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	Professor Munson





	Topic 5

Waiting Lines and Queuing Theory





“Good things come to those who wait.”

“Patience is a virtue.”

“There is a 45-minute wait from this point to get on Thunder Mountain.”
Queuing Theory

	The Theory of Waiting in Lines

Why Queues Build
Variable arrival and processing rates, which are not synchronized.

“Negative variations” occur when long processing times are matched with short interarrival times; “positive variations” are the opposite. Queues build because lines form during negative variations, while positive variations produce idle time that cannot be stored.  		
		
Arrival Process
Assume a Poisson distribution where:
λ = 	the average or mean number of arrivals per period

Service Process
Assume exponentially distributed service times where:
μ =		the average or mean number of units that can be served per time period

Model 1:	Single waiting line, single server, first come, first served (FCFS) discipline

1.	Probability that there are no units in the system:




2.	Average number of units in the waiting line:




3.	Average number of units in the system:




4.	Average time a unit spends in the waiting line:




5.	Average time a unit spends in the system:




6.	Probability that an arriving unit has to wait for service:




7.	Probability of n units in the system:




	Burger Dome Example
	Model 1: One Server
	36 customers arrive per hour (=0.6 per min.)
average service time = 1 min. 15 sec. (=1.25 min.)
λ = 0.60 units/min.,   μ = 1 / 1.25 = 0.80 units/min.











Model 2:	Single waiting line, c multiple parallel servers (same μ), FCFS

1.	Probability that there are no units in the system:




2.	Average number of units in the waiting line:




3.	Average number of units in the system:




4.	Average time a unit spends in the waiting line:




5.	Average time a unit spends in the system:




6.	Probability that an arriving unit has to wait for service:




7.	Probability of n units in the system:



	Burger Dome Example
	Model 2: Two Parallel Servers
	λ = 0.60,   μ = 0.80
























Model 3:	Single waiting line, single server, FCFS, deterministic service times


		1.	Average number of units in the waiting line:



	

		2.	Average number of units in the system:


	

		3.	Average time a unit spends in the waiting line:


	

		4.	Average time a unit spends in the system:


	

Tips for Queuing Calculations

· Put λ and µ in the same time units.

· The QueuMMcK spreadsheet uses mean service time, which equals 1 / µ. (But it uses λ for mean arrival rate, so be sure to enter λ in the first box and 1 / µ in the second.)

· If there are c lines and c servers (typical grocery store model), divide λ by c and solve Model 1 (do not modify µ). The solutions will describe the characteristics of each line. Total customers waiting in the system = cLq. Total customers in the system = cL. 

· If have a single server and if service times are fixed (i.e., they have no randomness or variability), then use Model 3 instead of Model 1. In that case, the average waiting time is cut in half. 


	Implications from Queuing Formulas

· In a time-sensitive environment, managers should shy away from operating at a level near full utilization. 





· Safety capacity should be pooled whenever possible (one line with multiple servers instead of multiple lines with one server each).  






· The marginal value of additional servers (thus of additional safety capacity) displays diminishing returns in terms of customer waiting time.



Buffer Capacity

Adding buffer capacity represents a trade-off between waiting time and blocking probability. As the buffer size is reduced, waiting time decreases but the probability of a blocked customers increases.


Example
Customer Service Calling Center
1 Server
Arrival Rate = 18/hour = 0.3/minute
Average Time to Serve = 2.5 minutes
Buffer capacity based on number of phone lines


	Number of Lines
	3
	5
	7
	9
	11
	100

	Buffer Capacity
	2
	4
	6
	8
	10
	99

	Average Waiting Time (minutes)
	2.0
	3.6
	4.8
	5.7
	6.3
	7.5

	Blocking Probability
	15.4%
	7.2%
	3.7%
	2.0%
	1.1%
	0.0%








Managing the Waiting Process

· Make waiting more comfortable.


· Distract customers’ attention.


· Start service early.

· Explain reasons for the wait.

· Willingness to wait is somewhat proportional to service time.

· Provide a pessimistic estimate.

· Don’t make promises that you can’t keep.

· Compensate for any extraordinary waiting.

· Be fair!
Sample Queuing Case Study
In addition to the discussion questions in the case, you should consider the following.  

1.	There are actually four proposals (not three), because the third should be analyzed with both 5 and 4 servers.  
2.	Are any of the proposals (are all of them) reasonable? Can you come up with a proposal that does even better than those suggested by Ms. Shader?  
3.	Make a final concrete recommendation.

P.S.  Don’t forget to analyze current conditions for comparison purposes!

The Winter Park Hotel

	Donna Shader, manager of the Winter Park Hotel, is considering how to restructure the front desk to reach an optimum level of staff efficiency and guest service. At present, the hotel has five clerks on duty, each with a separate waiting line, during peak check-in time of 3:00 p.m. to 5:00 p.m. Observation of arrivals during this time shows that an average of 90 guests arrive each hour (although there is no upward limit on the number that could arrive at any given time). The front desk clerk takes an average of 3 minutes to register each guest.
	Ms. Shader is considering three plans for improving guest service by reducing the length of time guests spend waiting in line. The first proposal would designate one employee as a quick-service clerk for guests registering under corporate accounts, a market segment that fills about 30% of all occupied rooms. Because corporate guests are preregistered, their registration takes just 2 minutes. With these guests separated from the rest of the clientele, the average time for registering a typical guest would climb to 3.4 minutes. Under plan one, noncorporate guests would choose any of the remaining four lines.  
	The second plan is to implement a single-line system. All guests could form a single waiting line to be served by whichever of five clerks became available. This option would require sufficient lobby space for what could be a substantial queue.
	The use of an automatic teller machine (ATM) for check-ins is the basis of the third proposal. Given that initial use of this technology might by minimal, Shader estimated that 20% of customers, primarily frequent guests, would be willing to use the machines. (This might be a conservative estimate if the guests perceive direct benefits from using the ATM, as bank customers do.  Citibank reports that some 80% of its Manhattan customers use its ATMs.)  Ms. Shader would set up a single queue for customers who prefer checking in with a clerk. This would be served by the five clerks, although Shader is hopeful that the machine will allow a reduction to four. Whether guests select the ATM or a clerk, registration will still average 3 minutes.

Discussion Questions
1.	Determine the average amount of time that a guest spends checking in. How would this change under each of the stated options?
2.	Which option do you recommend?
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image10.emf
Program QueuMMcK

Directions:  click on the Change Inputs/Run button

Input Parameters Utilization Table

Input (Arrival) Rate λ 0.60 Total Number ofFraction of 

Activity (Service) Time T = 1/μ 1.25 Servers Occupied Time

Number of Servers c 1 0 25.00%

Buffer Capacity K 99 1 75.00%

note: c and K should be integers.  Also, keep K reasonable (< 100). Average Utilization 75.00%

Results

Probability of blocking P

b

0.0%

Probability of waiting (if not blocked) P

w

75.0%

Average queue length L

q

2.250

Average wait for those jobs who do wait W

qw

5.000

Overall average wait W

q 

= P

w 

* W

qw

3.750

Overall average time in the system W = W

q

 + T 5.000

Overall average inventory (jobs) in the system L 3.000

QueuMMcK, developed by Stanford University, 

adapted by Jan A. Van Mieghem 10/10/96.  This version: May 29, 1998.

Change 

Save Results
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Program QueuMMcK

Directions:  click on the Change Inputs/Run button

Input Parameters Utilization Table

Input (Arrival) Rate λ 0.60 Total Number ofFraction of 

Activity (Service) Time T = 1/μ 1.25 Servers Occupied Time

Number of Servers c 2 0 45.45%

Buffer Capacity K 99 1 34.09%

note: c and K should be integers.  Also, keep K reasonable (< 100). 2 20.45%

Results

Average Utilization 37.50%

Probability of blocking P

b

0.0%

Probability of waiting (if not blocked) P

w

20.5%

Average queue length L

q

0.123

Average wait for those jobs who do wait W

qw

1.000

Overall average wait W

q 

= P

w 

* W

qw

0.205

Overall average time in the system W = W

q

 + T 1.455

Overall average inventory (jobs) in the system L 0.873

QueuMMcK, developed by Stanford University, 

adapted by Jan A. Van Mieghem 10/10/96.  This version: May 29, 1998.

Change 

Save Results
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