) du
9
Piy1= 9 - ’ (7)
(1=p;) f NBy (xisut, k(1)) du+p; [ NBy (x;p0, k(1)) dt
0 9

where NBy(+) denotes a negative binomial density function with
mean u that describes tomato leafminer counts X = {xy, ... ,x}, and
k(u) is the dispersion parameter estimated as a function of u from
Equation (6). The values for p; and 1 — p, were both set to 0.01, as it
resulted in similar power levels as those obtained with « and f both set
to 0.1 for the sequential probability ratio test.

To compare performance of the sequential probability ratio test
against the sequential test of Bayesian posterior probabilities, we
used a negative binomial distribution with a randomly varying dis-
persion parameter k to generate tomato leafminer counts across a
range of 13 means, from 1 to 13 tomato leafminer larvae per plant
(Rincon et al., 2021). We then sampled randomly from the computer-
generated counts using the sequential probability ratio test and the
sequential test of Bayesian posterior probabilities to determine the
proportion of correct decisions, and the average required number of
samples, for each test across tomato leafminer population densities.
We assessed the sequential test of Bayesian posterior probabilities
under three scenarios: (i) when the initial prior is naive and is set
po = 0.5 for all actual values of g, (ii) when the initial prior is infor-
mative but skewed away from the correct conclusion (incorrect), so
that pg = 0.9 when u < 9 and py = 0.1 when u > 9, and (iii) when the
initial prior is informative and skewed towards the correct conclu-
sion (correct), so that and p, = 0.1 when u < 9, py = 0.5 when =9
and p, = 0.9 when p > 9. We ran 1000 simulations for each combina-
tion of sequential analysis, tomato leafminer density, and initial prior

(only for the sequential test of Bayesian posterior probabilities).
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2.3 | Case 2: Testing dynamic population densities
through group sequential sampling

Another study used a time-sequential probability ratio test to assess
composite hypotheses on dynamic populations with group sequen-
tial sampling and predict outbreaks of green cloverworm, Hypena
scabra (F.), on soybeans (Pedigo & van Schaik, 1984). The idea was
to monitor green cloverworm adults at 2 to 3-day intervals to deter-
mine early if the sampled population is consistent with an outbreak
that requires a control. In this case, data is collected in groups (sam-
pling bouts, I) made of n traps recorded at regular intervals, and the
goal is to determine after few sampling bouts if the population is
consistent with an outbreak. Even though the aim is to test whether
a population is equal or above an outbreak trajectory, the time-
sequential probability ratio test needs two non-complementary
competing hypotheses. Pedigo and van Schaik (1984) described an
Vi, Pop-
ulation trajectory model, each made of nine sample periods (I = 9)

outbreak, Up = {uy, ... ,u;}, and an “endemic”, Ug = {vy, ...
of moths captured in pheromone traps per 0.1ha, so Hy: M = Ug and
Hy:M = Ug (Table S1), where M = { g, ...

trajectory in moths per trap, and « and g were both set to 0.01. Here

, 4y} is the true population

pheromone trap counts are X = {Xl, ,X,}, where each X; is a col-
lection of counts x; each from the jth trap out of a total n, and differ
from X in case 1 in that sampling bouts, denoted as i, are collected
over time, while the latter refers to samples collected at a single
point in time.

The time-sequential probability ratio test is similar to the se-
quential probability ratio test, except that stop lines and cumula-
tive counts are weighted according to relative differences between
u; and v;. The upper stopping criterion for counts described with a
negative binomial distribution, such as those for green cloverworm

captured in pheromone traps, is then given by:

I
Iog<¥>+k2nlog<ti&> (8a)
i=1 i

the lower by:
|
p k + y;
| _— k | —_—
og(l_a>+ ,':21” 0g<k+v,-> (8b)
and the sampled counts are adjusted as:

) k . "
Z[Iog(%)—log(k:&ﬂxzixij )
i i j=

where k is the dispersion parameter and was set to a common value

for all population d%nsities, k = 1.16, as described by Pedigo and van
Schaik (1984) and Y Xx;; is the total counts at the ith sampling bout.
Notice that the timé—sequential probability ratio test uses cumulative
total counts, ignoring the variability among subsamples and assumes a

constant nacross sampling bouts.
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Since the sequential test of Bayesian posterior probabilities does
not require specification of two hypothetical models, to make a
fair comparison with the time-sequential probability ratio test, the
sequential test of Bayesian posterior probabilities was set to test
whether M was above or below a trajectory that is in between Uy
and Ug. Such trajectory can be defined as:

Ur@ = { ("2, o (uv™2) }, (10)

where ¢ is the outbreak severity, ranges from O to 1, and indicates
the logarithmic distance from the resulting trajectory, Uy (¢), toUg and
Up, such that Ur(¢ = 0) = Ug and U7 (€ = 1) = Uo,. In fact, the implicit
goal of time-sequential probability ratio test is to classify a given tra-
jectory X as above or below the logarithmic midpoint between U
and Up, Uz(& = 0.5), by sequentially updating the probability ratios
for Hy: M = Ug and H;: M = U,,. Thus, the sequential test of Bayesian
posterior probabilities was derived from Hy: M > Uy (¢ = 0.5), against
its complementary Hy:M < Ur (€ =0.5), so posterior probabilities

were estimated as:

© n
Pif _HlNBx (Xij;ﬂyk> du
riJ=
Piy1= T on © n o (1)
(1—p;)41'[1( ik )dll+pi/HiNBx(Xi;§ﬂ:k) du
j= ri j=

where Ur(¢=0.5)={ry, ... ,r}, u €M, and k = 1.16 (Pedigo & van
Schaik, 1984). The values for p, and 1 — p, were both set to 0.05, as
this resulted in similar power levels as with a and g set to 0.01 for the
time-sequential probability ratio test. Notice Equation (11) explicitly

incorporates every observation, x;, and that sample size is allowed to

i
vary across sampling bouts.

To compare the time-sequential probability ratio test against
the sequential test of Bayesian posterior probabilities, we used
.1y} for
different outbreak severities from & = 0.1 to £ = 1 at 0.1 intervals.

Equation (10) to generate test trajectories M = {;41,

Count data were generated for each test trajectory across the
nine values of y; using a negative binomial distribution that de-
scribes green cloverworm counts with a common k = 1.16 (Pedigo
& van Schaik, 1984). We then sampled randomly from computer-
generated counts using both tests to determine the proportion
of correct decisions and the average required sampling bouts
for each trajectory generated across the range of & The process
was replicated using different subsamples, n (number of samples
within each bout), for each sequential analysis: 5, 10, 20, and 30
subsamples. We tested the sequential test of Bayesian posterior
probabilities in three scenarios: (i) when the initial prior is naive so
po = 0.5for all &, (ii) when the initial prior is informative but skewed
away from the correct conclusion (incorrect), so py = 1 — &, and (iii)
when the initial prior is informative and skewed towards the cor-
rect conclusion (correct), so p, = £ We ran 1000 simulations for
each combination of sequential analysis, subsample size, values

for & and initial priors.

2.4 | Case 3: Detecting rare species through
monitoring

One application of the sequential test of Bayesian posterior proba-
bilities may be to test hypotheses about the presence or absence of a
species in an area. Current standards are based on fixed-sample-size
approaches, in which the required sample size, n, is established as a
function of a minimum population density per sampling unit and the
probability of no collecting (or observing) individuals when the pop-
ulation density is actually >0 (type Il error, g) (Green & Young, 1993).
However, evidence indicates that detecting rare species requires
sampling over time, which is not efficiently accounted for by fixed-
sample-size approaches (Anderson et al., 2017; Barnes et al., 2021,
Ma et al., 2022).

In the conventional approach, the sample size, n, required to de-
tect a rare species whose population counts among samples follow a
Poisson distribution is (Green & Young, 1993):

1
n=—=logp, (12a)
M

where u is the mean density per sampling unit of the target species
and g is the tolerable type Il error. Only type Il error is of concern,
because this is the failure to detect the rare species when it is actu-
ally present. When testing for existence, type | error is always 0, as
even a single detection proves that there exists the target species in
the sampled area. Rearranging Equation (12a), we obtain the proba-
bility g of not collecting any individuals as a function of x for a given

sample size by:

P = exp(—np). (12b)

The sequential test of Bayesian posterior probabilities to detect rare
species with a Poisson distribution was derived as a simple, static
hypothesis of Hy:p =0 individuals per sampling unit, against its
complementary Hy: 4 > O individuals, so posterior probabilities were
estimated as:

b T1(0% /1)
Piy1 = n = o (13
(1_pi) H< uexp( ”)>dﬂ+p,H(OXU/X )

j=1 j=1

0\8

where x; is an observation collected from the jth subsample in the ith
bout. The values for p; and 1 — p;, were both set to 0.0001, as prelim-
inary trials resulted in similar sample sizes as those obtained for the
fixed-sample-size approach. Notice that the numerator and the second
term in the denominator of Equation (13) can only take two values: O if
there are any x; > O or 1 otherwise.

To compare the sequential test of Bayesian posterior probabili-
ties against the conventional fixed-sample-size approach, we sampled
Poisson computer-generated count data with u varying from 0.01 to
0.2 at 0.05 intervals. We then computed the probability g of not col-

lecting any individuals as a function of u for different sample sizes, n:
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10, 20 and 30 samples for the fixed-sample-size approach, and 1, 3, 5
and 10 subsamples for the sequential test of Bayesian posterior prob-
abilities starting with p, = 0.5. The probability g across values of u was
calculated from Equation (12b) for the fixed-sample-size approach. To
determine the sample size required by the sequential test of Bayesian
posterior probabilities to decide in favour of the absence of a species,
sampling using this sequential analysis was carried out on all-zero
counts with py = 0.1, pg = 0.5 and py = 0.9. We ran 1000 simulations

for each combination of analysis approach and values for p.

3 | RESULTS
3.1 | Purely sequential sampling

The sequential probability ratio test and sequential test of
Bayesian posterior probabilities produced incorrect decisions at
different ranges around the threshold, y (Figure 1a). The sequential
probability ratio test error was symmetrical around yw due to
testing the probability ratio between equidistant values above and
below. The fall in correct decisions around y becomes narrower
as the values tested in the probability ratios are closer, with a pay
toll in required sample size (Binns et al., 2000). In contrast, most
of the sequential test of Bayesian posterior probabilities model's
incorrect decisions were produced below y (type | error) and

decreased when the initial prior py provides reliable information

(a)g 1.0-=
5 o6 0.8+
c .2
00 06
83 0.4
8
a5 024
o
0.0
(b) 50
S5 40
/)]
o 30-
(o))
SE 20
o3
< 10
08

2 4 6 8 10 12
Individuals per sampling unit

FIGURE 1 Operating characteristics from simulations of a
sequential probability ratio test (black) and sequential tests of
Bayesian posterior probabilities (coloured lines). Shown are (a)
proportion of correct decisions as a function of population density
and (b) the average number of required samples to reach a decision.
The hypothesis tested is that population density is 29 individuals
per sampling unit (denoted by the vertical line); line colours
represent different initial priors: Blue for correct, dark green for
naive, and light green for incorrect.
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about H, (Figure 1a). The sequential probability ratio test produced
fewer incorrect decisions, with an average of 0.052 across the
range of tested leafminer densities, compared to 0.074, 0.11 and
0.19 from sequential tests of Bayesian posterior probabilities with
correct, naive, and incorrect initial priors, respectively. The average
proportion of incorrect decisions for the sequential probability ratio
test when the leafminer population was < w = 9 (type | error) was
0.012, and for sequential tests of Bayesian posterior probabilities
was 0.10, 0.16, and 0.24 with correct, naive, and incorrect initial
priors, respectively. Yet, type Il error (incorrectly deciding in favour
of u < 9) was more common for the sequential probability ratio test
with average incorrect decisions of 0.12 when the population was
29, compared with 0.025, 0.030, and 0.093 with the sequential test
of Bayesian posterior probabilities with correct, naive, and incorrect
initial priors, respectively (Figure 1a).

Like the proportion of correct decisions, the average number of
samples required to reach a decision for both tests peaked at differ-
ent ranges around y = 9 (Figure 1b). While the numbers of required
samples for the sequential probability ratio test peaked symmetrically
around y, those for the sequential test of Bayesian posterior probabil-
ities peaked earlier and remained relatively constant across the range
of population densities. The sequential test of Bayesian posterior prob-
abilities required 4.40, 5.52, and 6.34 samples to reach a decision with
correct, naive, and incorrect initial priors, respectively, which were all
considerably lower than the average number of samples required by
the sequential probability ratio test (13.85) (Figure 1b).

3.2 | Group sequential sampling

Both the time-sequential probability ratio test and the sequential
test of Bayesian posterior probabilities produced similar patterns
of misclassification around the midpoint between a full outbreak
and non-outbreak population. One exception is the sequential
test of Bayesian posterior probabilities with incorrect initial priors,
which produced large numbers of incorrect decisions at small and
large outbreak severities (Figure 2c). Regardless of initial priors, the
sequential test of Bayesian posterior probabilities is more sensitive
to the number of subsamples (Figure 2a-c). For example, the average
proportion of incorrect decisions across the range of outbreak
severities for the time-sequential probability ratio test varied
with the subsample size between 0.11 and 0.12, and from 0.10 to
0.27 for the sequential test of Bayesian posterior probabilities
with naive initial priors. The time-sequential probability ratio test
produced fewer incorrect decisions than the sequential test of
Bayesian posterior probabilities, with an average of 0.11 across all
subsample sizes and outbreak severities, while the sequential test
of Bayesian posterior probabilities produced 0.15, 0.17, and 0.30
with correct, naive, and incorrect initial priors, respectively. The
time-sequential probability ratio test also had lower type | error with
an overall rate of incorrect decisions of 0.069 when the outbreak
severity is <0.5, compared to 0.15, 0.20, and 0.31 obtained for the
sequential test of Bayesian posterior probabilities using correct,
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FIGURE 2 Operating characteristics from simulations of a time-sequential probability ratio test (black) and sequential tests of Bayesian
posterior probabilities (coloured lines). Shown are (a-c) the proportions of correct decisions as a function of outbreak severity and (d-f)

the average numbers of required sampling bouts to reach a decision. Line patterns represent subsample size: Solid is n=5, dashed is n=10,
dotted is n=20 and dash-dotted is n=30. Line colours represent different initial priors: Blue for correct, dark green for naive, and light green
for incorrect. The hypothesis being tested is that outbreak severity is 0.5 (denoted by the vertical line).

naive, and incorrect initial priors, respectively. However, in both
cases, differences between the overall rate of incorrect decisions
were heavily influenced by the poor performance of the sequential
test of Bayesian posterior probabilities with n=5, and similar
rates to those observed for the time-sequential probability ratio
test were obtained after excluding this sample size. Both tests
performed similarly with type Il error, with 0.14, 0.15, and 0.29 for
the sequential test of Bayesian posterior probabilities with correct,
naive, and incorrect initial priors, respectively, and 0.14 for the time-
sequential probability ratio test (Figure 2a-c).

While the average number of sampling bouts required to reach
a decision with the time-sequential probability ratio test across
outbreak severities only varied in magnitude with the subsample
size, for the sequential test of Bayesian posterior probabilities
converged for outbreak severities 20.5 (Figure 2d-f). In general,
the sequential test of Bayesian posterior probabilities required
fewer samples with 2.75, 3.23, and 3.34 average bouts pooled
over all subsample sizes and outbreak severities for correct, naive,
and incorrect initial priors, respectively, compared to the time-
sequential probability ratio test with 3.24. These differences in
required samples were especially noticeable when M > U; (& = 0.5)
(Figure 2d-f), which is also where this test commits fewer classifi-

cation mistakes (Figure 2a-c).

3.3 | Detecting rare species

In general, monitoring using sequential tests of Bayesian posterior
probabilities was more efficient at detecting rare species than
a fixed-sample-size approach. Simulations showed that the
probability of not collecting any individuals when a species is
present, B, decreases more rapidly with the mean density of the
species when samples are analysed sequentially (Figure 3a). From
Equation (12a), 30 samples are required with a fixed-sample-size
approach to achieve a power of 1 — =0.95 to infer that there
are <0.1 individuals per sampling unit in an area (solid curve in
Figure 3a). Use of monitoring with a sequential test of Bayesian
posterior probabilities offers at least two options to increase
power with reduced sampling effort: (i) sampling an average of
2.42 bouts each with five samples increases powerto1 — g = 0.962
; or (ii) sampling an average of 1.56 bouts each with 10 samples
increases power to 1 - =0.979 (Figure 3). Roughly two bouts
(mean=2.21) of 10 samples each without collecting or observing
any individuals allows to infer that the density of the species is
<0.05 individuals per sampling unit, with 0.136 risk of being
wrong (Figure 3). We also found that purely sequential monitoring
programmes (i.e. one-at-a-time) are too inaccurate to produce

reliable conclusions about the presence of rare species, although
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FIGURE 3 Operating characteristics from simulations of a fixed-
sample-size sampling plan (black) and a sequential test of Bayesian
posterior probabilities (dark green) designed to detect rare

species in an area. Shown are (a) the probability of not collecting
or observing individuals when the species is present, Beta, as a
function of the mean number of individuals per sampling unit

and (b) the average number of required sampling bouts to reach

a decision. The hypothesis tested is that population size=0 with
naive initial priors. Line patterns represent subsample size: Solid
isn=1, dashed is n=3, dotted is n=5 and dash-dotted is n=10;
sample size for the fixed-sample-size approach (black), dashed is
n=10, dotted is n=20 and dash-dotted is n=30. The solid curve in
(a) represents Beta as a function of the mean number of individuals
per sampling unit from Equation (12b) for a fixed sample size of
n=230.

performed similar to fixed sample sizes of n = 20 and better than
fixed sample sizes of n < 10 (Figure 3).

As the sequential test of Bayesian posterior probabilities does
not require to set a maximum sampling effort, we calculated the
number of sampling bouts required to reach a decision when the
species is absent (4 = 0). We found the required number of bouts
with all zeros depends on both the subsample size and the initial
priors, except for purely sequential sampling, which reached the
predefined maximum of 20 bouts regardless of the initial priors
(Figure 4). As expected, the numbers of bouts were smallest when
initial priors had high credibility for Hy: 4 =0, and required more
bouts when they were low as more evidence was required to coun-
teract initial beliefs about H;. The most efficient subsample size
was five, as it provided power levels comparable with the conven-
tional 30 fixed-sample-size (0.96 vs. 0.95 of the fixed-sample-size),
while requiring a maximum of six bouts (30 samples total) when
u = 0forp, = 0.5 but it could only take up to five bouts (25 samples
total) if there are reasons to increase p, in favour of H,. In contrast,
when the subsample size is 10, although power levels increase to
close to 1, no less than four bouts are required when y =0, even if
initial priors for Hy are high, which does not translate in any gains

Number of sampling bouts

20*

15

10

“ .I

, 1
5

Subsample size

FIGURE 4 Number of sampling bouts required to reach a
decision for a sequential test of Bayesian posterior probabilities
designed to detect rare species in an area when the species is
absent as a function of the subsample size. Bar colours represent
different initial priors for the rare species being absent in the
sampled area (H1: Population density = 0): Light green is low

(po = 0.1), dark green is naive (p, = 0.5), and blue is high (py = 0.9).

in sampling effort compared to the conventional fixed-sample-size

approach with a comparable power level (n = 30).

4 | DISCUSSION

We present a novel generalized approach to sequentially test
complementary hypotheses and make inferences about popu-
lation density in ecology. Previous approaches are either based
on probability ratios, which require the specification of two
non-complementary hypotheses (Cressie & Morgan, 1993;
Wald, 1945), or aim to estimate population densities at fixed pre-
cision levels at the cost of being labor intensive (Green, 1970;
Kuno, 1969). Our test, the sequential test of Bayesian posterior
probabilities, is based on Bayes' theorem to update the credibil-
ity of the hypothesis as new data is collected. We demonstrated
the test with three case studies that involve purely sequential
sampling to decide if a population is above a predefined static
threshold, group sequential sampling to decide if a population is
above a hypothetical trajectory, and group sequential sampling to
infer the absence of a species in an area. The sequential test of
Bayesian posterior probabilities shares some properties of previ-
ous probability ratio approaches, such as updating posterior prob-
abilities of the variable-sample-size probability ratio tests (Cressie
& Morgan, 1993) and the predefinition of stop decision criteria
based on tolerable type | and type Il error rates of the sequential
probability ratio test (Wald, 1945).

When population densities vary widely (cases 1 and 2), dis-
crete probability distributions that allow overdispersion are often
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required to capture the distribution of the data (Binns et al., 2000).
Sometimes variance-mean models are available to obtain dispersion
parameters for a range of population densities (case 1), but often-
times a single value must be used (case 2). For approaches based on
probability ratios, fixed sample sizes or fixed precision levels, only
one or a few values of the dispersion parameter are used at target
or threshold densities, and the impact of using a common value is
small (Binns et al., 2000; Madden et al., 2007). However, for the se-
quential test of Bayesian posterior probabilities, likelihoods are in-
tegrated over the whole range of possible values of the mean and,
ideally, the associated variation of the dispersion parameter should
be captured. Empirical variance-mean relationships that capture the
variation of dispersion parameters across population densities may
increase the efficiency of the sequential test of Bayesian posterior
probabilities. For example, if a constant dispersion parameter k is
used in Equation (7) for case study 1, the overall average error rate
increases by 4%. However, the effect of using a common k for all
population densities may vary among species (Taylor et al., 1979).

The sequential test of Bayesian posterior probabilities applied
to purely sequential designs had some limitations associated with
type | error (case 1), as it tends to decide in favour of Hy: u > yw when
u is =<30% below y. This trend persists even if values for p, and
1 — py smaller than 0.01 are used. For example, if both p, and 1 — p
are set to 0.0005, further reductions of type Il error are observed
with average decision error rates of 0.013, 0.012 and 0.025, with
only marginal improvement in type | error rates with 0.106, 0.159
and 0.189 using correct, naive, and incorrect initial priors, respec-
tively. Further, the reduction of p; and 1 — p, to 0.0005 also entailed
increases in sampling size close to 100%. Even if H, is swapped to
Hy: p <y, high random counts from sampling when y is still below
tend to deflate p;and maintain a pattern of error rates like that shown
in Figure 1a (Figure S1). This is somewhat compensated for by lower
average error rates when y > y (about 5 times lower with correct ini-
tial priors) and the considerably smaller sampling effort required by
the sequential test of Bayesian posterior probabilities. These prop-
erties make the sequential test of Bayesian posterior probabilities
suitable for pest management decision making because type Il error
(for Hy: u > w) is more costly than type | error (i.e. not spraying when
there was a pest problem vs. spraying when it was not necessary)
and because it allows for decisions with less sampling. This consis-
tent asymmetry in error rates about threshold densities may be a
result of sequential test of Bayesian posterior probabilities relying in
likelihoods to obtain p;,. As maximum likelihoods differ from means
in asymmetric distributions, unrealistic high p; values are produced
about the mode (not the mean) with purely sequential sampling, but
the effect is ameliorated as sample size per bout increases.

With group sequential sampling, the sequential test of Bayesian
posterior probabilities outperforms the conventional time-sequential
probability ratio test and the fixed-sample-size approach. This is es-
pecially true when initial priors are correct (or at least naive), and
when the subsample size per bout is increased, since larger gains in
precision occur for the sequential test of Bayesian posterior proba-
bilities compared with the marginal gains in both the time-sequential

probability ratio test and the fixed-sample-size approach with pro-
portional subsampling size increases. Group sequential designs can
be useful to assist site-specific pest management decision mak-
ing in crop systems that deploy monitoring networks and collect
count data on pest abundance at regular intervals. For example,
many pome fruit producers invest in installing pheromone traps for
the codling moth, Cydia pomonella (L.), from which counts of male
captures are collected at weekly intervals (Calkins & Faust, 2003).
Phenology models are used to forecast the proportion of codling
moth individuals in a life stage based on heat accumulation (Jones
et al., 2010), but can also produce population trajectories above
which economic damage is expected (Rincon et al., 2024). The se-
quential test of Bayesian posterior probabilities could be applied to
sequentially test the hypothesis of a field-collected trajectory being
greater than a damaging population trajectory and decide about the
need and time for pest control tactics as new data is collected.

Another potential application of the sequential test of Bayesian
posterior probabilities is the use of data collected from monitoring
programmes for invasive species to declare areas free from a given
species using formal statistical inference. Efforts have focused on
identifying the optimal density of traps (Bogich et al., 2008) or search
effort (Mehta et al., 2007) to maximize detection, but few address
the interplay between sampling effort and ability to make inferences
about the absence of an invasive species from data. One important
exception is the approach presented by Anderson et al. (2017) who
use the Bayesian logic to update the posterior probability of an area
being free from a target species with each new sampling (surveil-
lance) bout. The main difference between the method by Anderson
et al. (2017) and the sequential test of Bayesian posterior probabil-
ities is that the former calculates the likelihood of false negatives
(first term in the denominator of Equation 13), P(x = 0| u > 0)(1 — p),
from a custom detection probability while in the later it is explicitly
obtained from a sampling distribution. Both approaches can be in-
tegrated to incorporate both sampling error and additional sources
of missing target individuals or disease cases by adding appropri-
ate constant or varying detection probabilities. For example, the
Forest Inventory and Analysis programme of the US Department
of Agriculture deploys over 350,000 surveillance plots across the
country to monitor invasive plants (Oswalt et al., 2021). While pres-
ence is reported from detection, the declaration of an area being
free from an invasive plant could be assisted by the sequential test of
Bayesian posterior probabilities based on the number of surveillance
plots in that area, the number of sampling bouts carried out with-
out observing the target species, sampling error, and any additional
sources of analytical or observational detection error.

Deployment of monitoring networks and data collection are
becoming cheaper and more reliable with the onset of new tech-
nologies, such as satellite imagery or artificial intelligence, but har-
nessing the data to assist timely decision making is still challenging.
Sequential data analyses offer a cost-efficient alternative to using
data collected routinely and informing management tactics and
resource allocation. We show that the sequential test of Bayesian
posterior probabilities offers an equivalent or superior alternative
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to previous sequential analyses for making inferences about popu-
lation size in ecology, with applications in pest and natural resource

management.
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SUPPORTING INFORMATION

Additional supporting information can be found online in the
Supporting Information section at the end of this article.

Table S1: Green cloverworm population trajectory endemic and
outbreak models on soybean in number of moths captured in
pheromone traps per 0.1 ha (Pedigo & Schaik, 1984).

Figure S1: Operating characteristics from simulations of a sequential

probability ratio test (black lines) and sequential tests of Bayesian
posterior probabilities (various coloured lines). Shown are (a)
proportion of correct decisions as a function of population density
and (b) average number of required samples to reach a decision. The
hypothesis tested is that population density is <9 individuals per
sampling unit (denoted by the vertical line); line colours represent
different initial priors: blue for correct, dark green for naive, and light

green for incorrect.
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