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A mathematical model for laminar flow fuel cells including electrical double layer and ion

transport effects is developed. The model consists of the Poisson-Nernst-Plank equations

and the modified Navier-Stokes equations to account for the advection of species in the

downstream direction. The generalized Frumkin-Butler-Volmer equation is used for the fuel

cell kinetics. The finite-volume method is used to develop a system of algebraic equations

from the governing partial differential equations, and a numerical algorithm is developed

to obtain the results. The accuracy of the 2-D numerical simulation is validated against pub-

lished results using a 1-D analytical solution. Numerical results show that the concentration

distributions for both the neutral species and ions change in both the cross-stream and

streamwise directions. An especially interesting result is the change in positive ion concen-

tration within the electrical double layer along the streamwise direction. A study on the

importance of the electric body force in the momentum conservation equations is also

presented. It is found that the flow results are only affected by the electric body force term

at the start of the electrodes and has a negligible impact on device performance results. This

model allows us to study both kinetically active (electrodes) and inactive (insulated wall)

regions for a microfluidic fuel cell. The mathematical model and numerical simulation will be

particularly useful in analyzing the complex behavior that occurs in laminar flow electro-

chemical devices where a minimum of two spatial dimensions must be considered and the

electrical double layer and ion transport cannot be neglected.

INTRODUCTION

Fuel cell technology has existed since 1839, when it was first introduced as a
new way to produce electrical power from chemical energy. Fuel cells are electro-
chemical devices that combine fuel and oxidant sources to produce an electrical
power. This is accomplished by separating a thermodynamically favorable reaction
into two half reactions where ions are allowed to transfer from one half to the
other through an electrolyte, while electrons are routed through a circuit. The half
reactions are fuel oxidation at the anode and oxidant reduction at the cathode.
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For example, in a polymer electrolyte membrane fuel cell, fuel oxidation produces
positively charged ions and electrons which will be consumed by oxidant reduction
at the cathode [1]. The anode and cathode are electrodes where charge transfer
between the solid circuit and electrolyte can take place. The electrical double
layer (EDL) forms at the interface of electrodes and electrolyte. The EDL is
made up of the inner (Stern) layer and the outer (diffuse) layer and it plays a critical
role in transfer of charge across an interface, such as electrons transferring from
the fuel at the anode and to the oxidant at the cathode [2]. The resulting flow of
electrons in an external circuit=load is the useable electrical power produced by
the fuel cell.

NOMENCLATURE

c concentration, mM

C normalized concentration

CS Stern layer capacitance, F

D diffusion coefficient, m2=s

e� electron

F Faraday’s constant, C=mol

i current Iteration

I total normalized current density

J( ) Jacobian matrix

j current density, A=m2

J normalized current density

k
( oxidizing rate constant

k
* reducing rate constant

K
( normalized oxidizing rate constant

K
* normalized reducing rate constant

L half channel height, m

m number of control points

n number of electrons involved in kinetic

reaction

p pressure, Pa

P normalized pressure

r number of sub-domains for parallel

processing

R ideal gas constant, J=K �mol
~ss unknown vector

s stoichiometric coefficient

S normalized ionic current density

Sc Schmidt Number, m=DE

T absolute temperature, K

~vv fluid velocity vector, m=s
~VV normalized fluid velocity vector

x position along channel, m

X normalized position along channel

y position across channel, m

Y normalized position across channel

z ion charge

a kinetics symmetry factor

b ratio of neutral species diffusion

coefficient to ion diffusion coefficients

c ratio of electrolyte concentration to

inlet concentration of neutral species

C dimensionless parameter used in

electric body force,¼ mxE=L
2CE

d ratio of Stern layer width to Debye

length, kS=kD
D/S potential drop across Stern layer, V

DUS normalized potential drop across Stern

layer

e permittivity, F=m
~gg solution correction vector for Newton

step

kD Debye length, m

kS width of Stern layer, m

m viscosity, Pa � s
n normalized inner length scale,

(yþL)=kD
q density, kg=m3

/ electrolyte potential, V

U normalized electrolyte potential

w electrode potential, V

W normalized electrode potential

x ion mobility, m2 �mol=J � s

Subscripts

A anion

An anode

C cation

Ca cathode

Cell device level values

E electrolyte

El electrode

F fuel

in inlet

O oxidant

out outlet

S Stern layer
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Fuel cells have been studied in many forms and a common way to achieve
the anode and cathode separation is through the use of a solid polymer electrolyte
membrane [3–7]. However, a solid polymer electrolyte has a number of technical
issues associated with it, such as cathode flooding and electrolyte dry-out as well
as fabrication issues that are especially difficult at the micro level [8]. Recently,
microfluidic technology has been introduced to eliminate polymer electrolyte
membrane in a fuel cell [9]. This new electrochemical device is known as a laminar
flow fuel cell (LFFC) where fuel and oxidant are allowed to flow at very low velocity
in a microchannel. Colaminar flow is used to keep the fuel and oxidant streams
separate, maintaining the separation between the anode and cathode half reactions.
Figure 1 shows a schematic of a LFFC. Fuel and oxidant electrolyte streams are fed
through different inlet channels to a main channel where they flow together but
remain largely separated due to the nature of flow in a microchannel. There is some
transverse diffusional mixing, which is depicted in Figure 1 as a growing wedge down
the middle of the channel. However, as long as the fuel or oxidant do not cross over
to the other electrode, the two half reactions are sufficiently isolated. In laminar
flow fuel cells, positively charged ions and electrons are released from the fuel as
it oxidizes at the anode. These positive ions migrate from the anode to the cathode
through the flowing electrolyte stream in the channel and the electrons are routed to
the cathode through an external electrical circuit (Figure 1). At the cathode
the positive ions and electrons are consumed as the oxidant is reduced and a waste
product is produced. This waste flows out of the channel along with the electrolyte
stream to the waste reservoir.

The laminar flow fuel cell concept was first introduced in 2002 in the form of a
vanadium redox cell with laminar flow separation [9]. The concept was further
developed by studying different reactant solutions, flow rates, and individual elec-
trode potentials to assess the performance limitations [10–12]. Several different
incarnations of laminar flow fuel cells have been studied experimentally such as cells
with an air breathing cathode electrode [13, 14], cells that utilize different configura-
tions of graphite rods as electrodes [15], and cells that feed the reactants through
porous electrodes [16] among others. While these devices were readily investigated

Figure 1. A basic representation of laminar flow fuel cell operation showing the separation of the fuel and

oxidant streams. When fuel is oxidized at the anode ions are released, and travel across the channel to the

cathode while the electrons move through the circuit thus forming useable current.
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empirically, it is also of interest to study the fundamental behavior of devices
through the use of mathematical models.

In the literature, there exist a number of models for laminar flow fuel cells. The
simplest models use a constant electrode potential to model the reactant consump-
tion along the channel. Bazylak et al. [17] used such a model to study fuel utilization
for a variety of channel and electrode shapes and configurations. They also presented
an innovative electrode design for improved fuel consumption. Multiple fuel feeds at
various points along the electrode have also been studied using this type of model,
and it was found that the effects of the depletion boundary layer could be minimized
[18]. Device level models have also been presented previously. A laminar flow fuel
cell using a Y-shaped microchannel has been studied using formic acid oxidation
[19] and hydrogen peroxide decomposition [20], and a similar model was applied
to a planar microchannel geometry [21].

The above-mentioned models assume that the electrolyte is electrically neutral
throughout the channel and produce a linear electric potential gradient across the
channel. Hence, these models simplify ionic transport in the electrolyte by using a
charge conservation equation to model the electric field. These simplified models
have two obvious limitations. First, they do not explicitly consider ion transport
and its driving mechanisms such as electromigration. Second, they also neglect the
EDL effects at the electrode–electrolyte interface which play a major role in the
charge transfer kinetics at the interface as well as the overall cell potential [22, 23].
In order to capture these complex electrochemical phenomena, a more fundamental
model is necessary.

A more general set of continuum equations that do not assume electroneutrality
and include ion transport in electrochemistry are the Poisson-Nernst-Plank (PNP)
equations. This model accounts for the strong coupling between the concentration
of ions and the electric potential and has been used to model the ionic migration
and the diffuse layer in electrochemical cells. Analytical solutions of the PNP equa-
tions without kinetics for the diffuse layer have been presented [24]. The charging
of the EDL, a process essential to fuel cell operation, has also been studied numeri-
cally [25]. The Stern layer can be included as a mixed boundary condition to the
PNP equations and has been used to show the importance of the double layer in inter-
facial kinetics [26] as well as in the time-dependent response to applied cell voltage
[27]. Moreover, advanced models have been developed that account for the
EDL and ion transport [28, 29] specifically for polymer electrolyte membrane fuel
cells [30] and solid oxide fuel cells [31]. Thus far, the effects of the diffuse layer on
electrochemical kinetics have only considered in solid electrolytes or stationary liquid
electrolytes, and have never been considered for a flowing electrolyte or laminar
flow fuel cells.

In this work, a mathematical model is developed for a LFFC which can be
used to study the operational behavior of such devices. The model is based on the
fundamental phenomena that govern the fluid flow, ion transport and electric poten-
tial in LFFC. Any such model would be able to capture the EDL and flow effects in
electrochemical kinetics. This new model is able to use the more accurate generalized
Frumkin-Butler-Volmer equation for kinetics by using the local concentration of
reactants at the Stern layer-diffuse layer interface and the potential drop across
the Stern layer. Here, the term ‘‘generalized’’ refers to the broad applicability of
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this kinetic formulation that is not limited by assumptions such as equilibrium at
the electrolyte-electrode interface or electroneutrality [28].

The model presented is a general variant of the Poisson-Nernst-Plank
equations, where the Nernst-Plank equations will include the advection term which
captures the species transport due to the bulk flow of the electrolyte. The equations
are solved in two dimensions which is necessary for the prediction of basic LFFC
phenomena such as the laminar separation and depletion boundary layer, or the
local decrease in reactant concentration along the electrodes as it is consumed.
The model input presented is the electrode potentials (WAn and Wca), and and the cell
current density Icell can be recovered from the generalized Frumkin-Butler-Volmer
electrode kinetics. Therefore, the model will be able to produce standard fuel cell
metrics such as voltage-current plots.

GOVERNING EQUATIONS

Figure 2 shows the computational domain used for this work. We considered a
planar microchannel with two inlet streams merging at the entrance (x¼ 0). For
computational simplicity, it is assumed that the flow becomes fully developed within
2L. Therefore, the outlet condition is set at xout¼ 2L; however, the model is appli-
cable for any domain size or aspect ratio. The electrodes are on the top and bottom
channel walls and they begin at x¼ xEl and end at the channel outlet, x¼ xout. For
simplicity, only two species, fuel (F) and oxidant (O), were considered for a redox
reaction in the presence of a binary electrolyte consisting of a cation (C) and an
anion (A) with a charge of zC¼�zA¼ 1. Fuel is oxidized at the anode, and frees
cation(s) and electron(s) which are then consumed at the cathode along with the

Figure 2. The computational domain considered for the model depicting a main channel with two inlet

streams. Anode and cathode reaction regions starts at x¼ xEl.
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oxidant to produce current. Therefore, the stoichiometric equations for the half
reactions at the electrodes become

Anode : sF � F ! sC � C þ n � e� ð1aÞ

Cathode : sC � C þ n � e� þ sO �O ! waste ð1bÞ

and the overall redox reaction becomes

Overall : sF � F þ sO �O ! waste ð1cÞ

The parameter n represents the number of electrons released by fuel oxidation
and consumed by oxidant reduction. Its value depends on type of fuel used in the
overall reaction, i.e., for hydrogen n¼ 2 and for methanol n¼ 6. The stoichiometric
coefficient, s, is the number of molecules of a given species that react with n electrons.
The rate at which the half reactions proceed is governed by the generalized
Frumkin-Butler-Volmer equation.

Anode : j ¼ Fn kAn
(��

cFe
ð1�aÞD/szF=RT � Fn kAn

��*
cce

�aD/szF=RT ð2aÞ

Cathode : j ¼ Fn kCa
(��

eð1�aÞD/szF=RT � Fn kCa
��*

cocce
�aD/szF=RT ð2bÞ

where the concentration terms for the reactants are obtained from the continuum
distribution of the concentration fields cF, cO, and cC taken at the electrode of
interest. It should be noted that the EDL will have significant impact on the value
of cC at the electrode. For simplicity the waste product was not considered in
this work, but one could easily include a waste species by solving an additional
concentration equation. In fact there are situations where accounting for the waste
product is not necessary, such as if the cathode reaction were the oxygen reduction
reaction. Then the product of the reaction would be water which is adsorbed into the
bulk solution at a constant chemical potential for an aqueous solution. Depending
on the reactions studied, the LFFC model presented can easily accommodate
additional species.

Inspection of Eq. (2) reveals that the electrode kinetics is the difference between
the oxidation current and reduction current at the electrode. This makes the rate
constants critical to the operation of a fuel cell. Assume, for now, that the electrodes
are not connected via an external electrical circuit=load so no charge is allowed to
transfer between them. This condition is known as the open circuit case of a fuel cell
for which the cell voltage is highest. Since no charge is allowed to transfer between
the electrodes, the net current at each electrode must be equal to zero. If the
oxidation and reduction rate constants were equal, then the value of D/s for which
the oxidation and reduction current are equal is zero. This would mean the total cell
voltage would be zero at open circuit. However, if at the anode for example the
reduction rate constant is less than the oxidation rate constant, then some negative
value of D/s would be required to achieve zero net current yielding a non-zero cell
voltage. This negative value of D/s requires the anode voltage to be negative and
gives the fuel cell a cell voltage greater than zero. Therefore, the imbalance in rate
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constants is fundamental to the fuel cell device and the selection of which can greatly
impact the behavior of a cell.

The concentration distributions for the fuel (F) and oxidant (O) as well as the
electrolyte components (cation C and anion A) are governed by the steady state
transport equations.

r � ð~vvcF Þ ¼ r � ðDFrcF Þ ð3aÞ

r � ð~vvcOÞ ¼ r � ðDOrcOÞ ð3bÞ

r � ð~vvcCÞ ¼ r � ðDCrcC þ zCxCFcCr/Þ ð3cÞ

r � ð~vvcAÞ ¼ r � ðDArcA þ zAxAFcAr/Þ ð3dÞ

where x is ionic mobility and is related to diffusion coefficient by D¼RTx. The
advection term, on the left-hand side of Eq. (3), indicates that the velocity of
the fluid flow impacts the concentration distribution of a given species. This term
has typically been neglected by previous solutions of the Poisson-Nernst-Plank
equations.

The first term on the right-hand side of Eq. (3) shows the contribution of
diffusion in the transport process. The coupling between ion transport in the electro-
lyte and the potential in the electrolyte is apparent from the second term on the
right-hand side of Eqs. (3c) and (3d). This electromigration term states that the flux
of a charged ion due to migration is proportional to the potential gradient. The
potential in the electrolyte is coupled to the ion concentration through the Poisson’s
Equation:

�r � ðeEr/Þ ¼ zCFcC þ zAFcA ð4Þ

From this equation it is apparent how the potential in the electrolyte is coupled to
the concentration distribution of the ions. The right-hand side is known as the
charge density, and it becomes zero in the bulk fluid region (away from the elec-
trode). However, near the electrodes the charge density will not be equal to zero
and the electroneutrality condition is no longer valid.

The velocity field of the incompressible fluid can be obtained by solving the
momentum and mass conservation equations [32].

qð~vv � rÞ~vv ¼ r � ðmr~vvÞ � rp� ðzCFcC þ zAFcAÞr/ ð5aÞ

r �~vv ¼ 0 ð5bÞ

The last term of Eq. (5a) is due to the electric body force (EBF) which is a function of
the electric field and charge density.

DIFFUSE CHARGE EFFECTS IN A LAMINAR FLOW FUEL CELL 7

D
o
w
n
l
o
a
d
e
d
 
B
y
:
 
[
D
u
t
t
a
,
 
P
r
a
s
h
a
n
t
a
]
 
A
t
:
 
2
2
:
3
5
 
2
8
 
J
a
n
u
a
r
y
 
2
0
1
1



Boundary Conditions

For a 2-D planar microchannel, there exist six different kinds of boundaries:
fuel inlet, oxidant inlet, wall, anode electrode, cathode electrode, and outlet. Hence,
six sets of boundary conditions are required for each unknown variable. The inlet
streams provide a specified concentration for each species. The fuel inlet specifies
the fuel concentration and has no oxidant influx and vice versa for the oxidant inlet.
It is assumed that at the inlet the potential has an insulation condition. Therefore the
boundary conditions for the electrochemical governing equations at the fuel inlet are

cC ¼ cA ¼ cE ð6aÞ

cF ¼ cF ;in ð6bÞ

cO ¼ 0 ð6cÞ

q/
qx

¼ 0 ð6dÞ

and at the oxidant inlet are

cC ¼ cA ¼ cE ð7aÞ

cO ¼ cO;in ð7bÞ

cF ¼ 0 ð7cÞ

q/
qx

¼ 0 ð7dÞ

At the outlet it is assumed that the phenomenon is fully developed and therefore
are no longer functions of the x direction. This translates to the assumption that
there are no concentration gradients along the channel axis and there is no change
in electrolyte potential.

qcC
qx

¼ qcA
qx

¼ qcF
qx

¼ qcO
qx

¼ 0 ð8aÞ

q/
qx

¼ 0 ð8bÞ

The channel wall, in the absence of an electrode, provides a zero flux condition for
the mass transport equations. It is also assumed that the wall is an insulator and has
no surface charge yielding a zero potential gradient normal to the surface [32]. As a
result the boundary conditions at the wall are

DC
qcC
qy

� zCxCFcC
q/
qy

¼ 0 ð9aÞ
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DA
qcA
qy

� zAxAFcA
q/
qy

¼ 0 ð9bÞ

DF
qcF
qy

¼ 0 ð9cÞ

DO
qcO
qy

¼ 0 ð9dÞ

q/
qy

¼ 0 ð9eÞ

The electrodes are the most important part of a fuel cell where interesting electro-
chemical interactions occur, and are of paramount importance for fuel cell
operation. At the electrodes, the non-reacting species have a zero flux condition,
while the reacting species have a flux equal to the ionic current density which is
related to the electric current density by the Faraday constant, number of cations
involved in the reaction and a stoichiometric coefficient derived from the reaction
equations (Eq. (1)). The sign of the flux is determined by the species position in
the stoichiometric equation, i.e., negative if the species is a reactant and positive if
the species is a product. Therefore, for the mass transport equations, the anode
boundary conditions are

DC
qcC
qy

� zCxCFcC
q/
qy

¼ sCj

nF
ð10aÞ

DA
qcA
qy

� zAxAFcA
q/
qy

¼ 0 ð10bÞ

DF
qcF
qy

¼ � sF j

nF
ð10cÞ

DO
qcO
qy

¼ 0 ð10dÞ

For the electrolyte potential at the boundary, an adaptation of the Stern model for
the inner layer is used [26]. Here, the boundary value is determined by the electrode
potential plus the drop across the Stern layer, /¼wþD/S, where the potential is
assumed to be linear and continuous with the potential in the electrolyte. The Stern
layer thickness is determined by the ratio of the permittivity in the Stern layer over
the capacitance of the Stern layer. For the anode electrode, the boundary condition
for electrolyte potential is

/ ¼ wA þ eS
CS

q/
qy

ð10eÞ
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Similarly the boundary conditions for cathode (electrode) are

DC
qcC
qy

� zCxCFcC
q/
qy

¼ � sCj

nF
ð11aÞ

DA
qcA
qy

� zAxAFcA
q/
qy

¼ 0 ð11bÞ

DF
qcF
qy

¼ 0 ð11cÞ

DO
qcO
qy

¼ � sOj

nF
ð11dÞ

/ ¼ wc þ
es
cs

q/
qy

ð11eÞ

It should be noted that the drop across the Stern layer will be negative for the anode
and positive for the cathode except in the case of very low cell potentials.

The boundary conditions for momentum and mass conservation equations are
straightforward. We assumed a fully developed velocity distribution in both fuel and
oxidant inlet channels and therefore prescribed the fluid velocity profile as parabolic
flow at each inlet. There exists a no slip and no penetration boundary conditions at
the wall and electrodes. Finally, the pressure is specified as zero gauge at the outlet.

Inlet :~vv ¼~vvin ¼ vmax

�
1�

�
2ðjyj � L=2Þ

L

�2�
�~ii þ 0 �~jj ð12aÞ

Outlet : p ¼ 0 ð12bÞ

Walls :~vv ¼ 0 ð12cÞ

NUMERICAL TECHNIQUE

The governing equations used to describe the laminar flow fuel cell are nonli-
nearly coupled, and hence for a two dimensional domain the systems of equations
must be solved numerically. In this study the finite volume method is used to form
algebraic equations. One of the major advantages of the finite volume method is
the conservation of the parameter across the domain [33].

Since the fluid flow equations (Eq. (5)) are influenced by the parameters solved
in Eqs. (3) and (4) they must be solved in conjunction with Eqs. (3) and (4). This was
accomplished iteratively by solving Eq. (5) followed by Eqs. (3) and (4) until
both results converged. For this work, the colocated semi-implicit method for
pressure-linked equations (SIMPLE) algorithm is used to solve the flow equations
[33, 34]. The system of equations used to describe electrochemical system (Eqs. (3)
and (4)) is also nonlinear and highly coupled. Therefore, use of finite-volume method
provides a set of nonlinear algebraic equations that are difficult to solve using
tridiagonal matrix algorithm (TDMA). In this work Newton’s method is applied
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for a system of equations which is solved with a block TDMA. For this study, a
parallel algorithm is developed to solve both flow and electrochemical equations
concurrently (see Appendix 1). By implementing a parallel solver, significant compu-
tational time savings can be obtained. In this work, an Intel Core i7–975 3.33GHz
processor with four cores was used. The numerical results were completed in 4.72 h
using four threads, while it took 12.5 h for a single thread.

MODEL VALIDATION

It is important to validate the accuracy of the numerical results if analytical=
experimental results exist. Unfortunately, there is no analytical solution for the 2-D
LFFC system presented in this study. Hence, we have obtained 1-D numerical solution
from this 2-D model to compare with existing 1-D analytical results. In order to obtain

Figure 3. Numerical recreation of published analytical results validating the accuracy of the model and

solution. The lines are the analytical results presented by Bonnefont et al. [26], while the symbols are

the numerical results for the different scenarios; � is d¼ 0.01 and I¼ 0.3, and 4 is d¼ 1 and I¼ 0.3,

& is d¼ 0.01 and I¼ 0.35. The results compared are (a) potential in the electrolyte, (b) the first derivative

of potential with respect to Y, (c) the concentration distribution of the cation, and (d) the concentration

distribution of the anion.
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the 1-D results, the boundary conditions of the 2-D numerical model had to be changed
and advection had to be neglected. At the inlet and outlet, potential was given an
insulated condition and it was assumed there are no concentration gradient (same as
equation 8). The electrodes were extended from X¼ 0 to X¼ 2, and the boundary con-
ditions were the same as Eqs. (10) (anode) and (11) (cathode). To provide a Dirichlet
condition for concentration, the concentration was prescribed for the center control
points where Y¼ 0. The electrolyte potential did not require a Dirichlet condition as
the mixed boundary conditions at the electrodes provide a unique solution. Figure 3
compares 1-D numerical results with the existing analytical results for potential in the
electrolyte, the first derivative of potential in the electrolyte, concentration of the cation,
and concentration of the anion [26]. The results are presented against the normalized
inner length scale which is defined as n¼ (yþL)=kD, where kD is the Debye length. In
the figure, the lines represent the analytical solution and the symbols show
the numerical results. Like Bonnefont et al. [26], for the case of I¼ 0.35 only d¼ 0.01
is presented for the concentration profiles, where d¼ kS=kD. Figure 3 shows excellent
agreement between numerical results and published analytical solution validating the
numerical model.

RESULTS AND DISCUSSION

For universal applicability, all numerical results are presented in normalized
form. A brief description of our normalization technique and normalized variables
are presented in Appendix 2 and Table 1, respectively. A laminar flow fuel cell oper-
ating under partial load, away from open or short circuit, with flowing electrolyte

Table 1. Definition of dimensionless parameters

Dimensional

variable

Scale

factor

Dimensionless

variable

cA cE CA

cC cE Cc

cF cF,in CF

cO cO,in CO

J DEFZcE=L J

kAn
(�� DE=L kAn

��*

kAn
��* DE=L kAn

��*

kCa
(�� cEDE=L kCa

(��

kCa
��* DE=LcE kCa

��*

p mDE=L
2 P

~vv DE=L ~VV

x L X

y L Y

/ RT=zF U
w RT=zF W

The dimensionless variable can be obtained by divid-

ing the dimensional variable with the scale factor.
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is considered. For the numerical results, the electrode potentials are set as Wca¼
�Wan¼ 3, the kinetic rate constants are KAn

(��
¼ 5� 10�1 and KAn

��*
¼ 5� 10�3 for

the anode and KCa

(��
¼ 5� 10�5 and KCa

��*
¼ 5 for the cathode. The stoichiometric

coefficients are sF¼ 1, sO¼ 1, sC¼ 6, and the number of electrons involved in the
kinetic reaction (n) is 6. The inlet velocity profile for each inlet is set to the steady
state flow profile for a rectangular duct with Vmax¼ 5 and C¼ 4� 10�5. The dif-
fusion coefficient for the neutral species is less than the diffusion coefficient of the
cation by an order of magnitude bF¼ bO¼ 1=10 and the inlet concentration ratios
are cF¼ cO¼ 1. The Stern layer capacitance is Cs¼ 80 mF=cm2 and the Stern layer
permittivity is 10 times that of the permittivity in a vacuum.

Neutral Species Distribution

The concentration distributions for the neutral species are shown in Figure 4.
The results for the full domain are shown as contour plots in Figures 4a and 4b for

Figure 4. Concentration distributions for the neutral species. The contour plots show the results for the

entire domain for (a) fuel and (b) oxidant. Concentration distribution across the channel at few specific

locations along the channel for (c) fuel and (d) oxidant.
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fuel and oxidant, respectively. The formation of a depletion boundary layer can be
seen near the anode (Y!�1) in Figure 4a and close to the cathode (Y! 1) in
Figure 4b. The boundary layer starts at the upstream side of the electrode. As the
fuel and oxidant are consumed by the electrode kinetics, they are depleted from
the fluid. The further downstream of the cell, the more reactants have been con-
sumed. If the current is large enough that all the reactants at the electrode are con-
sumed and cannot be replenished by diffusion from the bulk flow, the kinetics for
that electrode will become transport limited. These figures also show that fuel and
oxidant remain mostly unmixed in the channel. At the channel inlet (in Figure 4a),
the fuel is specified to the inlet concentration for the entire fuel inlet, and not present
at the oxidant inlet. As the flow progresses downstream the fuel begins to diffuse into
the oxidant side. This is known as transverse diffusional mixing and is more readily
seen in Figure 4c for fuel and Figure 4d for the oxidant. If the concentration of fuel
at the cathode increases above zero it can oxidize there, effectively short circuiting
the fuel cell. This is known as fuel crossover and it can be very detrimental to fuel
cell performance. In a LFFC, there is no physical separation between the anode
and the cathode; fuel crossover is prevented by controlling the operating parameters
such that the separation of neutral species is maintained. This behavior cannot be
captured by previous electrochemical models that include EDL that are only 1-D.
For computational simplicity, the length of the channel was kept rather small com-
pared to the height of the channel. If the channel length were increased, the amount
of cross channel diffusion between the two neutral streams would increase until they
are fully mixed at a very long channel length.

Electrolyte Potential

The potential distribution in the electrolyte for the full domain is shown in
Figure 5a. The EDL shape matches expected results in the cross channel direction.
The results presented in Figure 5b are the same as those presented in the contour plot
but show the behavior of the potential across the channel for different positions
along the channel. The potential drop across the channel, especially in the bulk fluid
(away from the electrodes), can clearly be seen. Further downstream, the potential
drop becomes more linear. However, according to the 1-D analytical solution, it will
never become linear when current across the cell is present [26]. Therefore, increasing
the channel length would not have an impact on the potential in the electrolyte. This
potential drop is known as the cell’s internal resistance in the fuel cell community.
The potential distribution across the channel at the inlet is not flat as shown in
Figures 5a and 5b. This is because the upstream potential is influenced by the poten-
tial distribution between the electrodes. If the distance between the inlet and the start
of the electrodes was large enough then the potential distribution at the inlet would
be flat. The inset in Figure 5b shows the potential distribution near the (anode) elec-
trode. The evolution of the EDL at the electrode is very quick and the potential dis-
tribution reaches a stable shape just downstream of the start of the electrode; so if
the channel length were increased the shape of the EDL wouldn’t change. Also
the lack of a double layer at the insulated wall (X¼ 0, X¼ 0.4) can be seen in the
inset of Figure 5b. The developing behavior of the EDL along a channel cannot
be captured by 1-D results. Also, a 2-D solution yields the shape of the double layer
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along the channel at the beginning of the electrode (Figure 5c) which, to our knowl-
edge, has not been presented before.

Ion Distribution

The concentration distributions of the ions are presented in Figure 6. Figure 6a
shows the concentration distribution of the cation. The positively charged cations are
attracted towards the anode electrode which is negatively charged. As the fuel oxi-
dizes in the anodic side, positively charged cations are released into the electrolyte
and negatively charged electrons are transferred into the electrode. These electrons

Figure 5. Distribution of potential in the electrolyte for the case of UAn¼�3, UCa¼�3. The (a) contour

plots show the results for the entire domain and (b) specific cross channel results for different locations

along the channel. The inset in (b) shows the near wall potential distribution against the inner scale. The

potential distribution along the entire channel is shown in (c) for the anode and cathode and specifically at

the inception of the electrodes (X¼ 0.5) in the inset figure.
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build up causing a net negative charge in the anode. The opposite phenomenon occurs
in the cathodic side, where electrons are consumed from the electrode and combined
with cations in the electrolyte. The electron depletion from the cathode electrode
results in a net positive charge in the cathode electrode. This positive charge repels
the cations resulting in depletion of cations in the electrolyte at the cathodic side.
Similarly but opposite for the anion, shown in Figure 6b, where there is a depletion
of anions at the anode and a buildup of anions at the cathode in the electrolyte.

Consider the anodic side in Figures 6a and 6b; the local increase in cation
concentration is greater than the local decrease in anion, which is consistent with
EDL theory. The net charge in the EDL must be equal and opposite to the net
charge in the solid electrode. However, the anion concentration can only decrease
to zero near the electrode so the remaining difference must be accounted for by a
larger excess of cations. Figures 6c and 6d show the distribution of the cation and
anion, respectively, across the channel; in the bulk fluid regions (away from the
electrodes), the electroneutrality condition holds. It can be seen that the shape

Figure 6. Concentration distributions for the ions. The contour plots show the results for the entire

domain for (a) cation and (b) anion. Specific cross channel results are also shown for (c) cation and (d)

anion at different locations along the channel. The insets in (c) and (d) show the near wall concentration

distribution against the inner length scale.
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of the anion and cation distribution follows closely the shape of the potential
distribution. This is a direct result of the strong coupling between the potential
and ion distributions. This distribution of ions throughout the domain cannot be
properly captured by models that neglect the coupling between potential and
ion transport. A very interesting observation is apparent in Figure 6a, where the con-
centration of cations near the anode increases as the fluid progresses downstream.
Similarly, the concentration of anions at the cathode in Figure 6b decreases.
Although the EDL develops quickly at the beginning of the electrode, the concen-
tration distribution of the ions continues to develop downstream as evidenced by
the insets in Figures 6c and 6d. The insets show the near electrode distribution of
the cation and anion at the anodic side as a function of the inner length scale.
The distribution at X¼ 1.00 and X¼ 2.00 are similar and show that the concentra-
tions are indeed stabilizing and appear to no longer be changing in the downstream
direction. Therefore, one would expect the shape of the ion distribution in the
EDL to remain constant to those at the outlet if the channel length were increased.

Fluid Velocity Profile

The magnitude of the velocity distribution is shown in Figure 7. Clearly visible
is the velocity profile at the inlet as a result of two feed channels merging as described
earlier. The flow in the channel is a developing flow as the two inlet streams merge
into a single channel flow. The results show that the flow can be assumed to be fully
developed for xout¼ 2L and the results at the exit of the channel would not change if
the channel length were increased. The velocity profile determines the advection

Figure 7. Contour plot of velocity magnitude profile.
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of the neutral species and ions, which has been neglected in previous EDL fuel cell
studies. Figures 8a and 8b shows the corresponding pressure plot where a dramatic
increase in pressure in the EDL region can be seen. This is the osmotic pressure that
develops due to the EBF in an equilibrium EDL [35]. The near wall fluid flow is
affected by the EBF, but primarily at the start of the electrode. From Figures 8c
and 8d it is clear that the velocity profile only at the start of the electrodes
(X¼ 0.5) shows an appreciable deviation from the expected velocity profile. The
insets in Figures 8(b)–(d) show the near wall nature of flow and pressure. The inset
figures for velocity components (Figures 8c and 8d) show that the velocity at the wall
remains zero because of the no-slip and no-penetration boundary conditions.

The EDL presented in this work can be thought of as an equilibrium EDL plus
a small deviation that is a result of the cross channel current. It is important to note
that an equilibrium EDL cannot produce flow because of the osmotic pressure [35].

Figure 8. (a) Contour plot of pressure throughout the computational domain. Comparison of (b) cross

channel pressure and (c) and (d) flow results with the electric body force term (case 1: Lines) and without

(case 2: Symbols). The cross channel distributions of pressure and velocity are shown at different positions

along the channel (– � – �4: X¼ 0.00, – – – –

4

: X¼ 0.40, – �� –&:X¼ 0.50, ——�:X¼ 1.00, – – –�:X¼ 2.00).

The insets in (b)–(d) show the near wall distributions against the inner length scale.
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In other words, the part of the EDL that is in equilibrium does not affect flow. Only
the slight deviation from the equilibrium EDL caused by the current density will
affect flow. Figures 8b–d also show a comparison between two cases of flow results:
With the EBF (case 1) and without the EBF (case 2). In Figure 8b, it can be seen that
the pressure for case 2 only deviates from case 1 near the wall where the osmotic
pressure is active. The fluid velocity in case 2 for the streamwise direction
(Figure 8c) and cross-channel direction (Figure 8d) only deviate from case 1 near
the wall at the start of the electrodes. By comparing the numerical results for electro-
lyte potential and concentration distributions (not shown) for cases 1 and 2, it was
found that the EBF has a very negligible effect in the electrochemical results. For
instance, neglecting the EBF from the system of equations causes a maximum change
of 5� 10�4 in potential at any point in the domain, which is four orders of magni-
tude less than the electrode potential. For the concentration distributions, the
maximum change at any point is 5� 10�3, which is three orders of magnitude lower
than the electrolyte concentration. Given the negligible differences in the electro-
chemical (electrolyte concentration and potential) results between two cases, it
can be concluded that the EBF can be neglected from the momentum equations
of LFFC model. However, the inclusion of EBF provides interesting flow and
pressure results near the wall and electrode regions.

Cell Performance

Two important parameters to evaluate fuel cell performance are cell potential
and current density. The cell potential can be calculated as Wcell¼WCa�WAn

Figure 9. Voltage-Current plots for the laminar flow fuel cell comparing results with (case 1) and without

(case 2) the EBF. Shown is the total cell voltage, Wcell¼WCa�WAn, the anode electrode potential

DWA¼ (WA�UY¼ 0), and the cathode electrode potential DWC¼ (WC�UY¼ 0).
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using the input electrode potentials, and the cell current density can be calculated by
integrating the current density along one of the electrodes

IAn ¼
1

ðXout � XElÞ

Z Xout

XEl

JAnðXÞdX ð13Þ

A positive cell current correlates a positive anode current and a negative cath-
ode current by convention. If the governing equations and accompanying boundary
conditions are solved for different values of Wcell(WAn, WCa) ranging from zero (short
circuit) up until Icell¼ 0 (open circuit) then a classic fuel cell analysis plot, the
voltage-current plot, can be created. Figure 9 shows a V-I plot for a fuel cell operat-
ing at the same kinetic and flow parameters and EBF cases described above. The
anode electrode potential DWA¼ (WA–UY¼ 0) and cathode electrode potential
DWC¼ (WC�UY¼ 0) are also shown in Figure 9. For the anode, the more negative
the electrode potential, the lower the current density. The opposite is the true for
the cathode, i.e., the more positive the electrode potential the lower the current den-
sity. Figure 9 shows that the cell is anode limited when operating as a short circuit,
i.e., the anode electrode potential is less negative than the cathode electrode potential
is positive. However, at open circuit, the cathode electrode potential is greater than
the anode electrode potential and the cell is cathode limited. Also shown in Figure 9
is a comparison of LFFC performance results between the two cases: with (case 1)
and without (case 2) the EBF term. The results clearly show that the EBF produces
no noticeable effect on the device level results. This is due to the fact that the primary
impact of the EBF on fluid flow is at a very small region at the start of each
electrode. Any change in kinetic performance in this location is insignificant when
compared to the kinetic performance of the entire electrode.

CONCLUSION

A 2-D numerical model is developed for a laminar flow fuel cell considering ion
transport and EDL around the electrodes, and validated against published analytical
results. Finite volume method is used to form algebraic equations from governing
partial differential equations. The numerical solution was obtained using Newton’s
method for a system of equations and a block TDMA solver. Different operating
phenomena such as the laminar flow separation, the development of the depletion
boundary layers and EDL, and the coupling of ion transport with electric potential
were shown. The model was also able to show the shape of the EDL in the down-
stream direction as well as how the double layer changes along the electrode. These
numerical results demonstrate the model’s ability to capture the complex behavior of
such a device. A comparison of results with and without the EBF in the momentum
conservation equations revealed that the EBF had only a minor effect on fluid flow
and the potential and concentration distributions. This minor effect yielded a negli-
gible difference in LFFC performance and therefore it is possible to neglect the EBF
term from the momentum conservation equation of LFFC model. If the EBF term
is neglected from the momentum conservation equations, the flow field becomes
decoupled from the PNP equations and the complexity of the LFFC model reduces
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significantly. Future works based on this model may further probe the depths of the
complex electrochemical system of laminar flow fuel cells.
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APPENDIX 1: NUMERICAL FORMULATION

The system of equations used to describe electrochemical system (Eqs. (3) and
(4)) is nonlinear and highly coupled. Therefore, application of finite-volume
method yields a set of nonlinear algebraic equations that are not straightforward
to solve, and cannot be solved with tridiagonal matrix algorithm (TDMA) or
Gauss-Seidel methods often used in conjunction with the finite volume method.
Here, Newton’s method is applied for a system of equations, which offers two
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distinct advantages. First, all the transport equations and the Poisson’s equation
can be solved simultaneously, a necessity due to their strongly coupled nature.
Second, that Newton’s method converts nonlinear system of algebraic equations
to a linear set.

In order for Newton’s method to be applied, the Jacobian matrix must first be
obtained. For our case, the system of finite volume equations can be written as

f ð~ssÞ ¼ 0 ð14Þ

where f is a set of 5m algebraic equations, 5 being the number of unknown fields (U,
CC, CA, CF, and CO) and m the number of finite control volumes ðf 2 R5mÞ. The
unknown vector is given by~ss and the Jacobian matrix of the system is

Jð~ssÞ ¼ qf
q~ss

ð15Þ

Now, Newton’s method for a system of algebraic equations becomes

Jð~ssiÞ~ggi ¼ �f ð~ssiÞ ð16Þ

where i represents the current Newton iteration and ~gg is used to update the unknown
vector for the next iteration as

~ssiþ1 ¼~ssi þ~gg ð17Þ

Equation 16 is solved numerically for ~gg which is then used to update the
unknown vector through Eq. (17). This produces a solver with two loops: an inner
and an outer loop. The outer loop is the Newton iteration, while the inner loop is
the iterative solver for Eq. (16). To solve the inner loop, it is important to look at
the structure of the Jacobian, which is a sparse matrix. For simplicity in explanation,
a 3� 3 grid of finite volumes is considered with three unknown fields, A, B, and C
which gives nine control volumes and a set of 27 equations. If the ordering of the
unknown vector is

A1

..

.

A9

B1

..

.

B9

C1

..

.

C9

2
666666666666664

3
777777777777775

ð18aÞ

Then, the structure of the nonzero values in the Jacobian matrix is shown by Eq. (18b).
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This matrix is asymmetric and cannot be solved with simple numerical solution
techniques. However, if the ordering of the unknown vector is

/1

A1

B1

..

.

/9

A9

B9

2
6666666664

3
7777777775

ð19aÞ

Then, the structure of the nonzero values in the Jacobian matrix can be
arranged as
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The matrix is still asymmetric; however, it is block symmetric as suggested by
the larger lighter blocks in Eq. (19b). This block structure of the Jacobian is similar
to the point structure of a system with one governing equation and a single unknown
parameter. Therefore, the block structure of the Jacobian in Eq. (19b) can be solved
with a Block TDMA. The Block TDMA requires the solution of multiple block
equations. Since the block sizes are small, in this example 3� 3, these equations
can be solved rather quickly using LU decomposition.

Another advantage of a block TDMA is that it is relatively straightforward to
implement in a parallel environment. The implementation in this work uses the
OpenMP API which allows for parallel processing on multiple shared memory pro-
cessors [36]. Figure 10a shows the process flow through an OpenMP parallel region.
The program initiates as a single thread, the master thread, and progresses serially
until the inner solution loop where a fork is encountered. In OpenMP, a fork is

Figure 10. Parallelization scheme for laminar flow fuel cell. (a) The computational flow of a single master

thread dividing into multiple parallel threads at a fork and condensing back to the master thread at a join;

and (b) the computational domain is decomposed into sub-domains that can be distributed to the

individual parallel threads.
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the start of a parallel region. At a fork the domain is decomposed into r sub-domains
that are distributed amongst r parallel processes as shown in Figure 10b [37]. At a
fork the master thread becomes a group of r equivalent parallel threads that each
contains a unique solution loop for their specific sub-domain. Because the processors
have a shared memory bank, parameters can be shared between the threads, such as
the unknown vector ~ss or update vector ~gg. This means that each thread is able to
access the most current value of the unknown vector and update vector for the entire
domain while operating on its unique sub-domain. At the end of each solution iter-
ation, the threads can be synced which prevents one sub-domain to progress faster
than others. By doing this, the parallel solution process is equivalent to what a serial
process would be. Once convergence has been satisfied in each sub domain, the pro-
cess proceeds to a join. A join is the termination of a parallel region in OpenMP
where the parallel threads are released by the code except for a single thread which
is retained as the master thread. There is no need for communication between the
threads due to the shared memory bank which already contains the most current
values. After a join, the code proceeds serially.

APPENDIX 2: NORMALIZED EQUATIONS

For general purpose use of numerical results, the governing equations are
normalized. This is accomplished by selecting appropriate scale factors for the
system of governing equations. The convention of this work is that lower case
characters represent the dimensional values, while upper case characters represent
nondimensional values. Using scale factors shown in Table 1, the normalized system
of governing equations for the electrochemical cell becomes

r � ð~VVCF Þ ¼ r � ðbFrCF Þ ð20aÞ

r � ð~VVCOÞ ¼ r � ðbOrCOÞ ð20bÞ

r � ð~VVCCÞ ¼ r � ðrCC þ CCrUÞ ð20cÞ

r � ð~VVCAÞ ¼ r � ðrCA þ CArUÞ ð20dÞ

�2

�
kD
L

�2

r2U ¼ CC � CA ð20eÞ

where bF¼DF=DE and bO¼DO=DE are the ratios of the diffusion coefficient of
the neutral species to the diffusion coefficient of the cation. This ratio allows for a
different diffusion rates for the neutral species which are often molecules, and
have diffusion coefficients an order of magnitude less than that of the ions.

The normalized momentum and mass conservation equations become

1=Scð~VV � rÞ~VV ¼ r2~VV �rP� CðCC � CAÞrU ð21aÞ

r � ~VV ¼ 0 ð21bÞ
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where Sc ¼ m
qDE

is the Schmidt number which is the ratio between momentum

diffusivity and mass diffusivity and C ¼ mxE

L2CE
.

Using the normalized variables presented, the nondimensional expressions for
the generalized Frumkin-Butler-Volmer equation are

Anode : J ¼ n kAn
(��

cFCFe
ð1�aÞDUs � n kAn

��*
CCe

�aDUs ð22aÞ

Cathode : J ¼ n kCa
(��

eð1�aÞDUs � n kCa
��*

cOCOCCe
�aDUs ð22bÞ

where the normalized rate constants are kAn
(��

¼ kAn
(��

L=DE and kAn
��*

¼ kAn
��*

L=DE for the

anode, and kCa
(��

¼ kCa
(��

L=CEDE and kCa
(��

¼ kCa
��*

L=CEDE for the cathode. The dimen-
sionless parameter, c, is the ratio of the electrolyte concentration to the specified inlet
concentration of the neutral species, cF¼CE=CF,in and cO¼CE=CO,in. The drop
across the Stern layer is normalized by the same scale factor as potential,
DUs¼ zFD/s=RT.
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