MgtOp 470—Business Modeling with Spreadsheets

Professor Munson


Topic 7

Mathematical Programming
Mathematical programming involves constructing a mathematical model to represent a problem of interest and applying a programmable process called an algorithm to find the solution to the problem.  The most common varieties are linear and integer programming, nonlinear programming, network analysis, and dynamic programming.  They are typically applied to deterministic problems where probability theory is not needed.  

Functions
Single Variable

Multiple Variables

Examples
A linear function has the form:



f(x, y, z) = rx + sy + tz + b,

where r, s, t, & b are  positive or negative constants

These expressions are linear

5A + 6B

12x – 7y + 8z – 2

6X ≤ 8Y

123a + 456b ≥ 2678

30C + 60D – ln(321) ≥ 1200

These expressions are not linear
x2 ≤ 300

5A + 6B – 2AB 

x/y + 5z
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8x3 + 6x2 – 4x + 2 = 8

5H – ln(J) ≤ 90
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Mathematical Programming Definitions

decision variables: Variables included in the math program that represent the decisions to be made.

objective function: The function (of the decision variables) to be minimized or maximized.

constraints: Conditions on the decision variables that put

restrictions on the possible values of the variables.

feasible region: The domain of the set of decision variables, i.e. all possible combinations of the decision variables that satisfy the constraints.

infeasible solution: No answer satisfies the constraints.

unbounded solution: The optimal solution equals ± ∞.

alternate optima: Two or more solutions are best.

Typical Form of Mathematical Programs
First define variables, then write:

Maximize (or Minimize) objective function
Subject to

the constraints
Linear Programming Examples
Example 1

Problem:
What to do on Saturday night from 8:00 p.m. until 2:00 a.m. for the next 3 weekends

Options:
Watch T.V.(worth 9 “utils” per hour each night



Study(worth 8/hr. 1st 2 weeks & 10/hr. in 3rd week (test)



Party(2/hr. 1st & 3rd weeks & 4/hr. 2nd week (ice cream)

Constraints:
(1)
total hours per night = hours available

(2) 
won’t study > 4 hours per night either of 1st 2 weeks (nerd factor)

(3)
must study ≥ 3 hours in 3rd week (test)

(4)
must study ≥ 10 hours over the 3-week period (gpa)

(5)
must average ≥ 1 hour/week of T.V. (relaxation)

(6) 
must party ≥ 2 hours over the next 3 weeks (to keep significant other)

(7)
never spend > 3 hours at a party (hearing loss)

Formulation
 
More Linear Programming Examples

Guidelines for Model Formulation and Analysis
1.
Understand the problem thoroughly.

2.
Verbally and concisely state the following:

a.
The objective—the goal of the problem, e.g. maximizing profit or minimizing time;

b.
The decision variables—aspects of the problem you can control that will help achieve the stated objective;

c.
The constraints—conditions that must be satisfied for the solution to be feasible.

3.
Develop linear mathematical expressions using the decision variables as the unknowns. 

Example 2: TVs at Sekido Corp.

The two models of color TV sets produced by the Sekido Corporation  will be designated as A and B.  The firm is in the market to maximize profits.  The profit realized is $300 from set A and $250 from set B.  There are up to 45 machine hours available per day.  Machine processing time for one unit of model A is one hour and for one unit of model B, three hours.  Also, the production department has only 40 hours of labor available each day to manufacture both models.  It is known that each set of model A, being of higher quality, requires two hours of labor, whereas each set of model B requires only one hour.  Finally, it is only possible to sell up to 12 units of model A each day, whereas, the market for model B is unlimited.  Formulate this problem as an LP.


Max


total profit


Subject to
total machine hours ≤ machine hrs. available





total labor hours ≤ labor hours available





model As produced ≤ market ceiling

Example 3: Labor Planning at McCarthy’s Everyday Glass Co.

McCarthy’s is planning to produce 2 styles of drinking glasses during the next month.  The glasses are produced in 4 separate departments.  Labor requirements per case are as follows:

Dept.

Product 1

Product 2

   1

   0.070

   0.100

   2

   0.050
 
   0.084

   3

   0.100

   0.067

   4

   0.010

   0.025

McCarthy’s earns a profit of $1.00 per case of Product 1 and $0.90 per case of Product 2.  Due to some cross-training of employees, the hours available in each department are as follows:

Possible Labor Assignments

Hours of Labor Available

Dept. 1 only





430

Dept. 2 only





400

Dept. 3 only





500

Dept. 4 only





135

Depts. 1 or 2





570

Depts. 3 or 4




          300
   Total Available



       
        2335



Note that 870 hours can be allocated with some management discretion.  If the firm can sell all it can produce, how many of each product should be made and how should the labor be allocated among departments?

Let
x1 = cases of product 1 manufactured

      
x2 = cases of product 2 manufactured


bi = hours of labor allocated to department i

Max 1.00x1 + 0.90x2
Subject to


.070x1 + .100x2 ≤ b1


.050x1 + .084x2 ≤ b2


.100x1 + .067x2 ≤ b3


.010x1 + .025x2 ≤ b4


b1 ≤ 1000


b2 ≤ 970


b3 ≤ 800


b4 ≤ 435


b1 + b2 ≤ 1400


b3 + b4 ≤ 935


xi, bi ≥ 0

Answer

x1 = 4700

x2 = 4543

b1 = 783

b2 = 617

b3 = 774

b4  = 161

profit = $8789

Example 4: Marketing Research at Market Survey, Inc. (MSI)

MSI has been hired to conduct door-to-door personal interviews to obtain information from both households with and without children.  In addition, both day and evening interviews are deemed necessary in order to allow for a variety of household work schedules.  MSI must conduct 1000 interviews under the following guidelines:

1.
At least 400 households with children will be interviewed.

2.
At least 400 households without children will be interviewed.

3.
The total number of evening interviews will be at least as great as the total number of day interviews.

4.
At least 40% of interviews for households with children will be conducted during the evening.

5.
At least 60% of interviews for households without children will be conducted during the evening.

Interview costs are $20 for children-day, $25 for children-evening, $18 for no children-day, and $20 for no children-evening.  How many interviews of each type should be made?

Let
x11 = number of children-day interviews


x12 = number of children-evening interviews


x21 = number of no children-day interviews


x22 = number of no children-evening interviews

Min 20x11 + 25x12 + 18x21 + 20x22
Subject to


x11 + x12 + x21 + x22 = 1000


x11 + x12 ≥ 400


x21 + x22 ≥ 400


x12 + x22 ≥ x11 + x21


x12 ≥ .4(x11 + x12)   i.e., −.4x11 + .6x12 ≥ 0


x22 ≥ .6(x21 + x22)   i.e., −.6x21 + .4x22 ≥ 0


xij ≥ 0

Example 5: Media Selection

Consider an advertising budget of $30,000.  At least 10 television commercials must be used, and at least 50,000 potential purchasers must be reached during the campaign.  Also, no more than $18,000 may be spent on television advertisements.  Given the data below, what is the optimal advertising media plan that will maximize expected exposure?

Potential





Expected
Families
  Cost
 
 Maximum

Exposure
Advertising Media    
Reached
Per Ad
Availability

   Units
 
Daytime TV (1 min.)
  1000
$1500
        15

      65

Evening TV (30 sec.)
  2000
$3000
        10

      90

Daily newspaper

  1500
  $400
        25

      40

Sunday newspaper
  2500
$1000
          4

      60

Radio (30 sec.)

    300
  $100
        30

      20

Let
X1 = number of daytime TV ads

      
X2 = number of evening TV ads

 
X3 = number of daily newspaper ads


X4 = number of Sunday newspaper ads


X5 = number of radio ads

Max 65X1 + 90X2 + 40X3 + 60X4 + 20X5
Subject to


X1 ≤ 15

 
X2 ≤ 10


X3 ≤ 25


X4 ≤ 4


X5 ≤ 30


1500X1 + 3000X2 + 400X3 + 1000X4 + 100X5 ≤ 30,000


X1 + X2 ≥ 10


1000X1 + 2000X2 + 1500X3 + 2500X4 + 300X5 ≥ 50,000


1500X1 + 3000X2 ≤ 18,000


Xi ≥ 0 for all i

Answer

X1 = 10

X2 = 0

X3 = 25

X4 = 2

X5 = 30

exposure = 2370

What didn’t we consider in this formulation?

Linear Programming Output

binding constraint
A constraint that holds as an equality with the optimal solution, i.e. the constraint is “active.”

slack
For a ( constraint, this is the amount that would need to be subtracted from the right-hand side to make the constraint binding.

surplus
For a ( constraint, this is the amount that would need to be added to the right-hand side to make the constraint binding.

dual/shadow price

The rate of improvement in the objective function if the right-hand side of the constraint increases by 1.

Solving Linear Programs with Computers (Excel and LINDO)

Excel’s Solver add-in solves linear programs (and non-linear programs). After converting the linear program into matrix form and entering the data in Excel, Solver becomes fairly easy to use. 

To ensure that Solver always loads when Excel is loaded, go to: File→Options→Add-Ins. Next to Manage: at the bottom, make sure that Excel Add-Ins is selected and click on the <Go…> button. Check Solver Add-In and click <OK>. 

Example Problem

We’ll solve a product mix problem where the firm must decide how many “standard” and “custom” chairs to make (with unit profits of $20 and $10, respectively). There are 120 hours available in the assembly department and 160 hours available in the finishing department. There’s also a market limit of 32 custom chairs that can be sold. The formulation is:

Max 20S + 10C

Subject to


4S + 3C ≤ 120

8S + 2C ≤ 160


           C ≤ 32


        S,C ≥ 0
It is convenient to write the linear program in “standard form,” where each variable appears only once, all variables are located in the same order on the left-hand side of the sign, and the right-hand side only consists of a number (possibly 0). Then the spreadsheet can be set up with a separate column for each variable and for right-hand-side values. We can set our example problem up as:
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Graphing Example

Variable Names S C LHS RHS

Variable Values 0 0

Objective Function 20 10 0 Max

st

Assembly Hours 4 3 0 <= 120

Finishing Hours 8 2 0 <= 160

Custom Ceiling 1 0 <= 32

These are simply labels for 

clarity. Solver does not use 

them in any way.

=$C$4*C5+$D$4*D5

=$C$4*C7+$D$4*D7


Notice that if the cells for the variable values are anchored, only one formula needs to be entered (cell E5) and it can be copied down for each of the constraints. Also, the labels in columns A, B, and F and in rows 1 and 3 are simply descriptive and not needed for Solver to function properly. Also, a 0 value is typically inserted for each initial variable value, but any numbers could be put there. After Solver has searched, those numbers will be replaced with the optimal ones. 

Using Solver

Bring up the dialog box by clicking on: 

Data→Analysis:Solver

1.
Set the Objective to the cell containing the formula for the objective function (cell E5).

2.
Identify the Decision Variables (cells C3 and D4).
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3.
Create the constraints by clicking the <Add> button.


Because functions have been created to represent the left-hand sides (column E), simply set those cells <=, =, or >= the right-hand-side values (column G). 
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If you group constraints by type (i.e., the same sign), then you can add all of the ones in the group at the same time using same-size right- and left-hand sides:
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Integer and binary constraints can be added by highlighting the decision variables themselves and selecting “int” or “bin”, respectively.
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4.
If all decision variables are non-negative, check the box labeled: 

“Make Unconstrained Variables Non-negative”.

5.
The “Solving Method” should be “Simplex LP” for linear and integer linear programs.
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6.
Click the <Solve> button to solve the problem. If all goes, well, a box such as the following should appear:
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Various reports can be generated as separate sheets. 

Excel Solver Tips

1.
In general, list all decision variables in one row (unless dealing with something that is naturally better displayed in tabular format, such as double-subscripted variables used in the Transportation Problem).

2.
Use the SUMPRODUCT command if dealing with more than just a few decision variables. 
3.
Combine ≤ constraints, then ≥ constraints, then = constraints. In this way, each constraint type can be entered once as a group.

4.
Be sure to check Simplex LP for solving linear programs.

5.
To make all variables non-negative, check the appropriate box on the Solver dialog page.

6.
If done correctly, the answer box should read, “Solver found a solution. All Constraints and optimality conditions are satisfied.”

7.
For integer programming, under the <Options> button, the Integer Optimality (%) should be set to 0 (otherwise, Solver will stop searching once it finds a solution within the percentage listed there of the optimal). 

8.
Solver sometimes messes up integer programs by indicating that they aren’t integer when in fact they are. Sometimes, simply re-running Solver takes care of the problem. 

Hint Sheet for Excel and LINDO




LINDO*
Excel

Integer Variables

  GIN

 int
Binary Variables

  INT

 bin
Allow Negative Variables
FREE

Don’t check the nonnegativity box.

* To use any of these commands in LINDO, first type “END” at the end of your program.   

LINDO

www.lindo.com
Simply type in the linear program as written.  

Be sure to enter it in standard form, that is, combine all terms with the same variable, and put all variables on the left-hand side.  Two examples:



DO NOT input:     5X + 6 < 10Y



Instead DO write it as:     5X – 10Y < -6



DO NOT input:     X < .25(X + Y)



Instead DO write it as:     .75X – .25Y < 0

It is not necessary to enter an equals sign for the inequalities, i.e., just enter “<” instead of “<=”.

LINDO assumes that all variables are nonnegative.  Use the “FREE” command to allow some variables to be negative.

Excel

Use the SUMPRODUCT command to quickly enter the command to multiply the elements of one array by those of a second array and add up the results.  For example, suppose that you have a table of decision variables from B3 through E6, and that their objective function coefficients are in B13 through E16.  The formula would be:


=SUMPRODUCT(B3:E6,B13:E16)
Example 6: Staff Scheduling
Based on the number of students dining at a restaurant in Pullman, the manager determines that following number of waiters and waitresses are needed for each day of a week:

	Mon
	Tue
	Wed
	Thur
	Fri
	Sat
	Sun

	5
	7
	9
	8
	10
	9
	5


The manager hires WSU students as regular waiters and waitresses. Assume each hired student will work consecutively for 5 days followed by 2 days off. 

Formulate the problem as an LP to create a shift schedule for the manager to minimize his operating cost.

1st Step: Define the possible shifts (X indicates working that day)

[image: image11.emf]Shift Mon Tue Wed Thur Fri Sat Sun

1 X X X X X

2 X X X X X

3 X X X X X

4 X X X X X

5 X X X X X

6 X X X X X

7 X X X X X

Demand 5 7 9 8 10 9 5

Day


Let
S1 = the number of people working from Mon. – Fri.

S2 = the number of people working from Tue. – Sat.

S3 = the number of people working from Wed. – Sun.

S4 = the number of people working from Thu. – Mon.

S5 = the number of people working from Fri. – Tue.

S6 = the number of people working from Sat. – Wed.

S7 = the number of people working from Sun. – Thu.
Min 
S1 + S2 + S3 + S4 + S5 + S6 + S7

Subject to


S1 + S4 + S5 + S6 + S7 ≥ 5


S1 + S2 + S5 + S6 + S7 ≥ 7


S1 + S2 + S3 + S6 + S7 ≥ 9


S1 + S2 + S3 + S4 + S7 ≥ 8


S1 + S2 + S3 + S4 + S5 ≥ 10


S2 + S3 + S4 + S5 + S6 ≥ 9


S3 + S4 + S5 + S6 + S7 ≥ 5


Si  ≥ 0 and integer
Network Problems

Modeling Flow through a System

Network Problem 1: Assignment Problem

A distinguishing feature of the assignment problem is that one job, worker, etc. is assigned to one and only one machine, project, etc.  The objective is typically to find the best assignment that will minimize cost or time.

This can be solved by hand using the Hungarian Method.  Alternatively, one can use linear programming as follows.  Let cij denote the cost of assigning agent i to task j, and let xij = 1 if agent i is assigned to task j (and 0 otherwise).  The linear program is:
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If there are more agents than tasks, then change the = in the first set of constraints to ≤.  If there are more tasks than agents, then introduce “dummy agents” with costs equal to 0 in order to obtain a feasible solution.

Specific Examples:

Example 7: Celebrity Apprentice

Task:
Secure business from a rich potential client whose managers are accustomed to responding to bribery and favors.




Take to





Bar & 
Sing to
Take
     Locate 
  Negotiate



Handle
Drive them
Them in
Them
     Female
  the



the Money
Home

Concert
Golfing   Escorts
  Contract
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Max 
_X11 + _X12 + _X13 + _X14 + _X15 + _X16 + _X21 + _X22 + _X23 + _X24 + _X25 + _X26

          
_X31 + _X32 + _X33 + _X34 + _X35 + _X36 + _X41 + _X42 + _X43 + _X44 + _X45 + _X46

          
_X51 + _X52 + _X53 + _X54 + _X55 + _X56 + _X61 + _X62 + _X63 + _X64 + _X65 + _X66
Subject To

X11 + X12 + X13 + X14 + X15 + X16 = 1

X21 + X22 + X23 + X24 + X25 + X26 = 1

X31 + X32 + X33 + X34 + X35 + X36 = 1

X41 + X42 + X43 + X44 + X45 + X46 = 1

X51 + X52 + X53 + X54 + X55 + X56 = 1

X61 + X62 + X63 + X64 + X65 + X66 = 1

X11 + X21 + X31 + X41 + X51 + X61 = 1

X12 + X22 + X32 + X42 + X52 + X62 = 1

X13 + X23 + X33 + X43 + X53 + X63 = 1

X14 + X24 + X34 + X44 + X54 + X64 = 1

X15 + X25 + X35 + X45 + X55 + X65 = 1

X16 + X26 + X36 + X46 + X56 + X66 = 1

Xij ≥ 0 for all i and j

Network Problem 2: Transportation Problem
Supply must be moved from sources (i) to destinations (j).  This can be solved by hand.  Alternatively, one can use linear programming as follows.  Let cij denote the cost of shipping from source i to destination j, and let decision variables xij denote the amount shipped from i to j.  Two typical formulations of the linear program are:
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Example 8: Foster Generators, Inc.
The firm has production operations in Cleveland, Bedford, and York with monthly capacities of 5000, 6000, and 2500 units, respectively.  Foster distributes its generators through four regional distribution centers located in Boston, Chicago, St. Louis, and Lexington having monthly demands of 6000, 4000, 2000, and 1500 units, respectively.  The transportation costs are provided in the from-to matrix below.  Management would like to determine how much of its production should be shipped from each plant to each distribution center in order to minimize transportation cost.  

          Distribution Center
Boston
Chicago
St. Louis
Lexington

Cleveland        3           2
      

7
      6

Plant       Bedford           7           5
      

2
      3

York                2           5
      

4
      5

Let Xij = amount shipped from i to j

Min
3X11 + 2X12 + 7X13 + 6X14 


+ 7X21 + 5X22 + 2X23 + 3X24


+ 2X31 + 5X32 + 4X33 + 5X34
Subject to


X11 + X12 + X13 + X14 ≤ 5000


X21 + X22 + X23 + X24 ≤ 6000


X31 + X32 + X33 + X34 ≤ 2500


X11 + X21 + X31 = 6000


X12 + X22 + X32 = 4000


X13 + X23 + X33 = 2000


X14 + X24 + X34 = 1500


Xij ≥ 0   for all i, j
Integer Programming

Integer Linear Program (IP)
A linear program where all of the decision variables must be integers.

Mixed Integer Linear Program (MIP)
A linear program where some of the decision variables must be integers.

Binary Integer Program (BIP)
An integer linear program where all of the decision variables must be binary (0 or 1).

Examples of  Integer Variables
production of airplanes

number of employees

anything that can’t be a fraction in reality

Examples of Binary (yes-or-no) Variables

Should we undertake a particular project?

Should we make a certain fixed investment?

Should we locate a facility in New Jersey?

Definition of a binary variable:

Caution: It is not always optimal to solve an IP as a linear program and round the answers to the nearest integer.
Example:

Max  X + 2Y

                  Subject to

−2X + 2Y ≤ 7

(1)

  2X + 2Y ≤ 33 

(2)

                          X, Y ≥ 0

(3)

optimal linear solution: X = 6.5, Y = 10
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Applications with Binary Variables

Mutually Exclusive Alternatives

e.g., can’t do both Y1 and Y2
Either-Or Constraints

e.g., must do either Y1 or Y2
Contingent Decisions

e.g., can only do Y1 if Y2 is done

Fixed-Charge Problems

e.g., a plant will be opened if any production is allocated there
Threshold Levels

A decision variable is either at least as large as a specified minimum, or else it is zero.  (Examples: quantity discounts; only take a field trip if half the class goes, etc.)

e.g., X must be ≥ m if X is nonzero

Example 9: California Manufacturing Company

The California Manufacturing Co. is considering expansion by building a new factory in either Los Angeles or San Francisco, or perhaps even in both cities.  It also is considering building at most one new warehouse, but the choice of the location is restricted to a city where a new factory is being built.  Total capital available for investments is $10 million.  Using the data in the table below, which combination of investments maximizes the Net Present Value?







  Binary


Decision
Net Present
Capital

               Decision                   
Variable
    Value    
 Required 
Build factory in L.A.?
X1
$9 million
$6 million

Build factory in San Fran.?
X2
$5 million
$3 million

Build warehouse in L.A.?
X3
$6 million
$5 million

Build warehouse in San Fran.?
X4
$4 million
$2 million

Mutually Exclusive Alternative

Contingent Decisions

Formulation:

Fixed-Charge Problems
Suppose that if a plant is operating, then it has a fixed cost of k and a variable cost of c for each hour that it operates.
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If you have capacity constraints, they can be combined with the fixed-charge constraints as follows:


Suppose x ≤ 20,000 and x ≤ Zq

Example 10: R. F. Textile Company

The R. F. Textile Company can use any, or all, of three different processes for weaving its standard white polyester fabric.  Each of these production processes has a weaving machine set-up cost and per-square-yard processing cost.  These costs and the capacities of each of the three production processes are as follows:




Maximum


Weaving
Processing
Daily

Process
Machine
Cost
Capacity

Number
Set-up Cost
($ per yd.2)
  (yd2)      
    1
$50
$0.06
20,000

    2
$80
$0.04
30,000

    3
$100
$0.03
35,000

Daily demand is 40,000 square yards.  Which machines should be used (and at what volumes) in order to meet the daily demand?

Let 
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xj = yd.2 of processing on process j

Min 50y1 + .06x1 + 80y2 + .04x2 + 100y3 + .03x3
Subject to


x1 + x2 + x3 = 40,000


x1 ≤ 20,000y1


x2 ≤ 30,000y2


x3 ≤ 35,000y3


xj ≥ 0 for all j


yj binary for all j
Either-Or Constraints

      Only one of two constraints must hold.

Example


Either
3X + 2Y ≤ 18


or
X + 4Y ≤ 16

Functions with T Possible Values



f(x1, x2,..., xn) = d1, or d2, or,..., or dT
Solution:


f(x1, x2,..., xn) = ∑ diqi

∑ qi = 1



qi is binary, i = 1, 2,...,T


Example: To formulate x1 + 2x2 = 2 or 4 or 6 or 8:
Nonlinear Programming
Use linear programming whenever possible, even if requiring approximations.

The solution technique for nonlinear models (hill climbing in the fog) is different and not guaranteed to be optimal.  It will likely only lead to a local optimum.  The starting point matters—so try different initial values for the decision variables.  A global optimum is found only if the objective function is concave (for max) or convex (for min) and all constraints are linear (or more generally comprise a “convex set”).  
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