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DEPTH AVERAGED ANALYTIC SOLUTION FOR A LAMINAR
FLOW FUEL CELL WITH ELECTRIC DOUBLE LAYER EFFECTS*

ISAAC B. SPRAGUE! AND PRASHANTA DUTTAT

Abstract. A comprehensive multidimensional analysis is presented for a laminar flow fuel cell
with electric double layer (EDL) dependent kinetics in a planar microdevice. The EDL is described
with the Stern model, and a generalized Frumkin-Butler—Volmer (gFBV) equation is used to describe
the EDL dependent kinetics. The liquid electrolyte is modeled with the Poisson-Nernst—Planck
(PNP) equations and the incompressible Navier—Stokes (NS) equations. For planar microchannel
applications, the three-dimensional model is reduced to an in-plane depth averaged set of equa-
tions through an asymptotic analysis. The diffuse layers are resolved in the thin double layer limit
through asymptotic matching by considering the Debye length to channel width ratio as a small-
ness parameter. This yields an outer problem for the bulk electrolyte and an inner problem for the
anode and cathode diffuse regions. Fuel cell performance is then evaluated by introducing several
specified local current density profiles. The resulting approximate analytic expressions, based on the
proposed specified current density profiles, are validated against results from a numerical solution
of the full in-plane PNP-NS-gFBV model, in which a priori current profile approximations are not
required. We demonstrate that simple current density profiles yield physically unrealistic electrode
potential distributions despite producing reasonably accurate overall device performance results. We
also present an appropriate current density profile which yields accurate spatial distributions for the
continuum fields and electrode potential distributions.
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1. Introduction. Fuel cells are highly complex electrochemical systems that
defy understanding through empirical studies alone, and mathematical models are
therefore critical to thoroughly investigate the underlying physics. There exist a
number of mathematical models to study fuel cells [1, 2], and the presented theoretical
studies can be roughly divided into two groups—mnumerical simulations and analytic
solutions. Both approaches have benefits and drawbacks. Numerical simulations of
fuel cells are extremely flexible and can account for a wide variety of phenomena.
However, this can lead to a convoluted model with a high cost of implementation
as well as require access to proprietary source codes. On the other hand, analytic
solutions are immediately accessible to a wider range of researchers but can only
address simplified problems and geometry.

In fuel cells the electrochemical reactions proceed in the presence of the electric
double layer (EDL) as charge is transferred between the electrode and electrolyte,
forming the basis of electrode kinetics and fuel cell operation [3]. The EDL is a mi-
croscopic area immediately adjacent to the electrode where a charge density develops
in the electrolyte. The codependency between the electrolyte potential and ion trans-
port (and thus the EDL) can be described with the Poisson-Nernst—Planck (PNP)
equations and the EDL dependent electrode kinetics with the generalized Frumkin—
Butler—Volmer (gFBV) equation [4]. The PNP—gFBV equations have been used to
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investigate EDL effects on electrode kinetics in electrochemical cells [5, 6, 7]. They
have also been successfully applied to specifically study the EDL in the context of
fuel cells [8, 9, 10, 11, 12].

For most practical fuel cell problems, the EDL satisfies the thin double layer con-
dition in which the EDL thickness is much less than the electrode separation. In this
case, an approximate but accurate analytic solution to the PNP equations can be
obtained using asymptotic analysis [13, 14], which has been used to investigate many
novel kinetic behaviors [15, 16, 17]. However, all of these analyses are based on only
one spatial dimension. A single dimensional analysis is not sufficient to study the
operating behavior of fuel cells which are inherently multidimensional systems where
the conditions at the reaction plane vary along the electrodes (e.g., formation of de-
pletion boundary layers). Therefore, a multidimensional analysis is needed. Thus,
the goal of this work is to develop a multidimensional analytic solution for a laminar
flow fuel cell (LFFC) with EDL effects. To accomplish this we employ the method
of matched asymptotic expansions to resolve the model into a set of near wall EDL
phenomena (inner) regions and a bulk electrolyte (outer) region. We solve the inner
problem by adjusting existing solutions [13] to the multidimensional problem. The
outer problem becomes a convection-diffusion problem akin to Leveque’s classic prob-
lem with reactions. Similar convection-diffusion-reaction problems have been solved
for different systems, such as electrodialysis [18].

Existing one-dimensional analytic analyses of electrochemical cells specify the
electrode current density at the problem onset (i.e., galvanostatic operation). While
this simplifies the analysis, it requires the local current density to be known a priori.
In a multidimensional device, the current distribution along the fuel cell varies to
maintain constant anode and cathode potentials in the metallic electrodes. Therefore,
we include in our analysis different specified local current density profiles along the
electrodes and arrive at an appropriate local current density profile that accurately
describes the total device behavior and continuum distributions of various control
parameters. We then study how the profile is affected by changing fuel cell operating
conditions.

The rest of the article is organized as follows. The basic theory is developed
in section 2, including the mathematical model. The main simplifying assumptions
and their justifications are provided in section 3. Then, in section 4 we develop an
analytic approximate solution with general local current density profiles. In section 5
we replace these general profiles with different specified local current density profiles
completing the solution. These profiles are then used to evaluate cell potential and
device performance (section 6) and finally the spatial distribution of the physical
quantities in an LFFC (section 7).

2. Theory. In this section we present the full mathematical model for an LFFC.
We chose the LEFFC because its simple membraneless architecture allows for a straight-
forward analysis while still maintaining relevance to the fuel cell community (e.g., the
liquid electrolyte does not require the more complicated transport description that
membrane electrolytes need [19]). LFFCs were first presented early in the last decade
and have been studied experimentally [20, 21, 22] and numerically [23, 24, 25]. The
present LFFC consists of a shallow microchannel as shown in Figure 2.1 with a chan-
nel width of 0 < y < w and a height of 0 < z < d such that d < w. The main channel
is fed by two inlet channels—one for fuel and the other for oxidant. The continuum
domain is semi-infinite, beginning where the inlets merge into the single main chan-
nel and bounded by the reaction planes at the electrodes (i.e., the interface between
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Fia. 2.1. Schematic of an LFFC in a shallow microchannel showing the in-plane cross-section.
The channel depth in the vertical azis is defined from z = 0 to z = d. There are an inlet for fuel
and an inlet for oxidant. The semi-infinite continuum domain begins where the inlets meet at x = 0
and is bounded by the anode and cathode reaction planes at y = 0 and y = w, respectively. The
electrodes span a finite distance along the walls from x =11 to x = 3.

the Stern and diffuse layers). The electrodes span a finite distance (I1 < zgr, < l3)
along the channel walls, and the chemical reactions take place only at the electrode-
electrolyte interface. The inlet reactant streams consist of a reactant-electrolyte solu-
tion, and for the purpose of this work we consider a simple binary electrolyte consisting
of a cation (C") and an anion (A™) of unit charge zy = —z_ = 1. To maintain gen-
erality of the analysis, the overall device reaction is formulated in terms of general
chemical species such as fuel (F), oxidant (O), and waste. The overall device reaction
can be presented as

(2.1) Sp-F+S0-0— Wg+ Wo,

where Wg, Wy are the waste species from the fuel oxidation and oxidant reduction
reactions, respectively. Since the purpose of the present analysis is to study EDL
effects, the waste terms are omitted from the rest of the analysis. The stoichiometric
coefficients Sg, So are determined by the specific reaction, and for this analysis we
assume them to be unity. By splitting the overall reaction into the appropriate half
reactions for fuel oxidation and oxidant reduction we get, respectively,

SF~F<:—lF>Sc+-C'++n~e_+WF,
F

(2.2) - ) .
Sc+-CT+n-e —|—So-0<k—/>Wo,
o

where n is the number of electrons (e~) involved in the reaction. Each half reaction is
allowed to proceed in either direction as determined by the forward and reverse rate
constants k, k', respectively. In (2.2) we have taken the cation as the working ion,
produced by fuel oxidation and consumed by oxidant reduction. The anion is inert
and does not participate in the electrode reactions.

2.1. Electrolyte. The electrolyte phase in the continuum domain is described
by the PNP equations. The net flux density of a specific species is the sum of the
advection, diffusion, and migration flux densities and is given by

(23) ﬁl = 701' - Dchi - ZiwiFCiV¢E,

where ¢; is the species concentration, D; is the diffusion coefficient, w; is the ionic
mobility, and the subscript i = F,0,C%, A~ indicates the species considered. The
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remaining terms are the bulk fluid velocity ('), Faraday’s constant (F), and the
electrolyte potential (¢g). The concentration distributions are then given by the
steady-state Nernst—Planck equations,

(2.4) vV.N, =0,

and the electrolyte potential can be related to the ion concentration distribution by
the electrostatic Poisson equation,

(2.5) =V (eeVer) = FZ 2iCi,

where ep is the electrolyte permittivity. The bulk flow of the electrolyte stream is
given by the incompressible steady-state Navier—Stokes (NS) and continuity equations,

(2.6) po (T -V) U =V (V) = Vp—FVor »_ zc;,
(2.7) V. (pvﬁ) =0,

where p, and p, are the fluid density and viscosity and p is pressure.

2.2. Electrode kinetics and boundary conditions. The PNP-NS model
(2.4)—(2.7) only describes the LFFC throughout the continuum domain which extends
from the anode to cathode reaction planes. Descriptions for the Stern layer and
electrode kinetics are still needed to capture the boundary effects. The Stern model
is used to describe the inner portion of the EDL, and the Stern potential can be
expressed by

9¢p
2.8 =A = — : ,
( ) ¢S S ﬁ_ Reaction Planc wEL ¢E |Rcact10n Plane
where 77 is the unit normal to the electrode surface and Ag is the Stern layer thickness.
The Stern potential is also the difference between the electrolyte potential (¢g) at
the reaction plane and the electrode potential (¢gr,). The subscript EL can refer to
either the anode or cathode electrode. Equation (2.8) can be used as a boundary
condition for the Poisson equation [13, 15, 16]. The electrode reactions are assumed
to occur only at the reaction plane and can be applied as a boundary condition for the
Nernst—Planck equations by relating the net species flux to the local current density
at the electrode (g1, (z)):

_ S jeL ()

Reaction Plane nkF

(2.9) N7

The local current density can then be related to the reaction rate of the half reactions
(see (2.2)) which is given by the gFBV equation,

Jjr=Fn [kFcF exp <w¢s) — kIFCC+ exp <— 52+F¢S>]7

RT RT
(2.10)
Jo =1Fn {kb exp ((1_5#%) — kococc+ exp (— ﬁ;}Fcbs)],

for fuel oxidation and oxidant reduction, respectively. R is the universal gas constant
and T is absolute temperature. The reactant concentrations are taken at the reaction
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plane. The parameter § is a kinetics symmetry factor and is assumed to be 1/2 for all
of the results presented in this work. No reaction occurs along the insulating channel
walls, and the boundary conditions here are therefore

99E —
211 9or) —p, N, ‘ —0.
(2.11) O |\wan " lwan

Finally, the boundary conditions at the channel inlet where the concentrations are
specified are

99
Co+ (07 Y, Z) = Cin, CaA- (ana Z) = Cin, ﬁE_

= 07
Inlet

(2.12)
Cin, 0 <y <w/2,
0, w/2 <y <w,

0, 0<y<w/2,
Ciny, W/2 <y < w.

er (0.09) = { co0.:2) = {

For the bulk flow we assume a fully developed profile at the channel inlet and the
no-slip and no-penetration conditions along the channel walls and electrodes.

2.3. Dimensionless equations. We now introduce the dimensionless variables
Cr = (¢t +¢-)/2¢m, pr = (¢4 — c_) [2¢in, and P = ¢pz F/RT for (average)
electrolyte concentration, charge density, and electrolyte potential, respectively. The
Nernst—Planck equations for anions and cations result in the following dimensionless
equations for electrolyte concentration and charge density:

9 [dC 0P

@13) 57 (a—ZE * pEa—ZE> =z (V- V05 - Vs = V2 (puV225) )
8 (dp 0P

@u) - (a—ZE OEa—ZE) — ez (7 Vg —Vipp — V- (OEV2<I>E)) ,

where the streamwise and cross-stream spatial coordinates have been scaled by the
channel width w (X = z/w, Y = y/w, L1 = l1/w, Ly = l3/w) and the depth
coordinate has been scaled by the channel depth d (Z = z/d). Note that we have
also defined a smallness parameter in terms of the channel aspect ratio as ez =
(d/w)?. This is analogous to the smallness parameter used in lubrication theory,
and the asymptotic analysis that follows can be thought of as an application of the
lubrication approximation to a fuel cell model. Additionally, it has been assumed
that the diffusion coefficients are equivalent for both ions (D4 = D_ = Dg). The in-

plane velocity, 72 = (Vx, Vy), has been scaled as (72 = 7gw/DE), and the vertical
velocity Vz scale has been set such that all of the terms in the continuity equation
(2.7) are of the same order. For convenience we have also defined the in-plane gradient
as Vo = (0/0X,0/9Y).

The neutral species are scaled by the specified inlet concentration ¢, (Cp =
¢F/C¢iny, Co = co/cin), and the dimensionless Nernst—Planck equation for the neutral
species is

2
(2.15) a% =€y (7 -VC; — aV%C’i) ,
where « is the ratio between the diffusion coefficients of the neutral species and
electrolyte ions, « = Dr/Dg = Do/Dg, and the ion diffusion coefficient is D =
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wrpRT. We have also redefined the subscript ¢ to refer only to the neutral species;
i = F, 0. The dimensionless Poisson’s equation can also be written

2.16 200 _ Vi
(2.16) D Gy =z (ep”V3®E + pE)
where ep = Ap/w is the scaled Debye length (Ap = ,/(55£E8L)). Finally, dimen-

223_F2co
sionless pressure is defined as P = pd?/u,Dg, and the dimensionless in-plane and
vertical NS equations are

82V

1) S E-ViP—e (Sc*V YV V2V, 4 2MpsVadr).,
OP i , 92V, 0
(2.18) Y =€y (SC V'VVZ_VZVZ) + ez _82—Z+2FpE3—Z ,

respectively, where S¢ = p, /p, Dg is the Schmidt number. The dimensionless param-
eter for the electrostatic body force term is I' = Cpw?/j,wp.

3. Simplifying assumptions. To obtain an analytic solution to the model
problem we must simplify the full PNP-NS model. The main simplifying assump-
tions in the present analysis are as follows.

1. The flow field is fully developed yielding 87 /0X =0,Vy =0,V; =0.

2. The electrostatic body force term in the NS equations (2.17) and (2.18) is
negligible. This has been shown to be valid in an LFFC [10].

3. The microchannel is shallow (i.e., d < w and therefore ey is small). This
holds true in several experimental studies of LFFCs [26, 27, 28, 29].

4. The EDLs satisfy the thin double layer condition (i.e., A\p < w and therefore
ep is small). This holds because the Debye length is on the order of nanometers, while
the channel width is on the order of a millimeter.

5. The device Peclet number (Pe = Uy/« for neutral species and Peg = Uy for
the electrolyte) is sufficiently large that reactant crossover does not occur (Pe > 10).
Thus only fuel oxidation occurs at the anode and oxidant reduction at the cathode,
and mixed potentials need not be included [11].

6. Advection is the dominant flux in the streamwise direction, and therefore the
diffusion flux in the streamwise direction is negligible. This is valid for the practical
device Peclet numbers required to prevent reactant crossover [30].

Note. Assumptions 1 and 4 are similar to those made in previous convection-
diffusion-reaction solutions [18] except that we have allowed current density to vary
along the channel axis.

3.1. Shallow channel assumption and the depth averaged equations. We

now implement assumptions 1 and 2 as well as introduce the asymptotic expansion
[iXY, Z) ~ [i (XY, Z) = [} (XY, Z) +ezf} (X,Y,Z)+ O (e2%) into (2.13)~(2.18)
and take the resulting leading order (ez") set of equations, which yields

o (aCy =, 00%\

0 (00 40 09% ) _
(3.2) 8_Z<8—Z+CE 97 =0,
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(3.3) %2;20 =0,
(3.4) —@23235 =0,
2770 O
(3:5) aaZVZX - 85%’
PO 0]
(3.6) %i; =0, 88% =0.

From (3.4), it has been found that the leading order electrolyte potential is indepen-

dent of the vertical coordinate (<I>23 = &Y (X,Y)). Moreover, using this and (3.1)
and (3.2), we can show that the leading order charge density and concentrations
are also independent of the vertical coordinate: p% = p% (X,Y), C? = C?(X,Y),
C’% = C% (X,Y). To make these conclusions we have also used the no-flux and insu-
lating conditions at the top and bottom walls (see (2.11)). The leading order Y- and
Z-momentum equations (3.6) give that pressure is a function of the streamwise coor-
dinate only: P? = PY(X). This along with the leading order X-momentum equation
(3.5) gives a streamwise velocity profile that is parabolic in the vertical coordinate
only (V2 (Z) = 4Uy, [Z — Z?]), where Uy is the maximum dimensionless velocity.
The leading order in-plane governing equations are obtained by first taking the e, !-
order system of equations from (2.13)-(2.16) and introducing the depthwise average
f= fol fdZ [31] to eliminate the depth coordinate dependency. Using the insulat-
ing and no-flux boundary conditions (2.11) and dropping the accent and superscript
results in the leading order depthwise averaged equations

, 2 2,
M
(310) —ep” ((?;i; * 8;2(1);) =pE

for electrolyte concentration, charge density, fuel, oxidant, and electrolyte potential,
where Uy = 2Uj;/3. Introducing dimensionless current J = jw/(4nFDgcy), the
boundary conditions for (3.7)-(3.9) can be written for Y = 0, Y = 1, and X = 0,
respectively:

oCy by ope |, 0By
) v T PEy — 280+ Jan (X), oy +Cp—Ho Y 250+ Jan (X),
' acp aCo
O[a—Y—4JAN (X), O[a—Y O
8CE 8<I>E - 8PE 8q)E
(3 12) PG PE Y 250+ Jca (X), 8Y +Cg—— v =2Sc+Jca (X),
' acp  09Co
«@ oY - 07 «@ oY - 4JCA (X)a
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CE:]-a pE:07

(3.13) 1, Y <1/2, 0, Y <1/2,
Cr = Co =
0, Y>1/2, 1, Y >1/2

The electrolyte potential boundary conditions can be written from the dimensionless
Stern model and, assuming that the channel inlet is electrically insulating,

o
(3.14) By = eDaaj-nE

00 B
) 8—X (07 Y) - 07

Reaction Plane

where § = Ag/Ap is the Stern layer width to Debye length ratio and is a measure of
the ionic strength of the electrolyte.

4. Analysis. In this section we develop an analytical solution for an LFFC de-
scribed by the reduced model presented in (3.7)—(3.10) and the boundary conditions
presented in (3.11)—(3.14). Our approach is to use asymptotic matching and seek
leading order approximations for electrolyte concentration, charge density, and elec-
trolyte potential distributions. The method of matched asymptotic expansions works
by separating the problem into inner and outer regions and matching the resulting
solutions. For the present analysis we use asymptotic matching at both electrodes ef-
fectively separating the domain into three regions—the bulk electrolyte and the anode
and cathode diffuse layers. The neutral species distributions are not influenced by the
EDL, and therefore we only need to consider them in the bulk region. It should be
pointed out that the asymptotic approximation breaks down at leading order for con-
ditions when the electrolyte concentration in the bulk region is fully depleted at the
cathode [16]. For static electrolytes, this corresponds to cells operating near the clas-
sical limiting current. However, for the flowing electrolyte of an LFFC, it is unlikely
that the device presented would operate under such conditions.

The final analytical expressions are compared with numerical results. For the
numerical results the full PNP-gFBV model (2.3)-(2.12) is solved using an in-house
numerical simulation. The numerical simulation is capable of resolving the full model
throughout the continuum domain without the need for inner and outer solutions. The
details of the numerical model are presented elsewhere [10] and will not be repeated.

4.1. Bulk region. We start by introducing the asymptotic expansion (where
the ~ accent denotes the asymptotic approximation in the outer region) f(X,Y) ~
FX.Y) = fO>X,Y) +epfH(X,Y) + O (ep?). The leading order (ep®) outer region
problem for electrolyte concentration, electrolyte potential, and charge density then
becomes

acy  9%CY,
(4.1) UO(?—X =y
0 [ o 099, 9 [ o 00%\
(4.3) % =0.

Note. We have also implemented assumption 4.

4.1.1. Bulk concentration distributions. From (4.3), the bulk electrolyte
region is considered to be electrically neutral, decoupling the ionic transport from the
electrolyte potential. The resulting outer problem for the electrolyte concentration
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TABLE 4.1
Specific boundary condition functions for the various concentration distributions in the general
solution in (4.6).

Fx—o (Y) Fy_—o (X) Fy_1 (X)

1, Y<1/2
Fuel, Cp %N(X) 0

0, Y>1/2
0, Y<1/2

Oxidant, Co 0 ‘U%(X)
1, Y>1/2

Electrolyte, C’% 1 250+ ‘;AN(X) 2S o4 iCA(X)

(4.1) is therefore equivalent to the neutral species transport equation (3.9) with o = 1
(and no streamwise diffusion). Therefore, we only need to seek a single solution for a
general case,

oC; 02C;
(44) Oa—X =« 82Y )
with boundary conditions
oC; oC;
———(X,0) = Fy_o (X — (X,1)=Fy_1 (X
(45) oY ( 70) Y—O( )a oY ( ) ) Y—l( )7

Ci(0,Y) = Fx—o (V).

Our next step is to solve (4.4) with boundary conditions (4.5) using the integral
transform technique [30, 32], which yields the general concentration distribution

(4.6) . .
{ H (4, Y") Fx—o (Y') dY’+/O exp [(U%) 7§X’} B(X’)dX’}),

Y’'=0

where the eigenvalues ~, = pm (with p = 1,2,3,...) correspond to the eigenfunction
H (v,Y) = cos(,Y) and normalization integral 1/N (v,) = 2 [32]. Because the
boundary conditions to the eigenvalue problem in the crosschannel axis (4.5) are
both of Neumann type, 0 is also an eigenvalue corresponding to H (y0,Y) = 1 with
the normalization integral 1/ Ny = 1 [32]. To obtain the final expressions for fuel,
oxidant, and electrolyte concentration, the general boundary condition functions in
(4.5) need to be replaced with the appropriate functions, which are summarized in
Table 4.1. The integrals for the inlet condition are easily evaluated, while the integrals
associated with the kinetic boundary conditions cannot be evaluated until the local
current density profile (J (X)) is known (section 5).

4.1.2. Electrolyte potential. The governing equation for the outer region elec-
trolyte potential (4.2) cannot be solved easily by analytic techniques because of the
complicated electrolyte concentration given in (4.6). Therefore, to proceed we as-
sume the (normalized) electrolyte concentration is constant, Cj,, for the purpose of
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evaluating the electrolyte potential distribution. Although this assumption may not
be justified in all cases, we find that the electrolyte potential distribution obtained
using this assumption is practically identical to the electrolyte potential given by a
full model (shown later). Furthermore, the boundary conditions are of Neumann type
because only changes in potential are physically relevant. To obtain a solution we
define an arbitrary zero potential datum: ® g (10L2,Y") = 0. The position of the arbi-
trary zero (10Ls) is irrelevant as long as it is sufficiently far away from the electrodes.
The outer problem for electrolyte potential can now be written as

5239 520
(47) CinaTQE + OinaTQE = 07
o9 25, o9 25,
=y (X.0) C_C+ Jan (X), P (X 1) = C_“ Jea (X),
(4.8)
93,

=5 (0.Y) =0, 39, (10Ly,Y) = 0.

Again we use the integral transform technique, which yields the solution to (4.7) [30]:

% (X,Y) =

—25c+ ~= | G (0, X)
Cin 2= | OmN (6m)

(4.9) '[(sinh(emy)_ COSh(Z?;}}?(;:Sh(Gm)>/mL2

_cosh (6,,Y) /10L2
sinh (6,,)

X (0, X) Jan (X') dX’
X'=0

X (0, X') Joa (X7) dX/] },
X'=0

where the eigenvalues 0,, = (2m—1)7/(20L) (with m = 1,2,3,...) correspond to the
eigenfunction G (0,,, X) = cos (6,,X) and normalization integral 1/N (0,,) = 2/10Ls
[32]. Finally, redefining the arbitrary zero potential datum to be the midpoint of
the inlet by subtracting EI;QE (0,1/2) from the entire solution and recognizing that the
integrals associated with the kinetic boundary conditions are only nonzero at positions
L1 < X < Lo, the final expression for the outer region electrolyte potential can be
rewritten as

—4Sc+

~0 B = | cos (0, X)
®p (X, Y) = 10L5CY,, mz_l{ O

cosh (0,,Y") cosh (6,, L , / /
. [(smh 0nY) — h (esini)wm)h G )) /L cos (0, X') Jan (X') dX

cosh (6,,Y) [+ , , ;| cosh(0,,/2)
- m X X')dX —
sinh (6,,) /L cos (¢ ) Jea (X d + sinh (6,,)

1

(4.10)

1

L2 L2
< / c0s (O X") Joa (X') da’ + / c08 (G X") Jan (X’)dx’) }
L

1 Ly

4.2. Inner region. The leading order approximations for the diffuse layers at
the anode (Y = 0) and cathode (Y = 1) are obtained by rescaling the crosschan-
nel coordinate in (3.7)-(3.10) and boundary conditions (3.11)-(3.14) to the inner
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coordinates éan = Y/ep and Eca = (1 — Y)/ep for the anode and cathode, re-
spectively. We also introduce the asymptotic expansion (where the ~ accent de-
notes the asymptotic approximation in the inner region) f(X,Y) ~ f (X,¢) =
fOX,6) +epf (X, 6) + O (ep?) and take the leading order (ep’-order) system of
equations.

Note. We have identified that the inner problems resulting from the rescaled

spatial coordinates éan and £ca are identical and have used a general coordinate &
for both.

0 (0CY (X,€) 9% (X,6)\
(4.11) € (Eaig + 9% (X, €) }387£> =0,
o (9% (X, DY (X,6)\
(4.12) o (ET +C% (X, ¢) %T> =0,
92dY, (X,
(4.13) —% = p% (X,€)

with rescaled boundary conditions at £ = 0:

aCy o 0By Oy | o 0BG
6(1)0

Finally, to fully define the inner problem we also require the matching conditions
between the inner and outer solutions at the anode and cathode, respectively:

(4.16) lim Cg(X,¢) = hm Cr(X,Y), lim ®p(X,¢) = hm dp (X,Y),

EAN—00 EAN—00

(4.17) lim Cgy(X,¢) = hm Cr(X,Y), lim ®p(X,¢) = hm oy (X,Y).
§oa—00 ca—ro0

To obtain the solution for (4.11)—(4.13) and the boundary and matching conditions

(4.14)—(4.17) we employ a similar approach outlined elsewhere [13], except we have

allowed the constant of integration Pgy, (X) to be a function of X. The expressions for

the Stern potential, electrolyte concentration, charge density, and electrolyte potential

are, respectively,

(4.18) DL (X) = F201/C% gy, (X, YiL) csch <w/é%,EL (X, YL) PeL (X)),

él('):?,EL (X, &) = C%,EL (X,YgL)

(4.19) . [1 + 2csch? ( G o (X, Yir) (€ + PEL(X)))] ,
gy P (00 = 2 (X Yo o (V€8 (X ¥2) (€4 () )
4.20
-coth ( CA’%)EL (X, YeL) (& + PEL(X)))a
CI’E EL (X, f) = E JEL (X YEL)
(4.21)

F4 tanh ™' <exp {— C% g (X, Yar) (6 + Pew (X ))} ) :
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In (4.20) the upper sign (of £, F) refers to potentials below the point of zero charge,
and Ygr, = 0, 1 for the anode or cathode, respectively. The unknown constant Pgy, (X)
can be obtained by solving (4.18)—(4.20) along with the gFBV equations

Jan (X) = [KpCr (X, 0)exp (1 = #) @, (X))
~Kp (Choan (X,0) + 5 an (X,0)) exp (~BOsan (X)) |,
(4.22)
Joa (X) = [Kbexp (1 - 8) @s.0a (X))
~KoCo (X,1) (CF ca (X,0) + i ca (X,0)) exp (—Ps,ca (X))

and the use of (4.6). This system of equations must be solved numerically.

5. Current density. The analytical expressions in (4.6) and (4.10) still require
the specified local current density profile to be completed by evaluating the integrals
associated with the kinetic boundary conditions. In this section we introduce such
profiles in terms of the parameters A;, Ao, A3, the values of which will be evaluated
later in this section and may be different for the anode and cathode. For now we
present the profiles for a generic electrode:

Profile A: Jgy, (X) = A1 5L,

(5 1) Profile B: JEL (X) = Al,EL — AZ,EL (X — Ll),
As EL

Profile C: JEL (X) = Al,EL - .
VX — (L1 — A3 Er)

Profile A is a constant current density and is analogous to using one-dimensional
solutions to study the multidimensional cell. However, since fuel cells are inherently
multidimensional devices, we also include profiles that allow for the current density
to vary along the streamwise surface of the electrode. Profile B assumes a linearly
varying current density distribution and is the simplest profile that accounts for the
decay of current density along the surface of the electrode. Profile C is the most
complex profile we study. It is able to describe the highly nonlinear developing region
of the current density distribution near the upstream edge of the electrode. Figure 5.1
shows how the profiles compare to the local current density profile obtained from the
numerical results.

The total cell current density is the controlled parameter in the galvanostatic
operation of the model problem. Therefore, equivalent cell current densities are used
to compare the specified profiles and numerical results appropriately. The cell current
density can be calculated as the average local current density along an electrode:

1 L ~1 L

(52)  Jcen = ( Jan (X)dX = (Lo — Lv) Jy,

S Joa (X)dX,
Ly— L) Jr, ca (X)

where the anode current density is positive by convention and the cathode current
density is negative but equal in magnitude due to the conservation of current. Since
Jcen is the controlled parameter (and therefore the model input), a relationship be-
tween the profile parameters can be obtained by solving (5.2) for each profile. The
value of the first current density profile parameter in terms of the second and third
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Fia. 5.1. Specified profiles of local current density along the electrode that are considered in this
study to compare with numerical results. The electrode dimensions are arbitrarily set to L1 = 0.5,
Lo = 4.5 for easier comparison with numerical results.
parameters and Jcey for all profiles is

Profile A: Al,EL = jcon,

— A Lo — L
Profile B: Ay g1, = Jcen + M,
(5.3) )

245 w1 (\/Ag,EL — /Lo — (L1 — Ag,EL))
(L2 — L1) '

Profile C: Al,EL = jCell +

We complete the description of the specified current density profile by determining
how the second and third profile parameters A,, A3 change as total cell current density
increases from short circuit to open circuit. The local current density profiles from
the numerical results for different cell current densities are presented in Figure 5.2(a).

The value of the current density profile parameters As and Az with respect to Jcen
are calculated by minimizing the total root mean square (r.m.s.) error [33],

1/2
Lo .
(5.4) Total r.m.s. error = </ [ Profile () — jhpmerical (X)de) ,
L

1

between the analytical and numerical profiles. The results are then normalized by the
value of the parameters at the reference condition which have been defined as a = 0.1,
§ =01, Uy =60, Ly = 4.5, Kgr, = 1, Ky, = 107, S+ = 2, and Joen = 0.1.
The values for the reference condition parameters are presented in Table 5.1. To
describe the parameters for all values of Jcen a best fit relationship is developed in
Figure 5.2(b). The constitutive equations for the normalized parameters with respect
to cell current density for the anode (AN) and cathode (C'A) are

Ag.ax (Jcen) — 80.46T o Azca (Jcen)

- 2
(5.5) . . = 142.04Jcen ,
AFSN AFEa
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Fic. 5.2. (a) Local current density profiles along the anode and cathode for various values of
total cell current density (0 < Jceu < 0.25) from numerical results. The other operating conditions
are maintained at the reference condition. (b) Normalized parameters for the specified local current
density profiles (O: Profile B, ¢: Profile C) and the best fit curves for the parameters with respect
to total cell current density. The parameters are normalized by the reference condition parameters.
The reference conditions have been defined as o = 0.1, § = 0.1, Up = 60, L1 = 0.5, Lo = 4.5,
Kgr =1, K,EL = 1074, SC+ =2, and 7Cell =0.1.

TABLE 5.1
Reference parameters.

Ref Ref Ref Ref
AQ,AN AQ,CA AB,AN AB,CA

Profile A - - - -

Profile B | 0.0210 0.0145 - -

Profile C | -0.0425 | -0.0220 | 0.1167 | 0.0780

Az an (Joen)  Asca (Jeen)

Ref - Ref
AB,AN AS,CA

(5.6) =1.11— 107 cen.

6. Cell potential. The total cell potential must be recovered in order to gen-
erate fuel cell performance data from (4.6), (4.10), and (4.21). In this section we
develop analytic expressions for the electrode potential distributions and total cell
potential as well as present LFFC performance plots for all current density profiles.
The average cell potential, Wcep, can be calculated as

_ 1 Lo
6.1 Veen = 7/ Ueen (X)dX,
(6.1) L), e ™)

1

where the cell potential profile along the channel, Ucep (X), is given by
(6.2) Ueen (X) = Veoa (X) — Pan (X)
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Fi1c. 6.1. Device performance (V-1 curve) of the LEFC. All the analytic profiles are considered
and compared against numerical results. The operating conditions are o = 0.1, § = 0.1, Uy = 60,
L1 =05, Kg, =1, Kjj; =107%, Sy =2, and Ly = 4.5.

and the electrode potentials (¥gr, (X)) are equal to the Stern potential (®g (X)) plus
the electrolyte potential (®% (X)) at the reaction plane:

Tea (X) = Ps,on (X) + 0% op (X,0),
(6.3) )
Uan (X) = D AN (X)+ (I)%,AN (X,0).

Evaluating (4.6), (4.10), and (6.1) for values of Jcen ranging from short circuit to
open circuit yields the cell performance results presented in Figure 6.1 for all profiles.
Figure 6.1 shows the total cell performance compared to the numerical results. At the
device level all profiles provide reasonably accurate descriptions of the model problem.
The fact that even the simple specified current density profiles still provide accurate
device level results is not unexpected because the cell current and cell potential are
integral averages (see (5.2) and (6.1)). Therefore, a reasonable description of the
device behavior can be obtained without an accurate description of the local conditions
along the electrode. The ability to obtain system level information without detailed
knowledge of the continuum distributions is a well-known result of integral analysis.

7. Spatial distributions. One of the primary strengths of mathematical stud-
ies of physical systems is the ability to probe quantities that cannot be measured
experimentally. Therefore, while it is imperative that the device level results are ac-
curate, our solution must also describe the spatial distributions accurately. In this
section we study these distributions and evaluate the validity of the analytical solution
against the numerical simulation of the complete model problem.

7.1. Outer region solutions. In developing our analytical expressions to de-
scribe the LFFC we divided the domain into three regions—the outer region and the
anode and cathode diffuse regions under the thin double layer assumption. We then
solved the outer region problem where the charge density was zero at leading order.
To evaluate the accuracy of this approach the outer region solutions (4.6) and (4.10)
are compared to the numerical results outside the diffuse region (Y = 4\p) along
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Fi1c. 7.1. Outer region distributions for (a) electrolyte concentration and (b) electrolyte potential
along the interface between the inner and outer regions of the anode for all specified profiles of local
current density. The analytic distributions are compared to the distributions just outside the diffuse
region, Y = 4\p, obtained from the numerical results. The operating conditions are o = 0.1,
§=0.1,Up =60, L1 =05, Lo =4.5, Kg, =1, K}y, = 1074, Sy =2, and J ey = 0.2.

the anode. Figure 7.1(a) shows the electrolyte concentration along the anode for
all profiles. The electrolyte potential is shown in Figure 7.1(b). It can be seen that
while all the profiles provide reasonable results, only profile C accurately describes the
physical distributions along the electrode. Additionally, even though in the derivation
of the analytical expression for electrolyte potential (section 4.1.2) we assume that
the electrolyte concentration is constant, the distribution obtained is still accurate
as shown in Figure 7.1(b). The distributions along the interface between the inner
and outer regions are especially important because these results strongly influence the
inner region results due to the matching conditions in (4.16) and (4.17).

7.2. Electrode distributions. The model problem considers galvanostatic op-
eration, and therefore the electrode potential must be recovered from the solution
(section 6). This places a further restriction on the local current density profile be-
cause in reality the electrode potential should remain constant along the electrode.
This is because the resistance of the metallic electrode (e.g., gold) is significantly lower
than the equivalent resistance of the electrolyte. Therefore, any difference in local cur-
rent density must be accommodated by changes in the electrolyte potential and not
the electrode potential. The electrode and Stern potential distributions are presented
in Figures 7.2(a) and 7.2(b), respectively, for both electrodes. Here the numerical
results correspond to the physically realistic distribution of the electrode potentials.
It can be seen that only profile C yields acceptable results. The other profiles pro-
vide electrode potential distributions that are physically unfeasible. Therefore, at this
point we proceed only with profile C for the remainder of our analysis.

7.3. Continuum distributions. It is paramount that the predefined local cur-
rent density profile yields accurate results throughout the continuum domain for other
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Fia. 7.2. (a) Electrode potential and (b) Stern potential distributions along the anode and
cathode for all specified local current density profiles compared to numerical results. The operating
conditions are o = 0.1, 6 = 0.1, Uy = 60, L1 = 0.5, Ly = 4.5, Kg;, =1, Kj, = 1074, S+ =2,
and jCcll =0.2.

variables such as species concentration and electrolyte potential. Figure 7.3 shows the
crosschannel distributions of the continuum electrolyte quantities at different positions
along the channel. The results are presented for all three domains (left panel = an-
ode diffuse region, center panel = bulk region, right panel = cathode diffuse region)
along with the numerical results from the full PNP model. Figure 7.3(a) shows the
electrolyte concentration. It can be seen that the analytical solution agrees very well
with the numerical solution. The electrolyte potential in Figure 7.3(b) also agrees
quite well with the numerical solution but with slight deviations. Careful inspection
reveals that the error is in the Ohmic drop across the bulk electrolyte. In fact, in
the inner regions, the analytical electrolyte potential distributions are merely offset
from the numerical solutions by the deviation present at the boundaries of the outer
region. This indicates that, while the inner distributions are correct, the matching
conditions derived the from the outer region solution introduce some minor error. It
is likely that this deviation in the outer region is due to the approximation of the
constant electrolyte concentration in our derivation of (4.10) (section 4.1.2). The full
equation (3.8) shows that the concentration gradients could affect the diffusion of the
electrolyte potential. However, the crosschannel average of electrolyte concentration
is constant along the streamwise direction of the fuel cell. Therefore, this deviation
is not significant, and the solutions presented are still relevant.

The analytical solutions presented in this work match well with numerical simu-
lations of the full model problem. An excellent agreement between these two methods
validates the thin double layer assumption and the application of asymptotic analysis
in multidimensional fuel cell studies. In studying the resulting solutions, we demon-
strated that overall device performance results can be obtained through grossly sim-
plified descriptions, while spatial distributions require a very specific local current
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Fic. 7.3. Crosschannel distributions for (a) electrolyte concentration and (b) electrolyte poten-
tial throughout the entire continuum domain at different positions along the channel. The analytical
results from specified local current density profile C are compared to numerical results and presented
for the three different regions (left panel: anode diffuse layer; center panel: bulk region; right panel:
cathode diffuse layer). The operating conditions are a« = 0.1, 6 = 0.1, Ugp = 60, L1 = 0.5, Lo = 4.5,
Kgr =1, K;EJL = 10_4, SC+ =2, and 706” =0.2.

density profile. The presented analysis helps to show that the electrode-electrolyte
interface structure is readily accessible through the gFBV-PNP equations and the use
of thin double layer approximations. The advantage of the analytical solution is that
practical devices (whose physical domains may be too large or computationally pro-
hibitive to simulate) can be quickly described mathematically allowing for matching
of the numerous model parameters to empirical results without the omission of the
EDL.

Additionally, the inner region problems resulting from the asymptotic expansion
were one-dimensional along the electrode normal. Only the matching conditions im-
posed from the outer region varied along the streamwise direction. This suggests that
simple EDL coupled kinetic behavior of electrochemical devices can easily be included
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in complex multidimensional device analyses by matching the inner solutions to the
outer region continuum variables at the boundaries. This allows us to study EDL af-
fected kinetics in complex devices whose overall architecture may have prohibited full
numerical simulation. However, there may be cases where the inner region physics are
perturbed by outer region physics, such as in nano-porous electrodes. Nevertheless,
the presented analytic model has the ability to capture EDL dependent kinetics in
electrochemical devices whose spacing between electrodes is significantly greater than
the diffuse layer width (thin double layers), such as LFFCs.
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