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Numerical simulations are presented for ampholyte-based isoelectric focusing in 2D microgeome-
tries. In this study, model proteins are focused in the presence of 25 biprotic ampholytes under an
applied electric field. Each protein is considered as a simple polypeptide having ten charge states,
while the biprotic ampholytes are selected to generate a shallow pH range of 6 to 9. Straight and
contraction-expansion microchannels are considered here, and a nominal electric field of 300 V/cm
is maintained for separation of proteins. Six distinct values of �pKs between 1 and 3.5 are investi-
gated for ampholytes to form pH profiles in a 1 cm long microchannel. Simulation results show that
relatively larger values of �pK��pK > 3� are required to form stepless pH profiles in the system.
The peak heights and differential resolutions of focused proteins are much higher for lower values of
�pK for which a stepped pH profile is evident. For each protein, the time it takes for the two edges
of a peak to merge increases linearly with �pK , while the focusing time goes up exponentially with
increasing �pK . Both merging and focusing times of protein are higher for contraction-expansion
microchannel than those of straight microchannel. For a particular value of �pK , the contracted
“Zoom” region of contraction-expansion channel is able to form more tightly focused bands than the
expanded region.
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1. INTRODUCTION

Isoelectric focusing (IEF) is widely used as a separa-
tion technique in a variety of applications including pro-
teomics, drug discovery, diagnostics and routine laboratory
analysis of commercial proteins due to its high resolv-
ing power. In IEF, charged macromolecules are separated
and/or focused in a pH gradient under the influence of an
electric field. Generally carrier ampholytes, a mixture of
low molecular weight amphoteric molecules, are used to
form a stable pH gradient along the channel axis.1� 2

IEF, an equilibrium gradient method,3 can concen-
trate low abundance proteins up to about 10 mgs/ml and
resharpen peaks if they have been dispersed for any reason.
This ability to self-sharpen allows the designer to consider
using compact runs of densely-spaced serpentine channels
without requiring hyperturns to minimize dispersion. Other
important advantages of IEF are that it is performed in
a fixed channel length and that, to a first approximation,
resolution depends on the potential difference between the
electrodes rather than on the channel length.

∗Author to whom correspondence should be addressed.

Today IEF is routinely used by researchers in both
bench- and micro-scale devices. Due to its high importance
to the field of bio-separation, a number of research groups
have developed one-dimensional analytical and numerical
models to elucidate the behavior of IEF in capillaries and
micro-chips.4–9 A generalized mathematical model of IEF
and other electrophoretic techniques was first introduced
by Palusinski et al.10 for steady state processes. Later, Bier
et al.11 extended this model to transient problems. In a
research monograph, Mosher et al.6 reported their method
of handling weak and strong acids and bases, ampholytes,
and proteins for ampholyte-based pH gradient IEF. For IEF
in the presence of many ampholytes, Mao et al.5 simu-
lated the transient dynamics of capillary isoelectric focus-
ing (cIEF) using a 1D computational geometry with 150
ampholytes to cover the broad pH range ∼3–10. On the
other hand, Arnaud et al.7 simulated off-gel buffering, i.e.,
neutralization of ampholytes in a solution before penetrat-
ing the gel, using the finite element method (FEM). Later,
Gas et al. simulated isoelectric focusing in free solution
with a correction for ionic mobilities12� 13 using Onsager-
Fuoss theory.14 All the above works modeled and/or sim-
ulated one-dimensional computational geometry such as
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Fig. 1. Schematic of 2D microchannel geometries used in the numer-
ical simulation of ampholyte-based IEF. (a) Straight microchannel and
(b) contraction-expansion microchannel. All dimensions are in [cm].
In the contraction-expansion microchannel, the widths at the expanded
(L− L′) and throat (S−S′) regions are 1.5 mm and 0.5 mm, respectively.

capillary tube. Recently, Shim et al.15 presented a mathe-
matical and computational model for ampholyte-based IEF
in 2D microgeometries; the effects of 2D microgeometries
on protein separation are identified.

In experimental and theoretical IEF work, a linear pH
profile along the channel is assumed to estimate the posi-
tion of focused target components. However, the formation
of a linear pH profile depends on a number of para-
meters such as electric field, pH range, channel geometry,
the number of carrier ampholytes in solution, dissocia-
tion constants of ampholytes, etc. For a particular chan-
nel geometry, electric field, and ampholyte number, the
shape of the pH profile depends primarily on the quality
of the amphoteric molecules. In electrophoretic process,
ampholytes are generally characterized by their dissoci-
ation constants (pKs). Hence, in this study, simulation
results are presented for various values of the ampholytic
�pKs to demonstrate the effects of dissociation constants
on the formation of the pH profile. Like our previous
study,15 2D straight and contraction-expansion microchan-
nels (Fig. 1) are chosen as sample geometries to demon-
strate the effect of channel width in IEF separation. The
separation resolution, peak height, and resulting bandwidth
are presented for different values of �pKs in both straight
and contraction-expansion microchannels to identify the
optimum dissociation constants of biprotic ampholytes for
each microchannel.

2. MATHEMATICAL MODEL

The mathematical model for multidimensional IEF is pre-
sented in our earlier publication.15 In this section, we
briefly review the governing equations used in the numer-
ical model. Ampholyte-based IEF takes place in a soup of
partially-ionized solutes whose charge characteristics are
determined by a set of dissociation reactions. In IEF, one
can treat each component, Ci, as being composed of a set
of Ji +1 species, Sij , which are summed over j to recover

each of the i components in the system with a total of Ji

dissociable groups., i.e.,

Ci =
Ji+1∑
j=1

Sij (1)

This relation allows us to treat all weak acids and bases,
ampholytes, proteins and even water, which dissociates
into hydronium and hydroxide ions, as being mathemat-
ically equivalent. Therefore, the mean charge, �zi�, of a
component, Ci, can be defined as follows,

�zi�Ci =
Ji+1∑
j=1

zijSij (2)

where zij is the charge of jth specie of the ith component
in the system.

The mass conservation equation for each component
(Ci) is obtained by summing the conservation equations
for the Ji+1 species to yield15

�

�t
Ci −� · �Di�Ci�+� · �→

U Ci�+� · ��i

→
E�

Ji+1∑
j=1

�zijSij � = 0

(3)

where
→
E is the electric field, Di and �i are the diffusion

coefficient and absolute mobility of component i, respec-
tively. Then using Eq. (2), we obtain

�

�t
Ci +� · ��→

U +�zi��i

→
E�Ci −Di�Ci� = 0 (4)

which provides a single partial differential equation for
each component. If the dissociation reactions are fast, we
also have Ji algebraic relations among the component i
species,

Kij =
H3O+Sij

Sij+1

(5)

which must be solved together with Eq. (4) for each
component.

Now define the current density, �I , and the charge den-
sity, �, as

→
I = F

I∑
i=1

�−Di���zi�Ci�+�zi�
→
U Ci +�z2

i ��i

→
E Ci� (6)

� = F
I∑

i=1

(Ji+1∑
j=1

zijSij

)
= F

I∑
i=1

�zi�Ci (7)

where �z2
i �Ci =

Ji+1∑
j=1

z2
ijSij , F is the Faraday constant, and

I is the number of components which include H3O+ and
OH− ions as I −1th and I th components. For microfluidic
applications where the charge density, � ≈ 0, we obtain
the electroneutrality constraint as

� = F
I∑

i=1

�zi�Ci = 0 (8)

2 J. Nanosci. Nanotechnol. 8, 1–10, 2007
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3. COMPUTATIONAL MODEL
AND ASSUMPTIONS

The set of equations that must be simultaneously solved
consists of one conservation Eq. (4) for each component
in our system except hydronium (and hydroxyl), an elec-
troneutrality condition of the form,

CH −
KW

CH

=−
I−2∑
i=1

�zi�Ci (9)

which allows us to solve for hydronium (and hydroxyl) ion
concentrations and an equation for the electric potential
based on the true current, as

� ·
[
F

I∑
i=1

Ji+1∑
j=1

z2
ij�ijSij

→
E

]
=

I∑
i=1

Ji+1∑
j=1

zijDij� ·�Sij (10)

The concentrations of amphoteric molecules are
obtained from the component equations. It is assumed that
during IEF, all ionic components, including water, are in
chemical equilibrium which implies that the ionic reactions
are fast enough that the individual components remain in
a pseudo-equilibrium state. In this study, each ampholyte
is considered as biprotic, i.e., only the two dissociation
constants on either side of their isoelectric points domi-
nate the transient behavior of the carrier ampholytes. Two
model proteins, each having ten charge states, are allowed
to focus in the microchannel.

This model neglects Joule heating since relatively
smaller electric fields are used for separation. Electric field
induced electrokinetic flow is not considered here because
of the fact that, in our experiments, the IEF channel
is generally coated with methylcellulose or other chemi-
cals to suppress electroosmosis.16� 17 For a given compo-
nent, the absolute mobilities of all of its charge states
are assumed to be the same. The Nernst-Einstein equation
�Di = �RT�i�/�F �� is used to calculate the diffusion coef-
ficient from the absolute mobility,18 where R is the gas
constant and T is the absolute temperature.

The concentration of hydronium is calculated from the
electroneutrality equation, while the hydroxyl concentra-
tion is obtained from the equilibrium relationship (KW =
COHCH), where KW is the equilibrium constant for water.
The electric potential (�) is calculated from the charge
conservation equation using the mean-square valence for
all proteins and ampholytes.

The boundary conditions for the mass conservation
equations consist of imposition of zero net flux at the
anolyte and catholyte reservoirs and on the channel sur-
faces. The charge conservation equation is solved for
insulating boundary conditions ��� · �n = 0� on the solid
channel surfaces and constant electric potentials at the
anolyte and catholyte reservoirs. The insulating boundary
condition at the channel wall is justified because silicon,
glass, PDMS or some other insulating material is typically
used as microchannel substrate.

4. DIFFERENTIAL RESOLUTION

In this section, an analysis is presented for the differential
resolution of model proteins in order to compare predic-
tions of the resolution between the analytical solution and
the numerical simulation. To do this using data from a sin-
gle simulated protein peak, we expand the resolution in a
Taylor series for vanishingly small differences in the pro-
tein pIs and then compare the derivative of the resolution
with respect to the pI in the limit as �pI → 0.

Consider a straight microchannel with a linear pH gra-
dient and constant conductivity in which several proteins
are focused. The limiting resolution of analytical IEF can
be expressed as19

Rs =
�pI

4

√√√√F Ex

∣∣∣ �z
�pH

∣∣∣
RT �pH

�x

≈ �Rs

�pI

∣∣∣∣
�pI→0

�pI (11)

where the derivative of the resolution with respect to the
isoelectric point is

�Rs

�pI
= 1

4

√√√√F Ex

∣∣∣ �z
�pH

∣∣∣
RT �pH

�x

(12)

For a particular protein, constant electric field and fixed
pH gradient in the system, the differential resolution is a
constant.

On the other hand, one can find the limiting resolution
of focused bands from the numerical results using moment
analysis

Rs =
xpI� 1 −xpI� 2

2��1 +�2�
(13)

where xpI� 1 and xpI� 2 are the locations of focal points of
two adjacent protein bands, and �1 and �2 are the standard
deviations of the respective bands. In the above expression,
if it is assumed that the local pH gradient is constant (not
stair-stepped) and proteins are focused in Gaussian form
then the standard deviations of both peaks are the same
�1 = �2 = � and Eq. (13) can be rewritten as

Rs =
xpI� 1 −xpI� 2

4�
(14)

and the corresponding differential resolution can be
found as

�Rs

�pI
= 1

4�

(
�x

�pI

)
= 1

4�

(
xpI� 1 −xpI� 2

pI1 −pI2

)
= 1

4�

(
�x

�pH

)

(15)

5. NUMERICAL SCHEME

In this work, a 2D finite volume method (2D FVM) is
utilized to solve the transport equations with electromi-
gration and diffusion given by Eq. (4) together with the
charge conservation equation defined in Eq. (10). Details
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of the numerical scheme are presented in our earlier
publication.15 Briefly, discretized algebraic equations are
obtained at each grid point for the mass and charge con-
servation equations. The power law scheme is used to
form coefficients of algebraic equations.20 The tri-diagonal
matrix algorithm (TDMA) is used to solve the discretized
algebraic equations along a grid line, and a line by line
iteration is employed until conserved results are obtained
throughout the computational domain. In the case of the
electroneutrality equation, the Newton-Raphson method is
used to obtain the concentration of hydronium ions. In our
simulation, the convergence criteria are 10−4 for mass con-
servation and 10−5 for charge conservation and chemical
electroneutrality. Since the mathematical model of IEF is
highly nonlinear, structured grids are used for the sake of
computational simplicity and stability. In order to obtain
grid-independent results, 8000 elements are used (400
grids in the x-direction and 20 grids in the y-direction)
for both straight and contraction-expansion microchannels
(Fig. 1). The IEF simulation was conducted in 3.4 GHz
(CPU) and 4GB (RAM) cluster machines. It took 5 days
CPU time to solve each case.

6. RESULTS AND DISCUSSION

In an IEF simulation, one has to simultaneously solve
the coupled, non-linear PDEs for all amphoteric compo-
nents (proteins and ampholytes) in addition to computing
the relationships between species and components. This
fact makes computer simulations of isoelectric focusing
very complicated, memory intensive, and time-consuming.
In multidimensional IEF, the most common challenge
involves how one treats protein in a discretized fashion
on a computer simulation. Unlike low molecular weight
ampholytes, proteins consist of a combination of 20 stand-
ard amino acids that have carboxyl groups, amino groups
and R groups.21 As a result, proteins will occupy a number
of charge states at a given pH range, and they cannot be
handled using three charge states only. In this study two
model proteins are selected to demonstrate focusing behav-
ior in a multi-dimensional electric field. The pK values of
these model proteins are presented in Table I.

In ampholyte-based IEF, the formation of a pH gradient
is governed by the factors such as electric potential, diffu-
sion coefficient, mobility, reaction constants of ampholytes
and hydronium gradients. It is very difficult to produce the
best pH curve in a micro- or nano-fluidic channel, consid-
ering all the above factors due to their highly nonlinear
relationship. In this work, the effects of �pK on IEF are
studied in 2D microgeometries, while all other factors are
fixed during the simulation process. Two different micro-
geometries are considered here: a straight microchan-
nel (Fig. 1(a)) and a contraction-expansion microchannel
(Fig. 1(b)).

Table I. Electrochemical properties of model proteins used in the IEF
simulation. The initial concentration of each protein is 0.016 [mole/m3]
and the absolute mobility of all protein is 3.0E-08 [m2/Vs].

Reaction Model protein 1 Model protein 2
constants (pI = 7 46) (pI = 8 46)

pK1 6 20 6.20
pK2 6 60 6.30
pK3 7 00 6.80
pK4 7 25 7.10
pK5 7 50 7.20
pK6 8 45 8.20
pK7 9 40 8.90
pK8 10 30 9.00
pK9 11 20 9.40

6.1. Isoelectric Focusing in a Straight Microchannel

For the planar microchannel shown in Figure 1(a),
a monotonic pH gradient is simulated using 25 bipro-
tic ampholytes whose physicochemical characteristics are
summarized in Table II. Here the �pIs of the ampholytes
are uniform and two model proteins (pIs = 7 46 and 8.46)
with ten charge states are allowed to focus in the pH range
of 6∼9. The potential at the cathode is set at 0 V (ground),
while the potential at the anode is fixed at 300 V. It is
assumed that all ampholytes and proteins are uniformly
mixed and distributed along the channel at the beginning

Table II. Electrochemical properties of biprotic ampholytes used in
the IEF simulation. Six different values of �pKs (�pK = 1, 1.5, 2,
2.5, 3, and 3.5) are studied here. The initial concentration of each
ampholyte is 0.16 [mole/m3] and the absolute mobility of all ampholyte
is 3.0E-08 [m2/Vs].

Component pK1 pK2 pI

Ampholyte 1 6 000−0 5�pK 6 000+0 5�pK 6.000
Ampholyte 2 6 125−0 5�pK 6 125+0 5�pK 6.125
Ampholyte 3 6 250−0 5�pK 6 250+0 5�pK 6.250
Ampholyte 4 6 375−0 5�pK 6 375+0 5�pK 6.375
Ampholyte 5 6 500−0 5�pK 6 500+0 5�pK 6.500
Ampholyte 6 6 625−0 5�pK 6 625+0 5�pK 6.625
Ampholyte 7 6 675−0 5�pK 6 675+0 5�pK 6.675
Ampholyte 8 6 875−0 5�pK 6 875+0 5�pK 6.875
Ampholyte 9 7 000−0 5�pK 7 000+0 5�pK 7.000
Ampholyte 10 7 125−0 5�pK 7 125+0 5�pK 7.125
Ampholyte 11 7 250−0 5�pK 7 250+0 5�pK 7.250
Ampholyte 12 7 375−0 5�pK 7 375+0 5�pK 7.375
Ampholyte 13 7 500−0 5�pK 7 500+0 5�pK 7.500
Ampholyte 14 7 625−0 5�pK 7 625+0 5�pK 7.625
Ampholyte 15 7 675−0 5�pK 7 675+0 5�pK 7.675
Ampholyte 16 7 875−0 5�pK 7 875+0 5�pK 7.875
Ampholyte 17 8 000−0 5�pK 8 000+0 5�pK 8.000
Ampholyte 18 8 125−0 5�pK 8 125+0 5�pK 8.125
Ampholyte 19 8 250−0 5�pK 8 250+0 5�pK 8.250
Ampholyte 20 8 375−0 5�pK 8 375+0 5�pK 8.375
Ampholyte 21 8 500−0 5�pK 8 500+0 5�pK 8.500
Ampholyte 22 8 625−0 5�pK 8 625+0 5�pK 8.625
Ampholyte 23 8 675−0 5�pK 8 675+0 5�pK 8.675
Ampholyte 24 8 875−0 5�pK 8 875+0 5�pK 8.875
Ampholyte 25 9 000−0 5�pK 9 000+0 5�pK 9.000

4 J. Nanosci. Nanotechnol. 8, 1–10, 2007
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Fig. 2. Steady state concentration distribution for ampholytes and proteins in a straight microchannel. (a) �pK = 1, (b) �pK = 1 5, (c) �pK = 2,
(d) �pK = 2 5, (e) �pK = 3, and (f) �pK = 3 5. Numerical results are extracted along the channel center line (A−A′) of Figure 1(a).
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of the separation process. The initial concentration of each
ampholyte is 10 times higher than that of the protein and
all ampholytes are treated as having 3 charge states.

The steady state concentration profiles of ampholytes
and proteins in a straight microchannel are shown in
Figure 2 for different values of the �pK. Numerical results
show that the concentration profiles of focused ampholytes
depend on the �pK. For instance, a Gaussian distribu-
tion is obtained for �pK > 3, while rectangular shape
results for �pK < 3. The effect of �pK on ampholyte
concentration can be explained from the pH and net charge
(z) distribution. Figure 3 shows the titration curve of
ampholytes #13 (Table II) for different values of the �pK.
A similar trend will be obtained for other ampholytes,
except that their pIs (zero charge) will be shifted. From
Figure 3 it is clear that the titration curve (charge varia-
tions) of a biprotic ampholyte is very steep at its pI point
for lower values of �pK. In other words, near the pI ,
a small change in pH will result in a large variation in net
charge for an ampholyte. This fact contributes to clustering
of a particular ampholyte at its pI so a rectangular con-
centration profile is formed. Here the bandwidth and peak
height of ampholytes depend on the number of ampholytes
and initial molar concentration of ampholytes. On the other
hand, for large �pK the titration curve is very flat allow-
ing the charge to remain almost constant over a wide range
of pH, and a Gaussian type distribution is expected. For
�pK = 3 5, all ampholytes occupy nearly equal volumes
of the 2D channel at nearly identical Gaussian concentra-
tions with the exception of ampholytes 12, 13 and 21 close
to the two proteins. The main reason for this that the broad
peak width of model proteins displaces the neighboring
ampholyte sufficiently to reduce their height.
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Fig. 3. Titration curves of ampholyte #13 (pI = 7 50) at different
�pKs. For smaller values of �pK, the charge gradient is very steep at
isoelectric points, which helps in forming rectangular shape tight focused
bands of ampholytes.

The simulation data also reveals that the peak concen-
tration of the focused protein depends on the value of �pK
(Fig. 2). At steady state, the peak concentrations of pro-
tein 1 (pI = 7 46) are 1.66, 1.50, 1.03, 0.79, 0.55 and
0.41 mM corresponding to the �pK = 1, 1.5, 2, 2.5, 3 and
3.5. In other words, the peak width of proteins increases
with �pK. Similar trends are also observed for the second
protein for which pI is 8.46. The peak heights of sec-
ond protein are 1.88, 1.65, 1.15, 0.85, 0.59, 0.43 mM for
�pK = 1, 1.5, 2, 2.5, 3 and 3.5, respectively. Simulation
results also demonstrate that, for both proteins, the peak
concentration decreases abruptly when �pK is changed
from 1.5 to 2. This is due to the change in ampholytes’
shape closest to the focused protein(s). From Figures 2(b
and c) it is clear that the shape of ampholytes #12 and
13 changes from rectangular at �pK = 1 5 to Gaussian at
�pK = 2 0. A similar transition in shape is also evident
for ampholyte #20 and 21 when �pK is increased from
1.5 to 2.0.

To study the effect of ampholyte dissociation constants
on pH profile, the steady state pH distribution is also pre-
sented in Figure 2. It is important to note that linear-like
pH curves are being approached with the increase of �pK,
but the linear pH curve is not obtained until �pK = 3 5.
As a matter of fact, it is reported that a stepwise pH profile
is formed if a small number of ampholytes are used in the
IEF simulation.6� 15 In the past some researchers studied the
conditions for avoiding the stepwise pH phenomenon.22� 23

Through an analytical work, Svensson proposed that the
nearest distance of two ampholytes (�pI) should be less
than three standard deviations (�) for a stepless pH
profile.22 Based on numerical results, Mosher et al. modi-
fied the condition (or criterion) to form a linear pH profile
for ampholyte-based IEF in 1D geometry.6 According to
them, stepless pH profile can be obtained if �pI < 2� .
In this paper, the required �pI of ampholytes is calcu-
lated for linear pH production by varying the difference
in two dissociation constants (�pK), while all other con-
ditions are held constant (Ex = 300 V/cm, �pH = 6 ∼ 9,
� = 3 0E-8 m2/Vs). Our numerical results show that, for
25 biprotic ampholytes, the linear pH profile cannot be
obtained until �pK < 3. This suggests that a more restrict
condition (�pI < �) is needed for linear pH profile. It
is important to note that a constant electric potential is
applied in our simulation, while constant electric current
density is used in other studies. Nevertheless, the �pK of
ampholytes has a direct impact on the formation of pH
gradient in the system. Simulation results also show that,
for a fixed number of ampholytes, a stair-stepped pH gra-
dient gives a better result than a smooth gradient.

6.2. Isoelectric Focusing in a Contraction-Expansion
Microchannel

To examine the pH formation and focusing behavior of
proteins in complex microgeometries, a 3:1:3 gradual

6 J. Nanosci. Nanotechnol. 8, 1–10, 2007
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Fig. 4. Steady state concentration distribution for ampholytes and proteins in a contraction-expansion microchannel. (a) �pK = 1, (b) �pK = 1 5,
(c) �pK = 2, (d) �pK = 2 5, (e) �pK = 3, and (f) �pK = 3 5. Numerical results are extracted along the channel center line (A−A′) of Figure 1(b).
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contraction-expansion channel is selected as depicted in
Figure 1(b). Like the straight channel (Fig. 1(a)), the pH
gradient is formed in the presence of the 25 biprotic
ampholytes presented in Table II, while two model pro-
teins with 10 charge states (Table I) are allowed to focus
within a pH range of 6–9. Here the channel width on the
anodic side before the contraction region and the cathodic
side after the expansion region is 1.5 mm, the width of
the throat region is 0.5 mm, and the total channel length
is 1 cm. The oblique angles connecting the expanded and
contracted sections are set at 30
. For the contraction-
expansion channel, all input parameters, initial and bound-
ary conditions for ampholytes and proteins are identical
with those of the straight channel.

Figure 4 presents the concentration distributions of pro-
teins and ampholytes in a 3:1:3 contraction-expansion
channel at steady state for different cases (�pK =
1� 1 5� 2� 2 5� 3� 3 5). The main feature of IEF simula-
tion in a contraction-expansion channel is the geometric
effect on the ampholytes and proteins. In Figure 4, the
ampholytes in the contracted throat region (0 25 < x <
0 75 cm) have focused to broad, rectangular bands and
the ampholytes in the two expanded regions are focused
into narrower, Gaussian bands. This is due to the fact that
the throat region has a smaller cross section, and those
ampholytes that focus in this section must occupy a greater
length of the channel resulting in a so-called “Zoom”
effect. This “Zoom” effect cannot be found in a straight
channel and a 1D model cannot be used to simulate it. This
“Zoom” effect also contributes to the shallow pH gradient
in the throat region. Figure 4 shows that the protein (pI =
7 46) in the throat region is more tightly focused than the
protein (pI = 8 46) in the expansion region (0 75 ≤ x ≤
1 cm). The higher peak concentration of the protein in the
throat region is primarily due to the higher (three times)
electric field compared with that in the expanded region.

In a contraction-expansion channel, the effect of �pK
on the pH profile is different from that of a straight
microchannel. For instance, a linear pH profile is obtained
in the expanded region (0 ≤ x ≤ 0 25 cm) for �pK ≥ 2
due to presence of more ampholytes than in the straight
channel case. On the other hand, the pH profile is
step-wise in the throat region for the parametric range
(ampholyte �pK) studied here. In other words, the pH for-
mation varies with channel shape. The numerical results
show that the ratio of peak heights between the protein in
the throat region and the protein in the expansion region
decreases with �pK. The peak height ratios are obtained
as 3.3, 3.3, 3.0, 2.7, 2, and 1.74 for �pK = 1� 1 5� 2� 2 5� 3�
and 3.5, respectively. That means the smaller �pKs give
a tighter peak due to the steeper titration curve.

6.3. Focusing Time and Resolution

Figure 5 shows the effect of �pK on the initial focus-
ing time of the proteins. In this paper, the initial focusing
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Fig. 5. Comparison of (a) merging time and (b) focusing time for
straight and contraction-expansion microchannels.

time is defined as the time that the pair of protein peaks
(so called double peaks) that initially form from a single
component at the opposite ends of the channel takes to
coalesce into a single band. Numerical results show that
the initial focusing time (aka merging time) increases with
�pK. In a straight channel, the initial focusing times for
protein 1 are 10, 11, 13, 17, 21, and 27 sec and the focus-
ing times to reach the steady state are 40, 50, 70, 150, 190,
and 300 sec corresponding to the �pK = 1� 1 5� 2� 2 5� 3
and 3.5. These times are related to the charge gradient
of the ampholytes, which varies with �pK. At low �pK,
the charge gradient is very sharp causing less time for the
ampholytes to focus in the channel. Once the ampholytes
are focused, the double peaks of proteins continue to
move toward their pI points until they reach steady
profiles.
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Like the straight channel case, the focusing times of pro-
tein 1 (pI = 7 46) also increase with �pK for contraction-
expansion channel as shown in Figure 5. However, both
merging and focusing times are higher for the contraction-
expansion channel than those of a straight channel. This
phenomenon is consistent with the experimental observa-
tion where longer period is required if a complex micro-
geometry is used to focus proteins instead of straight
channel.17 For a particular �pK, a longer time is required
to form a stable pH profile in contraction-expansion chan-
nel due to the nonlinear interaction among channel geom-
etry, electric field and ampholytes.

The differential resolutions of the focused proteins are
presented in Figure 6 for both straight and contraction-
expansion microchannels. In this study, protein 1 (pI =
7 46) is considered for differential resolution calcula-
tion. At the mid section (0 25 < x < 0 75 cm), the elec-
tric field and pH gradient are different in straight and
contraction-expansion microchannels due to the different
channel width. As expected, the theoretical value of the
differential resolution remains constant for both straight
and contraction-expansion microchannel since the �pKs

of the ampholytes are not considered in the simple lin-
ear model. However, our nonlinear numerical results show
that the differential resolution decreases with the increase
in �pK. In other words, the resolution of focused bands
will be higher at low �pK values. Moreover, the “Zoom”
region of the contraction-expansion channel can resolve
proteins with higher efficiency.
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Fig. 6. Differential resolution of focused proteins in straight and
contraction-expansion microchannels. Eqs. (12) and (15) are used to cal-
culate theoretical and numerical differential resolution, respectively. The
numerical differential resolution decreases with increasing �pK, while
the analytical differential resolution remains constant for a particular
protein.

7. CONCLUSIONS

The effects of varying the ampholyte dissociation
constants are investigated for isoelectric focusing in
2D straight and contraction-expansion microchannels.
A finite-volume based numerical technique is developed
to solve mass conservation of ampholytes and proteins,
charge conservation, and electroneutrality equations. Two
model proteins are focused in the presence of 25 biprotic
ampholytes under constant electric potentials at the elec-
trode reservoirs. Six different �pK values are considered
for the biprotic ampholytes, while each protein is modeled
as having ten charge states.

In a 2D straight microchannel, for low �pK (�pK < 2),
each ampholyte focuses at its respective pI with a rect-
angular distribution. The model proteins behave in a fash-
ion similar to the ampholytes except that, since the initial
number of moles of protein is substantially smaller than
that of the ampholytes, they focus to a near-Gaussian peak
rather than to a plateau. However, at higher values of �pK
(�pK > 2), each ampholyte forms a Gaussian distribution
around its pI value. The simulation data show that, for 25
ampholytes, a linear pH profile, 6 < pH < 9, exists between
�pK = 3 0 and �pK = 3 5 in a 1 cm long straight channel
for a nominal electric field of 300 V/cm.

For a contraction-expansion microchannel, a stepwise
pH curve is formed in the throat region for �pK between
1 and 3.5, while a smooth pH curve is obtained in
the expanded regions for �pK ≥ 2. Moreover, in a
contraction-expansion microchannel, a protein is more
finely resolved in the throat region than in the expanded
region due to the higher electric field.

The peak height and differential resolution of proteins
decreases with increasing �pK for both the straight and
contraction-expansion channel. Numerical results show
that the merging and focusing time increase with �pK
for both straight and contraction-expansion microchannels.
For a particular �pK, the focusing time is longer in the
contraction-expansion channel than in a straight channel
because of the geometric complexity.
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