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Abstract

We provide finite-sample, nonparametric, uniform confidence bands for the bid
distribution’s quantile function in first-price, second-price, descending, and ascending
auctions with symmetric independent private values, when only the transaction price
(highest or second-highest bid) is observed. These bands can also be used to construct
finite-sample confidence intervals for several counterfactuals and economic quantities.
Even with a varying number of bidders, our bands’ finite-sample coverage is exact.
With a fixed number of bidders, we also derive uniform confidence bands robust to
auction-level unobserved heterogeneity. This includes new bounds on the bid quantile
function in terms of the transaction price quantile function. We also provide results
on computation, median-unbiased quantile estimation, and pointwise quantile infer-
ence. Empirically, our new methodology is applied to timber auction data to examine
heterogeneity across appraisal value and number of bidders, which helps assess the
combination of symmetric independent private values and exogenous participation.
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1 Introduction

We propose nonparametric uniform confidence bands with exact finite-sample coverage for
the quantile function of the bid distribution in the following setting. For each auction, the
data include only the number of bidders and the transaction price, which is either the highest
bid (in a sealed-bid first-price or descending/Dutch auction), second-highest bid (in a sealed-
bid second-price or ascending/English auction), or another order statistic. The number of
bidders may vary arbitrarily across auctions. Initially, we assume symmetric independent
private values (IPV) with no unobserved heterogeneity, so each bid is an iid draw from the
same bid distribution. If there is a binding reserve price, then we can interpret the “bid
distribution” as a truncated version of the bid distribution as in equation (1) of Haile and
Tamer (2003, p. 7) or (6.20) of Athey and Haile (2007). As discussed later in this section, we
extend certain results to allow auction-level unobserved heterogeneity. Overall, our results
complement existing work that relaxes some of these assumptions but resorts to asymptotic
inference, in contrast to our finite-sample inference.

Economically, the bid distribution may be of interest directly or else for its relationship
to the value distribution and related counterfactuals and economic objects of interest. Un-
der the above assumptions, the bid distribution equals the value distribution for ascending
auctions; for example, see (1) of Athey and Haile (2002). Alternatively, under (only) the
weak assumption that bids do not exceed bidders’ values, equation (2) of Haile and Tamer
(2003) implies the bid quantile function is a lower bound of the value quantile function;
see also Proposition 1 of Grundl and Zhu (2023). The value quantile function is a direct
input to various counterfactuals and quantities of economic interest; for example, see Table
1 of Andreyanov and Franguridi (2024). Uniform coverage is important for learning about
the shape of the bid distribution, for assessing distributional properties or effects, and for
inference on such functionals, for which pointwise confidence bands are not sufficient. In Ap-
pendix A, for several counterfactuals and economic quantities, we describe how to construct

finite-sample confidence intervals based on our finite-sample uniform confidence bands, in



part using bounds from Haile and Tamer (2003) and Armstrong (2013). In the main text,
we focus on our main contribution: finite-sample uniform confidence bands.

Theoretically, we use the probability integral transform and related results for order
statistics. For intuition, the most basic version can be used to derive a one-sided confidence
interval for quantiles of continuous random variable Y with CDF Fy as follows. The prob-
ability integral transform says Fy (YY) ~ Unif(0, 1), and given iid Y; over ¢ = 1,...,n, the
transformed kth order statistic satisfies Fy (Y;,.r) ~ Beta(k,n+1—k); for example, see Wilks
(1962, pp. 236-238). Thus, P(Y,,,, < Fy.' (7)) = P(Fy(Y,) < 7) equals the Beta(k, n+1—k)
CDF evaluated at 7. That is, the confidence interval [Y},.;, 00) includes the 7-quantile Fy ! (7)
with this exactly known probability. This is not an asymptotic approximation but an ex-
act finite-sample result. In our more complex setting, we apply the probability integral
transform to the transaction prices and show how to (jointly) use all order statistics of the
observed transaction prices (across auctions) and interpolate appropriately to get exact uni-
form confidence bands for the bid quantile function, even with a varying number of bidders
per auction.

When each auction has the same number of bidders, we provide one-sided uniform con-
fidence bands robust to arbitrary auction-level unobserved heterogeneity. That is, the bid
distribution may differ across auctions for unobserved reasons, but bids within each auction
remain iid (e.g., Athey and Haile, 2007, §6.1.2). These bands are derived using bounds on the
bid quantile function in terms of the transaction price quantile function, similar in spirit to
the partial identification approach of Haile and Tamer (2003), although they do not provide
results for statistical inference (beyond computing bootstrap confidence bands in the empir-
ical example). For first-price auctions, such bounds are provided in CDF form in equation
(2) of Armstrong (2013); that is, he shows the bid CDF is bounded above and below by
certain transformations of the transaction price CDF. Thus, we can achieve (at least) the
desired coverage probability in finite samples by using the corresponding transformations of

uniform confidence bands for the transaction price quantile function. We build the latter



bands based on results of Goldman and Kaplan (2018a).

For second-price auctions with unobserved heterogeneity, our uniform confidence bands
are based on our new bid quantile function bounds. These bounds involve the greatest convex
minorant and least concave majorant of a certain beta distribution CDF that depends on
the number of bidders. Whereas for first-price auctions this beta CDF is fully convex,
for second-price auctions it is partly concave, so the Jensen’s inequality argument from
Armstrong (2013) cannot be used directly. However, Jensen’s can be applied to the convex
minorant, or applied in the opposite direction to the concave majorant. Our results apply
to general pth-price auctions, including first-price and second-price as special cases.

We apply our new methodology to the well-known U.S. Forest Service timber auction data
to assess heterogeneity across numbers of bidders and across appraisal value. Conditioning
on a particular number of bidders and a particular range of appraisal values reduces the
sample size considerably, so it is important that our uniform confidence bands have finite-
sample coverage. Also, it is important that our bands are uniform (not pointwise) to assess
whether there exists a bid quantile function that is consistent with the confidence bands from
all the subsamples. When analyzing net bids (after subtracting the appraisal value), for each
of four appraisal value ranges, we find little heterogeneity across numbers of bidders: besides
a few exceptions in the lower tail, the bands have substantial overlap and are consistent with
a single net bid quantile function for any number of bidders. Looking across appraisal value
ranges, the bands are also consistent with a single net bid quantile function. We also show
the value of our method’s ability to combine data from auctions with different numbers of
bidders: compared to the uniform confidence band for any subsample with a fixed number
of bidders, the band using all such subsamples together is much more precise.

In the statistics literature, use of the probability integral transform dates back to at
least Fisher (1932), Pearson (1933), and Neyman (1937). More directly, we build on the
work of Goldman and Kaplan (2018a). They also manipulate joint probabilities involving

transformed order statistics, but in the context of multiple testing of Hy,: F(r) = G(r) across



r € R for two population CDFs F(-) and G(-), as well as the corresponding one-sided and
one-sample analogs. Another difference is that they assume a single sample with all order
statistics observed, rather than our setting of repeated samples with only one order statistic
observed. In our special case with a constant number of bidders in each auction, we derive
a transformation that can be applied to a uniform confidence band (based on their work)
for the transaction price quantile function. However, with a varying number of bidders, we
significantly extend their technical results in ways that may be of independent interest. Also,
our key theoretical result with unobserved heterogeneity (Theorem 9) is unrelated to their
work.

The auctions literature covers a wide range of assumptions and objects of interest that
are not nested with our paper but offer different advantages and disadvantages. The pri-
mary distinction of our work is that we characterize our new methods’ coverage probability
not merely asymptotically but in finite samples. Finite-sample coverage probabilities are
also given by Syrgkanis, Tamer, and Ziani (2021, Thms. 10-12), for an identified set given
a relaxation of IPV, but with all bids observed and (discrete) finite support assumptions.
Finite-sample coverage probabilities are not provided by any work cited below. Further, we
do this with only the transaction price observed, unlike all but a few of the below papers,
and with either a varying number of bidders or else general auction-level unobserved het-
erogeneity. Other differences are noted below, too, with more closely related work described
first.

These features are now compared with specific papers in the auctions literature, remem-
bering that none of these provide finite-sample coverage probability like we do. Compared
with Armstrong (2013), who also assumes only the winning bid of a first-price auction is ob-
served and allows general unobserved heterogeneity, we focus on the bid distribution rather
than bidder profit and other functionals, and we also include results for second-price auctions.
Menzel and Morganti (2013) also allow for only observing the transaction price (a single or-

der statistic) but focus on asymptotic rates of convergence for nonparametric estimation of



(functionals of) the valuation distribution. Compared with Aradillas-Lopez, Gandhi, and
Quint (2013), who also only require the transaction price, we only allow correlation of valua-
tions through unobserved heterogeneity (a special case of their setting as noted on their page
494), our object of interest is the full bid distribution (instead of seller and bidder surplus),
and we also have results for first-price auctions. Gimenes (2017) similarly uses only the trans-
action price in an ascending auction, using a quantile regression framework to incorporate
observable heterogeneity, but she assumes a fixed number of bidders and no unobserved het-
erogeneity. Other papers that contribute results for auctions with unobserved heterogeneity
require observing more than one bid per auction: for example, Freyberger and Larsen (2022)
require two order statistics (but allow unknown number of bidders), Chesher and Rosen
(2017) require all final bids in an ascending auction, Compiani, Haile, and Sant’Anna (2020)
require all bids in a first-price auction (but endogenously model bidders’ decisions to enter
the auction, with the help of an instrument), Luo (2020) also requires all bids (in a first-
price auction with discretely-supported unobserved heterogeneity), and Haile and Kitamura
(2019) also assume all bids are observed (page C5), as do the other approaches they review.
Other classic work like that of Guerre, Perrigne, and Vuong (2000) also requires all bids
observed, as do more recent extensions like the quantile regression approach of Gimenes and
Guerre (2022). Again, most distinctly, none of the above papers characterizes finite-sample

coverage probabilities.

Paper structure Section 2 describes the setting and derives a useful identity. Section 3
provides methods and results for uniform confidence bands for the bid quantile function.
Section 4 extends our methodology to varying numbers of bidders across auctions. Sec-
tion 5 discusses interpretation given unobserved heterogeneity, including some new bounds
for second-price auctions. Sections 6 and 7 contain empirical results and simulations. Ap-
pendix A describes how to translate our uniform confidence bands into confidence intervals for

various functionals of economic and counterfactual interest. Appendix B collects the proofs.



Appendix C provides additional methods and results for pointwise inference, for quantiles and
interquantile ranges of the bid distribution. Code in R (R Core Team, 2023) implementing

our new methods and replicating our results is provided at https://kaplandm.github.io/.

2 Setting and an identity

This section describes the setting with a constant number of bidders in each auction, which
is generalized to varying numbers of bidders in Section 4 and to the presence of auction-level
unobserved heterogeneity in Section 5.

Consider the following setting. FEach auction has n bids, with B; drawn iid fori = 1,... n.
The goal is to learn about this bid distribution. However, only the transaction price W = B,,.,
is observed, where B, is the kth order statistic (kth-smallest bid). (The mnemonic for W
is “winning bid,” which often equals the transaction price, although not in a second-price
sealed-bid auction where the transaction price W is the second-highest bid.) For example,
in a first-price auction, £ = n because the transaction price is the maximum, W = B,,.,. In
a second-price auction, k = n — 1 because W = B,,.,_1. In each auction 5 = 1,...,J, we
observe (only) the transaction price W;. Both n and J are finite; there are no asymptotic

approximations.

Assumption A1l. The underlying bid B has a continuous distribution; its CDF Fp(-) is
continuous and strictly increasing over its support, with inverse F'g 1(.) equal to the quantile

function Qp(+).

Assumption A2. Within each auction, bids B; YR B over ¢ = 1,...,n, and only the

transaction price W = B,,.;, is observed.
Assumption A3. The transaction prices IW; are independent over auctions j =1,...,J.

Assumption A1 implies the transaction price CDF Fy,(-) is also continuous and strictly

increaging because FW(I) = W('k—l)' OFB(:E) tkil(]_ — t)nik dt as in the pI‘OOf of Theorem
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1(i) of Athey and Haile (2002). Assumption A2 is relaxed in Section 4 to allow the number
of bidders to vary across auctions. Assumptions A2 and A3 imply W; are also identically
distributed across j = 1,...,J. This rules out dynamic mechanisms like those discussed in
Section 9 of Athey and Haile (2007), for example. Under A1-A3, Theorem 1(i) of Athey and
Haile (2002) establishes nonparametric identification of F(-) for second-price auctions, and
their proof applies immediately to first-price auctions, too.

Applying the probability integral transform (Fisher, 1932; Neyman, 1937; Pearson, 1933)

with results from Wilks (1962, pp. 236-238), we have
B; = Fg(W;) = Fs(BY)) ~ Fy = Beta(k,n+1—k), j=1,...,J. (1)

Under Al and A2 but without A3, the §; are allowed to be dependent while following the
same marginal distribution. If we additionally impose A3, then the 3; are iid across auctions
j=1,...,J.

Proposition 1 enables us to learn the unknown bid distribution through the transaction

price’s distribution and the known transformation Fjs(7).

Proposition 1. Under A1 and A2, for any quantile index T € (0,1) and any value q € R,

Qp(1) = Qw(Fjs(7)),

Fg(q) = Fy ' (Fw(q)),

(2)

where F(-) is the CDF of the Beta(k,n+ 1 — k) distribution.

Proposition 1 is at its core the same as other results that have appeared in different
notation, going back at least to equation (5) of Athey and Haile (2002). For example, in
Lemma 2 of Haile and Tamer (2003), the right-hand side of their (3) is (in their notation) the
Beta(i,n+1—1i) CDF evaluated at ¢, so their (4) in Lemma 2 is in our notation equivalent to
Fg(q) = Fy Y(Fw(q)), as in our (2). However, they assume all bids are observed, with a fixed
number of bidders, and they only discuss identification and estimation, not inference. The

same result is presented in (4.3)—(4.4) of Athey and Haile (2007), who mention asymptotic



normality (top p. 3876) but do not further discuss inference, and certainly not finite-sample
inference.

In Appendix C, using Proposition 1, we discuss confidence intervals for bid 7-quantile
()p(7) using existing confidence intervals for Qw (F3(7)). These can be conservative but with
exactly known finite-sample coverage probability, or else achieve the desired confidence level
with high-order accuracy. We also discuss confidence intervals for the general interquantile
range Qp(72) — Qp(71).

Proposition 1 also leads to natural estimation of the 7-quantile of B using an estimator of
the Fj(7)-quantile of W. Estimators of the latter that are (nearly) median-unbiased remain
(nearly) median-unbiased for the former, such as using quantile(..., type=8) in R (R

Core Team, 2023).

3 Uniform confidence bands

We provide uniform confidence bands for the bid quantile function Qg(-) with exact finite-
sample coverage probability 1 — «, for any fixed number of bidders n and number of auctions
J. These are extended to a varying number of bidders in Section 4 and to unobserved
heterogeneity in Section 5.

The arguments below rely on the joint distribution extension of (1). This allows the
use of all {W.,}7_, as points on the confidence band, for specially chosen corresponding 7,,
where like B,,.; the notation W), is the rth order statistic, here the rth-smallest winning
bid among the J observed. These J points of the form (7., W) can then be connected by
a stair-step shape to avoid any additional coverage error.

We justify our bands from two perspectives. The first more explicitly considers the joint
distribution of £, (for r = 1,...,J) based on (1), where like W., the notation ., is the
rth order statistic among the 8; = Fp(W;) defined in (1), and equivalently 5., = Fg(W.,).

This order statistic approach is generalized in Section 4 to varying numbers of bidders. The



second uses Proposition 1 to transform a band for Qu (-). That approach is generalized in
Section 5 to unobserved heterogeneity.
Although there are two justifications, the uniform confidence bands themselves are the

same. For an upper one-sided uniform confidence band, define the lower bound function

)
—oo form<m(l—a)

Wii form(l—a) <71 <mn(l-—a)

| Wy forr;(1—a)<T,

Fs(1.(p)) = &.5r = p-quantile of Beta(r, J +1—1r), r=1,....J, (4)

where & is a function of o and J from Method 1 in Goldman and Kaplan (2018a), and more
precisely the —oo can be replaced by the lower bound of the support of B (often zero). More
complex than Goldman and Kaplan (2018a), our 7,.(p) involves nested probability integral
transforms that yield two distinct beta distributions: the Beta(r, J + 1 — r) from the order
statistics W, of transaction prices across the J auctions, and the Beta(k,n+ 1 — k) implicit
in Fj(-) from the order statistic B,,.; across then n bids within each auction.

Consider the following example of (3) and (4). Consider J = 2 auctions with n = 5
bidders each, and they are first-price auctions, so k = n. From (1), Fs(-) is the CDF of the
Beta(5, 1) distribution, Fj(z) = 2°, with inverse Fj;'(z) = z'/5. From (4), Fs(r.(1 — @)) is
&1-a,2r, the (1 — &)-quantile of Beta(r,3—1), so (1 — &) = 51115’&’271 and 7o(1 — &) = %f’&m
From (3), given &, the function §.(-; @) is flat from 7 = 0 to 7 = 7 (1 — &) at value —oo,
then jumps up to value Wy, and is again flat from 74 (1 — &) to 72(1 — @), and finally jumps
up to value Who and is flat until 7 = 1. Equivalent to (8) of Goldman and Kaplan (2018a),
the value & is calibrated such that 1 —a = P(Usy < & 1521 and Uag < & _g22), where Uy
and U, are the order statistics from two iid Unif(0, 1) draws (that is, U, is the lesser of

the two draws and Us., the greater). In practice, simulation of the (Us.q, Us.) distribution is

avoided by using the analytic formula in Fact 6 of Goldman and Kaplan (2018a).
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Similar to (3), define upper bound function

(
WJ:l for 7 < 7’1(5&)

Wi.s for ijl(@) <7< Tj(d)

| oo for (@) <,

with the same 7, (p) from (4) and the same & from Method 1 of Goldman and Kaplan (2018a).

This gy (-; &) can be adapted to the setting of Haile and Tamer (2003) as follows. Their
Lemma 3 says that in an ascending auction, the second-highest valuation does not exceed
the highest bid plus the minimum bid increment. Thus, if we interpret the latter as the
second-highest order statistic and construct our gy (-;&) accordingly, it will have uniform

coverage probability of at least 1 — «.

3.1 First perspective: order statistics

Some intuition is now given for the argument from the first perspective, with details in the
proof of Theorem 2. Consider g, (-;&). First, because of the stair-step shape of the band
combined with the non-decreasing property of Qp(+), the uniform coverage probability of
gr(+; &) reduces to the joint coverage probability over J points. Then, taking Fpg(-) then

transforms the probability to be in terms of the [5;., order statistics. Altogether,

P(g(m;a) < Qp(r) for all T € [0,1])

=P(Wy1 <Qp(ri(l—@)) and ... and Wy, < Qp(rs(1 — a)))
B B
:P(FB(Wle) <T1(1—O~é> and ... and FB(WJ:J) STJ(]._&))

We know f3; P Beta(k,n + 1 — k) from (1), so we also know the joint distribution of the
corresponding order statistics. Thus, we can solve for the & that sets the above probability

equal to 1 — a exactly.
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Theorem 2. Let Assumptions A1-AS3 hold. Consider the following one-sided uniform con-
fidence bands for the bid quantile function Qp(-). Lower and upper bound functions gr(-; &)
and gy (+; &) are from (3) and (5), with 7.(-) defined in (4). Given the & from Method 1 of

Goldman and Kaplan (2018a), finite-sample uniform coverage probability is exactly 1 — «:

P(gr(m;a) < Qp(7) for all T €(0,1]) =1 —a, ©
P(Qg(1) < gu(r;@) for all T €[0,1]) =1 — a.

For a two-sided uniform confidence band, the same g, (-; &) and gy (+; &) from (3) and (5)
can be used, but with & calibrated to exact two-sided coverage as in Method 2 of Goldman

and Kaplan (2018a). The intuition for the proof is the same as for the one-sided bands.

Theorem 3. Let Assumptions A1-A8 hold. Consider the following two-sided uniform con-
fidence band for the bid quantile function Qg(-). Lower and upper bound functions gr(-; &)
and gy (+; &) are from (3) and (5), with 7.(-) defined in (4). Given the & from Method 2 of

Goldman and Kaplan (2018a), finite-sample uniform coverage probability is exactly 1 — a:

P(gr(r;a) < Qp(r) < gu(r;a) for all T € [0,1]) =1 - a. (7)

3.2 Second perspective: transformed confidence band

From the second perspective, given any uniform confidence band for Qu(-), we can use
Proposition 1 to construct a uniform confidence band for Qg(-) with the same proper-
ties. Consider the band [L(-),U(-)] for Qu(:), where the “hats” indicate they are ran-
dom functions (computed from the sample), and one-sided bands are included by allowing

L(-) = —o0o or U(-) = oo. The same uniform coverage probability is attained by the band

[L(F3(-)), U(F5(-))] for Qp(-): using Quw (Fs(7)) = Qp(7) from Proposition 1,

-

(L(Fs(1)) < Qg(r) < U(Fs(r)) for all 7 € [0, 1])

L
= P(L(F3(1)) < Qw(Fs(r)) < U(F(7)) for all 7 € [0, 1])
P

(L(t) < Qw(t) < U(t) for all t € [0,1]), (8)

12



where the last equality comes from the fact that Fj(-) is a continuous increasing function

from Fj(0) =0 to Fp(1) = 1.

Theorem 4. Under Assumptions A1-AS3, with Fs(-) the CDEF of the Beta(k,n + 1 — k)
distribution as in (1), the band [L(F5(-)), U(F3(-))] for Qg(-) has the same uniform coverage
probability as the band [L(-),U(-)] for Qw/(-). Similarly, the band [Fﬁ_l(ﬁ()),Fﬁ_l(U())] for

Fi(-) has the same uniform coverage probability as the band [L(-),U(-)] for Fy(-).

The final argument is to show that our uniform confidence bands in Theorems 2 and 3
are transformations of uniform confidence bands for Qu (-). These latter bands follow readily
from results of Goldman and Kaplan (2018a) and can be computed easily using their code.
They did not formally state these bands because it seems they thought such bands were
proposed by Buja and Rolke (2006, §5.1) and Aldor-Noiman, Brown, Buja, Rolke, and Stine
(2013, §2.1), which are closely related but instead “null bands” for the purpose of goodness-
of-fit testing based on Q-Q plots.

The uniform confidence bands for Qu (-) based on iid draws of W; Y Fyy are as follows.

Using the notation of (4),

—oo for 7 < 51_&”],1

Wya for &g <7 <&i—aue

Wy for &g <7,

Wia for 7 < &an

Wy (75 &) = . ' (10)
Wy foréayi-1 <7 <&

\OO forfd,JJST.

One-sided bands use Method 1 of Goldman and Kaplan (2018a) to get & (a function of
confidence level 1 — a and sample size J, which in their notation is n), whereas two-sided

bands use the & from their Method 2.

13



Theorem 5. Given W; w Fw for 7 = 1,...,J and continuous, strictly-increasing CDF
Fw(-), the uniform confidence bands in (9) and (10) have ezxact finite-sample coverage prob-

ability.

For completion, we show that the bands from Theorems 2 and 3 are equivalent to applying

the transformation from Theorem 4 to the corresponding band for Qw (-) from Theorem 5.

In fact, this is immediate from the definitions: given Fj(7,.(p)) = &, in (4), gr(7; &)
wr(Fp(7); &), and similarly gy (7;&) = wy(F(r);&). For example, &_a51 < Fs(1) <
&1—a,s2 if and only if Fi'(&_5.71) < 7 < Fj'(&1-5,2), which is equivalent to 71(1 — @) <
T < 7(l—a)asin (3).

Theorem 5 does not depend on Assumption A2, so it applies to some settings even with

unobserved heterogeneity, which we use in Corollary 11 in Section 5.

4 Generalization to varying numbers of bidders

In this section, we extend our setting and results to allow the number of bids to vary over
auctions. Computationally, we cannot use the values of a calibrated by Goldman and Kaplan
(2018a) and instead need to simulate such values ourselves. Theoretically, up to an arbitrarily
small simulation error, our confidence bands still achieve exact finite-sample uniform coverage
probability. There is no corollary of Proposition 1 because it does not make sense to talk of
“the” marginal distribution of W: the distribution of W; depends on the number of bidders
in auction j, which varies over j = 1,...,J. Still, we can use the order statistics W.,. to

construct confidence intervals and bands.

4.1 Setting

Consider the following generalization of our setting. There are now n; bids in auction j,
J=1,...,J. We observe the transaction price W; = B, ,, with k; = n; for first-price

auctions or k; = n; — 1 for second-price. (The type of auction may also vary across j,

14



although this seems uncommon.)

We maintain A1 and A3 but replace A2 with the more general A4.
Assumption A4. Within each auction j = 1,...,J, the bids BZ-(j) are iid over i = 1,...,n;.

Assumptions A3 and A4 imply the W, are independent but not identically distributed

(inid), and similarly the /; are now inid:

B = Fp(Wy) = F(BY), ) ™' Beta(ky,n; +1—k;), j=1,...,J (11)

5

The Bapat—Beg theorem (Bapat and Beg, 1989) provides the theoretical formula for the joint
distribution of B;.., r =1,...,J, but it is computationally intractable, as noted by Glueck,
Karimpour-Fard, Mandel, Hunter, and Muller (2008).

Fortunately, given (11), it is straightforward to simulate the joint distribution of the
By, over r = 1,...,J. First, we simulate many sets of independent {ﬁj}le with each 3;
drawn from the known distribution in (11). Second, we sort each set of {f;}7_; to get
corresponding order statistics {3;.,}7_,. Third, the simulated probability of an event is the
proportion of sets in which the event occurs. The simulation error can be made arbitrarily

small by simulating a large enough number of sets.

4.2 Uniform confidence bands

Our one-sided uniform confidence bands have lower and upper functions with the same

structure as in (3) and (5), but with different 7,, and &. Generalizing (4),

7,(p) = p-quantile of G, (12)
Previously, we had f; w Beta(k,n + 1 — k) with CDF Fj(-), so the probability integral
transform gave the analytic form Fj(8,..) ~ Beta(r, J 4+ 1 —r), implying that the p-quantile
of By, is Fﬁ_l() applied to the p-quantile of Beta(r,J + 1 — r), as in (4). Although (12)

lacks such a formula, the right-hand side is still easy to simulate. The values & and ay

15



respectively solve

l1—a=P(B <n(l—ag)and ... and By < 75(1 — az)), (13)

l—a= P(ﬁ];l > Tl(ONJU) and ... and BJ:J > TJ(@U)). (14)

In practice, (13) and (14) can be simulated following the steps in Section 4.1, as implemented

in our provided code that computes uniform confidence bands.

Theorem 6. Let Assumptions A1, A3, and A4 hold. Consider the following one-sided uni-
form confidence bands for the bid quantile function Qp(-). Lower and upper bound functions
gr(;ar) and gu(+; ay) are from (3) and (5), with 7.(-) defined in (12), &y, satisfying (13),

and &y satisfying (14). Then, the finite-sample uniform coverage probability is exactly 1 —ac:
P(gr(r;a1) < Qp(r) for all 7 € [0,1]) = P(Qp(1) < ju(r;dy) for all T € [0,1]) =1 — .

We also construct a two-sided uniform confidence band, where the lower and upper bound

functions are the same as above but with value ar solving
P(Tl(ONJT) S ﬁ];l S 7'1(1 — dT) and ... and TJ(&T) S /BJ;J S TJ(l — C~KT>) =1-o. (15)

Theorem 7. Let Assumptions A1, A3, and A4 hold. Consider the following two-sided uni-
form confidence band for the bid quantile function Qg(-). Lower and upper bound functions
gr(;ar) and gu(-;ar) are from (3) and (5), with 7.(-) defined in (12) and ar satisfying

(15). Then, the finite-sample uniform coverage probability is exactly 1 — «:

P(gr(rsar) < Qp(7) < gu(riar) for all T €[0,1]) =1 —a.

4.3 Median-unbiased quantile estimation

The relation in (12) also leads to a finite-sample median-unbiased estimator of certain quan-

tiles of B.
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Theorem 8. Let Assumptions A1, A3, and A4 hold. Then, for eachr =1,...,J, Wj.. is a

finite-sample median-unbiased estimator of the [median(fy..)]-quantile of the bid distribution.

4.4 Alternative uniform bands with faster computation

In practice, at least for larger J, it may be desirable to more quickly solve for & from (13),
(14), or (15). When searching for &, these rely on the 7,.(-) from (12) that must also be
simulated. Below, we suggest an alternative 7,.(-) that computes more quickly and maintains
exact 1 — « uniform coverage probability, but with the cost of having less even marginal
coverage probabilities.

Consider the following “average CDE” of the ;. Letting Fj (-) be the CDF of j3; ~

Beta(k;,n; + 1 — k;) from (11), define

<=

J
Fy(x) ZF,@- (z).

In the special case of Section 3 with a constant number of bidders n; = n, the 3; are iid, so
Fs(-) = Fp(+), the Beta(k,n+1—k) CDF from (1). In that case, Fs(8,.,) ~ Beta(r, J+1—r),
so the p-quantile of 5., is Fﬁ_l(-) applied to the p-quantile of Beta(r, J + 1 — r); this is the

7,(p) defined in (12). With varying n;, we can still replace (12) with
7(p) = F’ﬁ—l (p-quantile of Beta(r, J + 1 —7)).

This does not yield the exact p-quantile of 3., so the pointwise coverage probabilities are not
identical. That is, for example, P(5;.1 < 11(1 — &)) # P(8.2 < 12(1 — @)), so the pointwise
coverage probability P(g.(m;&) < Qp(7)) differs across 7 more than before. However, in
the sense of Theorems 6 and 7, the uniform coverage probability remains exact by choosing
ar, Gy, or ar as in (13), (14), or (15), respectively. Although determining & still requires

simulation, using Fjs(-) does not, which makes computation faster.
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5 Auction-level unobserved heterogeneity

We now provide uniform confidence bands for @ g(-) under the following type of unobserved
heterogeneity. Auction-level variable U is unobserved in the data (or unused) but observed
by bidders, with U; sampled iid across auctions j = 1,...,J. This U can arbitrarily affect
the bid distribution, violating Assumption A2. Instead, we assume Al and A2 hold for the
conditional distribution of B given U, but interest remains in the unconditional distribution
of B and its quantile function @Qp(-). We assume n bidders throughout this section.

The unconditional bid distribution remains of economic interest even with unobserved
heterogeneity, as argued in other papers. For example, also with unobserved heterogeneity,
Armstrong (2013) derives bounds on economically relevant features of the unconditional
value distribution. Specifically, in Section 2.1 he considers the mean, which (among other
interpretations) is the expected “buyer” surplus from counterfactually allocating the good
by a random lottery, and in Section 2.2 he considers the expectation of the highest bidder’s
value, which is the expected total surplus. For details and other economic motivation, see
the beginnings of Sections 2.1 and 2.2 as well as Section 2.4 of Armstrong (2013). Also, for
first-price auctions with unobserved heterogeneity, Armstrong (2013) provides bounds for
the mean value and mean highest value in terms of the unconditional mean bid E(B) and
mean highest bid E(B,.,). Confidence intervals for both of those can be derived from our

uniform confidence bands for @ () that we develop below.

5.1 Bounds on the bid distribution

First, we provide new bounds for the bid distribution under unobserved heterogeneity for
general k. Specifically, the unconditional bid CDF is bounded by transformations of the
observed transaction price’s CDF, and similarly for the quantile functions. In the special
case k = n (first-price), our bounds match those of Armstrong (2013).

Our approach uses bounds of Fj(-) to which Jensen’s inequality can be applied. With
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k = n for first-price auctions, Fj(-) is convex, so Jensen’s inequality applies directly, as shown
by Armstrong (2013). However, with k < n, Fj(+) is not convex, so Jensen’s inequality does
not directly apply. Instead, we apply Jensen’s to the greatest convex minorant of Fj(-), which
we denote g(-). That is, g(-) is convex, and g(-) < Fj() (“minorant”), and it is weakly above
any other function with those two properties. (Recall Fs: [0, 1] — [0,1], so g: [0, 1] — [0, 1],
too.) Conditional on U = u, Proposition 1 gives Fg(Fp(q | U =u)) = Fwu(q | U =u), so

use Proposition 1 use Fp(-)>g(-)

.

—_——N— - ~
Fw(q) =E[Fwiu(q | U)] = B[Fs(Fpu(q | U))]

use Jensen’s
7\

> rE[g(FBw(C] | U))T > g(E[Fpu(q | U)]) = g(Fs(q)). (16)

Letting h(-) be the least concave majorant of Fj(-) yields a bound in the other direction:
the first two equalities are the same as above, and then

use F(-)<h() use Jensen’s
AL 7\

E[Fs(Fpu(q | U)ﬂ < rE[h(FB|U<q | U))T < h(E[Fpu(q | U)]) = h(Fs(g)).  (17)

Theorem 9 formally states the bounds, after which Corollary 10 characterizes the g(-)

and h(-) functions in more detail.

Theorem 9. Let Assumptions A1-AS8 hold when replacing Fg with the conditional distri-
bution of B given U, and assume the U; are iid over auctions j = 1,...,J. Assume n > 3
bidders. Let Fg(-) and Fj(-) respectively denote the CDF and PDF of the Beta(k,n+1 — k)
distribution as in Proposition 1. Over the shared domain [0, 1], let g(-) be the greatest convex
minorant of Fs(-), and let h(-) be the least concave majorant of Fs(-), with inverse functions

g () and h™1(:). Then, for any 1 <k <n,

W' (Fw(q)) < Fslq) < g~ ' (Fw(q)) forall g €R,

Qw (9(1)) < Qp(1) < Qw (M) for allT € [0,1].

Corollary 10. Theorem 9 implies the following.
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(i) For k = n (first-price auctions), g(x) = Fg(x) = 2™ and h(z) = z, so g '(p) = pt/n
and h™'(p) = p. Thus, Fw(q) < Fg(q) < [Fw(qQ)]V™ for all ¢ € R, and Qw (") <
Qp(T) < Qwl(r) for all T € [0,1].

(ii) For k <n (and k > 1), including second-price auctions (k =n — 1), define tangency
point ty, to solve Fi(ti,) = [1 — Fg(t1,)]/(1 — t1n), and define tangency point ta, to

solve Fé(tgn) = Fj(ton)/ton. Then,

(

Fs(z) if © < tip,

Fa(tin) + (2 — tyn) =20m) r g >y

1_t1n

Fﬁ(tzn) .
2= if o <ty
h(z) = fan

Fs(z)  if x> tg,.
\

Corollary 10(i) shows that our bounds include the first-price CDF bounds of Armstrong

(2013) as a special case.

Q
—
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o
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Figure 1: Ilustration of Corollary 10(ii), n = 5 bidders, k = 4 (second-price).

Corollary 10(ii) is illustrated in Figure 1. The thick gray line is Fj(+), here with n = 5 and
k = 4 (second-price auction with five bidders). The lower black line is ¢(-), and the upper

black line is h(-). For second-price auctions (k = n— 1), the tangency points ty,, and ts,, both
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increase toward one as n increases. For example, with n € {3,...,8}, the corresponding
t1, values are respectively {0.250,0.462,0.584,0.662,0.715,0.754},} and the corresponding
ta, values are respectively {0.750,0.889,0.937,0.960,0.972,0.980}.2 Thus, generally g(-) is
much closer to Fj(-) than is h(-), so the bounds depending on ¢(-) (the upper bound of Fi(-)

and lower bound of Qp(-)) are tighter than the bounds depending on A(-).

5.2 Uniform confidence bands

Corollary 11 uses our quantile function bounds to derive one-sided uniform confidence bands
that remain valid with unobserved heterogeneity. That is, although coverage probability
may not exactly equal the desired 1 — «, it is 1 — « or higher in finite samples. In practice,
one-sided finite-sample 1 — « uniform confidence bands for Fy (-) can be computed with
the user-provided distcomp command in Stata (Kaplan, 2019) or the GK_dist_inf.R R
code provided by Goldman and Kaplan (2018a); switching the axes yields the corresponding
uniform confidence band for Qw (-). This is then transformed per Theorem 9, yielding a
one-sided uniform confidence band for (a bound for) Qp(-). An example of this computation
is in our provided empirical code.

The finite-sample validity of the uniform confidence bands for Qy (+) is from Theorem 5,
which requires iid transaction prices W;. This is implied by the assumptions of Theorem 9.
Specifically, this is implied by the combination of iid U; and the conditional version of As-
sumption A2. Without the fixed number of bidders n as in A2, the W; would be independent

but not identical, so Theorem 5 could not be applied.

Corollary 11. Theorem 9 implies the following for uniform confidence bands. Confidence
functions wr(+; &) and Wy (&) are from (9) and (10), which are one-sided uniform confi-

dence bands for the transaction price quantile function. For any 1 < k < n, the following

for (n in 3:8) print (uniroot(function(tl) dbeta(tl,n-1,2)-(1-pbeta(tl,n-1,2))/(1-t1),
c(0.01,0.99))$root)

2for (n in 3:8) print(uniroot(function(t2) dbeta(t2,n-1,2)-pbeta(t2,n-1,2)/t2, c(0.01,
0.99))$root)
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transformations have at least 1 — « finite-sample uniform coverage probability:

l—a< P(@L(g(T);d) < Qg(7) for all T € [0, 1]),

1—a < P(wy(h(r);a) > Qp(r) for all T € [0,1]).

Similarly, if instead wy(-; &) and Wy (+; &) jointly form a two-sided uniform confidence band
for the transaction price quantile function, then the transformed two-sided uniform confidence

band for Qp(-) satisfies

1—a<P(u(g(r);a) < Qp(r) < wy(h(r); &) for all T € [0,1]).

6 Empirical illustration

To illustrate our new methodology, we use the U.S. Forest Service timber auction data from
Aradillas-Lopez, Gandhi, and Quint (2013), who in their Section 4.1 provide many details
about the data related to common-value uncertainty, private values, contract expiration
horizon, and other considerations. Although they find some evidence of correlated values,
we focus on our confidence bands that assume independence, while also comparing with
our confidence bands that are robust to auction-level unobserved heterogeneity, which can
generate unconditionally correlated values. (To be clear: we still assume independent pri-
vate values, that is, independent values conditional on the unobserved heterogeneity.) As
described by Aradillas-Lopez, Gandhi, and Quint (2013, pp. 503—-4), their data have been
filtered to include auctions between 1982 and 1990 in Zone 2 of Region 6 (i.e., western part
of Washington and Oregon) with between two and 11 bidders (see their footnote 26). Also,
only “scaled sales” are included, so the bids are in dollars per thousand board-feet of actually
harvested timber. Like them (p. 503), given that these are English (ascending) auctions, we
treat the transaction price as the order statistic B,,.,_1, which is not exactly true but a close
approximation. The number of bidders n; is observed in each auction j.

We apply our methodology to examine heterogeneity across auctions with different num-
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bers of bidders and different appraisal values, and to learn about the underlying bid distri-
butions based only on the transaction prices. Heterogeneity across the number of bidders
n relates to the concept of exogenous participation or exogenous variation in n, which says
that the value distribution does not depend on n; for example, see Definition 2.2 of Athey
and Haile (2007) or Definition 1 of Aradillas-Lopez, Gandhi, and Quint (2013). Exogenous
participation is an important and common assumption (Guerre, Perrigne, and Vuong, 2009,
§3.1), so it is valuable to assess whenever possible. Exogenous participation combined with
symmetric IPV yields a testable implication: in our setting, that the bid distribution implied
by the transaction price distribution is the same given any number of bidders n; see (the
proof of) Theorem 1(ii)(b) of Athey and Haile (2002). This is exactly what our uniform
confidence bands assess when constructed separately for each n. If the bands do not overlap,
then either exogenous participation or symmetric IPV or both are violated; for example,
there could be symmetric IPV but with endogenous participation (Athey and Haile, 2007,
§6.3), or there could be exogenous participation but with affiliated or common values (Athey
and Haile, 2007, §2.1). To facilitate comparison across auctions with different appraisal val-
ues, we consider the “net bid” after subtracting the appraisal value. The net bids are all
positive.

We use the method in Theorem 3 when the number of bidders is constant and the method
in Theorem 7 for pooled analysis including varying numbers of bidders. We use 10* beta
draws for the full pooled data analysis of J = 733 auctions (observations) and 10° draws
otherwise. We plot two-sided uniform confidence bands with a 90% confidence level. When
multiple bands are shown in the same plot, we have used a Bonferroni adjustment to ensure
joint coverage over all bands; for example, with four simultaneous bands, each has uniform
confidence level 1 —(0.1/4) = 0.975. Code in R (R Core Team, 2023) to replicate our results
is provided.

Total computation time is under four minutes. For all the bands with a fixed number

of bidders, including those accounting for unobserved heterogeneity, total computation time
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is under one second because no simulation is required. For the bands in Figure 4 with a
varying number of bidders, computation time is around 40 seconds per band, so 3.5 minutes
for the whole figure.

Figure 2 assesses heterogeneity in net bid distributions across auctions with different
numbers of bidders, conditioning on the appraisal value. The four plots correspond to data
for auctions in four separate ranges of appraisal value: [10, 30], [30, 50], [50, 70], and [70, 90].
(These four ranges together account for 66% of all observations.) Within each plot, uniform
confidence bands are constructed separately for each number of bidders (n = 2,...,11),
using a Bonferroni-adjusted confidence level to ensure joint coverage across n (as well as
uniformly across 7). For example, the n = 5 band in the bottom-left plot uses data only for
auctions with appraisal value in the range [50, 70] and five bidders. Because we restrict to
a constant number of bidders for each band, we use the bands described in Theorem 3 that
compute nearly instantaneously.

Besides the far left tails and a few encroaching bands, all four plots in Figure 2 show
substantial overlap across all n. That is, there are possible quantile functions that fit within
all ten bands in each plot, consistent with homogeneity across n. Although there is probably
some heterogeneity, this suggests that the statistical cost of ignoring heterogeneity may be
outweighed by the benefit of increased precision by pooling the data across n = 2,...,11, as
in the next plot.

Figure 3 takes a brief detour from our main analysis to illustrate our results for unob-
served heterogeneity. We show some examples of the heterogeneity-robust uniform confidence
bands described in Corollary 11 based on finite-sample one-sided uniform confidence bands
for Qw/(-), computed using the R code from Goldman and Kaplan (2018a). As the majo-
rant /minorant graph of Figure 1 suggests, the upper bound for the bid quantile function is
significantly affected, whereas the lower bound requires much less change in order to provide
robustness to unobserved heterogeneity.

Figure 4 (left) extends Figure 2 by assessing heterogeneity in net bid distributions across
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Figure 2: Two-sided uniform confidence bands, Bonferroni-corrected to have joint (over
n=2,...,11) 90% coverage within each plot, for appraisal values in the range [10, 30] in the
top left, [30,50] in top right, [50, 70] in bottom left, and [70, 90] in bottom right.
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Figure 3: One-sided 90% uniform confidence bands by n, appraisal in [10, 30].
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Figure 4: Two-sided uniform confidence bands. Left: separately by appraisal value range,
Bonferroni-corrected to have joint 90% coverage. Right: pooling all appraisal values in
[10,90], 90% confidence level.
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auctions with different appraisal values, pooling across n = 2,...,11. Uniform confidence
bands are constructed separately for each appraisal value range, using a Bonferroni-adjusted
confidence level to ensure joint coverage across the four appraisal ranges (as well as uniformly
across 7). Because each band now includes auctions with varying numbers of bidders, we use
the method described in Theorem 7. Compared with each individual band in Figure 2, each
band in Figure 4 (left) is much more precise, showing the advantage of allowing a varying
number of bidders. Further, in Figure 2, bands based on a small number of bidders lack
precision in the upper quartile (or more) of the distribution, while bands based on a larger
n tend to lack precision in the lower part of the distribution. In contrast, the bands in
Figure 4 (left) are informative across almost the whole distribution, because they use the
smaller n observations to learn more about the lower tail and use the larger n observations
to learn more about the upper tail. Besides improved precision, the pooled-n bands again
show substantial overlap, suggesting that heterogeneity across appraisal value is small and
may be outweighed by the precision benefit of pooling the data further.

Figure 4 (right) shows the two-sided 90% uniform confidence band when pooling across
all n and all four appraisal value ranges. It shows the improved precision from using more
data, with a relatively tight band across almost all quantiles.

Finally, we use our pooled uniform confidence band to compute some finite-sample confi-
dence intervals for the counterfactual optimal reserve price. These are based on the bounds
derived by Haile and Tamer (2003), described in our Appendix A.1. We use two possibilities
for the seller’s value vg.

First, we compute a confidence interval assuming the seller’s value equals the appraisal
price. Here, we reparameterize the reserve price as a premium above vg. Given the ascending
auction format and our subtracting vy from the bids, we interpret our band as being for the
quantile value function minus vy; switching the axes yields a uniform confidence band for
the shifted value CDF, Fy (- — vp). Thus, our lower and upper bound functions for Fy(-)
are Fi(- —vg) and Fy(- — vg), because P(V — vy < v —vg) = P(V < v) = Fy(v). Let
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p denote a generic reserve price, and let * = p — vy. Writing (22)—(24) in terms of z,

(z) = z[l — Fy(2)], &% = argmax, 1y (z), 77 = 71 (2%), 7a(2) = z[1 — Fi(x)], and
zp =sup{x < @] : me(z) < 77}, &y =inf{x > 2] : ma(z) < 77} (18)

That is, given P(F1,(-) < Fy(-—vp) < Fy(-)) > 1 -« in finite-samples, we get a finite-sample

1 — « confidence interval for the optimal reserve price p* = x* + vy:
P, <z <iy)=P@r+v<p"<iy+wv)>1-a. (19)
Empirically, our two-sided 90% confidence interval is
[Zr, Ty] = [29.42,100.20]. (20)

For example, if vy = 10 is both the appraisal value and seller’s value, then the interval for
p* is [39.42,110.20].

Second, as commonly done, we take the seller’s value as vy = 0. Now we follow (22)-(24)
directly, noting as above that our uniform confidence band for value CDF Fy (-) consists of
the functions FL( — vp) and FU( — p), where FL() and FU() form the band for the net
value CDF of V — vy. Conditional on an appraisal value of 10, we compute a two-sided

finite-sample 90% confidence interval for p* as
e, pu) = [32.45,102.53). (21)

This confidence interval assuming seller value vy = 0 is shifted down compared to the confi-

dence interval for p* with appraisal 10 but seller value 10.

7 Simulations

Our uniform confidence bands have exact finite-sample coverage probability, up to arbitrar-

ily small simulation error, so the following simulations serve primarily as a “sanity check.”
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Secondarily, they show the great computational advantage of using the pre-simulated & from
Goldman and Kaplan (2018a) when the number of bidders is constant across auctions. Code
in R (R Core Team, 2023) to replicate our results is provided.

The first data-generating process (DGP) has the same number of bidders n in each of .J
auctions. The bids are B; “ Unif(0, 1). The observed transaction price is the second-highest
bid, Bj.,—1. The uniform distribution is without loss of generality because for any Qp(-)
satisfying Al, Vy, <717 <= Qp(V),) < @p(r). That is, to simulate bids from a general
distribution, we would draw Uj; w Unif(0, 1) and take B; = Qp(U;) with transaction prices
W = Buno1 = Qp(Upn_1) = Qp(V) with V = U,.,,_1, so the order statistics (over auctions)
satisfy Wy, = Qp(V}.). Thus, checking whether W, covers () is numerically identical

to checking whether V., covers 7.

Table 1: Coverage probability of 90% uniform confidence bands.

Pre-simulated Fully simulated Average CDF

n J 2-sided Lower Upper 2-sided Lower Upper 2-sided Lower Upper

20 0.902  0.907 0.903 0.899  0.900 0.896 0.898  0.899 0.897
50 0.902  0.909 0.910 0.899 0.899 0.899 0.899  0.900 0.900
100  0.908  0.910 0.913 0.904 0.902 0.906 0.904 0.903 0.906
20 0906 0.910 0.910 0.903  0.903 0.903 0.902 0.903 0.902
7 50 0903 0.908 0.912 0.900 0.899 0.904 0.900  0.900 0.903
7 100 0.904  0.909 0.909 0.900  0.900  0.900 0.900  0.900 0.902
10 20 0904 0.908 0.909 0.902  0.901  0.900 0.901  0.901  0.902
10 50 0.907 0.909 0.910 0.903  0.901  0.903 0.903 0.901 0.902
10 100 0.907 0911 0.909 0.903 0.904 0.901 0.904 0.904 0.904

S NN

10,000 replications, 100,000 draws of {Bj}le.

Table 1 shows the uniform coverage probability of our three uniform confidence bands:
those from Theorems 2 and 3 in Section 3 using pre-simulated & values provided by Goldman
and Kaplan (2018a); those from Theorems 6 and 7 in Section 4.2, where the simulated
beta random variables are used both for calibrating the uniform coverage probability and
for computing the marginal quantiles; and those from Section 4.4 using the average CDF

to approximate marginal quantiles but using simulation to calibrate the uniform coverage
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probability. For the latter two, looking across two-sided, lower one-sided, and upper one-
sided bands alike, the simulated coverage probability is always in the interval [0.896, 0.906],
extremely close to the nominal 0.900 confidence level. This is expected because these methods
have exact finite-sample coverage probability with the only error due to simulation, and this
error is small because we use 10° draws to calibrate & and we run 10* simulation replications.

The uniform coverage probability of the first method (with pre-simulated @) is slightly
less precise but many orders of magnitude faster. That is, when using the pre-simulated
values provided in the code from Goldman and Kaplan (2018a), the coverage probabilities
are all in the interval [0.902,0.913], which is still very close to the 0.900 confidence level, and
computation time is around 10,000 times faster by avoiding just-in-time simulation. For these
particular DGPs,; computation times using the values from Goldman and Kaplan (2018a)
are on the order of 0.001 seconds, compared to on the order of 10 seconds to simulate the
&. Although waiting 10 to 20 seconds is not too bad, with larger J and/or multiple datasets
the computational advantage becomes more important.

The second DGP has different numbers of bidders across auctions, but again the results
act primarily as a sanity check because our methods have exact finite-sample coverage. Here,
there are J; auctions with n; bidders, and J, auctions with ny bidders. Again the individual
bids are B; w Unif(0, 1) without loss of generality, and the observed transaction price in

each auction is the second-highest.

Table 2: Coverage probability of 90% uniform confidence bands.

Simulated marginals Average CDF

ny ng Ji Jo Two-sided Lower Upper Two-sided Lower Upper

4 2 20 20 0.896 0.900  0.900 0.897 0.898  0.898
4 10 20 20 0.900 0.898  0.901 0.899 0.896  0.898
4 20 20 20 0.909 0.899  0.906 0.905 0.900  0.906
4 2 50 50 0.903 0.901  0.902 0.900 0.900 0.903
4 10 50 50 0.905 0.905 0.901 0.907 0.907  0.901
4 20 50 50 0.897 0.901  0.899 0.897 0.901  0.898

10,000 replications, 100,000 draws of {g; }jJ:r

30



Table 2 shows the uniform coverage probability of our uniform confidence bands from
Theorems 6 and 7 in Section 4.2 (“Simulated marginals”) and from Section 4.4 (“Average
CDE”). Nearly the same as in Table 1, looking across two-sided, lower one-sided, and upper
one-sided bands alike, the simulated uniform coverage probability is always in the interval
[0.896, 0.909], extremely close to the nominal 0.900 confidence level, as expected. The average
CDF alternative is faster, taking 45-70% the computation time of the method with simulated
marginal quantiles (12-20 seconds vs. 20-41 seconds), while maintaining the same uniform
coverage probability, but not exactly even pointwise coverage probability. Which method
is preferred may depend on the empirical setting and the user’s computing power (and

patience).

8 Conclusion

We have provided new uniform confidence bands with exact finite-sample coverage probabil-
ity for the underlying bid quantile function when only the transaction price (the highest or
second-highest order statistic) is observed from each auction, assuming symmetric indepen-
dent private values but allowing different numbers of bidders per auction. With unobserved
heterogeneity, the lower bound confidence function remains valid for first-price auctions, and
we provide other one-sided uniform confidence bands for first-price and second-price auctions,
based on new bounds we derive for second-price auctions. We hope these new methods prove
useful in practice, following our empirical illustration as a guide.

Our methodology may also be useful when multiple order statistics are observed. For
example, related to Theorem 1(ii)(a) of Athey and Haile (2002), we can construct a uniform
confidence band based only on the second-highest bid in each auction, and we can separately
construct a band based only on the highest bid. Assuming symmetric independent private
values, these bands both cover the same (true) bid distribution with the desired finite-sample

probability, so there is a small probability that they do not overlap everywhere in 7 € [0, 1].
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Thus, if the bands do not overlap, then we have evidence of a violation of the assumed
symmetry or independence of private values. More generally, we can construct a separate
band corresponding to each bid order statistic, and we can use a Bonferroni correction
to make the multiple uniform confidence bands hold jointly with the desired finite-sample

probability.

A Examples of counterfactuals and confidence intervals

In the following subsections, we describe some common counterfactuals of interest and show
how to use our quantile function uniform confidence bands to derive finite-sample confidence

intervals for the counterfactuals.

A.1 Optimal reserve price

We show how to use the results from Haile and Tamer (2003) to derive finite-sample con-
fidence intervals for the optimal reserve price, as computed in our empirical application.
Specifically, their Section IV shows how to derive bounds on the optimal reserve price given
bounds on the value CDF. By their Theorem 4, these bounds are sharp. Although their
paper focuses on (partial) identification, their footnote 12 anticipates our use of their results
to derive a confidence interval for the optimal reserve price given a uniform confidence band
for the value CDF (“Our solution could be applied in that case as well”).

Notationally, let Fy(-) be the value CDF, vy the seller’s value of the object being
auctioned, and p a possible reserve price. More generally, Fy(-) can be the CDF of the
truncated value distribution if the data come from auctions with a sometimes-binding re-
serve price, as defined in their (1) based on the untruncated value CDF Fy(-): Fy(v) =
[Fyo(v) — Fyvo(po)]/[1 — Fvo(po)] given historical reserve price py. As long as the optimal
reserve price is higher than the historical reserve price, the solution can still be found. Haile

and Tamer (2003) note that “no reserve prices or extremely low reserves” are common (page
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15).

Haile and Tamer (2003) assume symmetric independent private values, as well as some
shape restrictions on the value distribution. Specifically, they assume that Fy (-) is strictly
increasing and continuously differentiable (page 13) and that (p — vg)[1 — Fyo(p)] is strictly
pseudoconcave in p over the support of the value distribution (Assumption 3).

The confidence interval [py, py| for the optimal reserve price is characterized as follows.
We skip the proofs and ignore the “trivial special cases” (page 16). Let [F(-), Fyy(-)] be the
bounds for Fy (-), specifically our uniform confidence band, assuming we are in a setting like
an ascending auction where the transaction price can be interpreted as (approximately) the
second-highest value. (The CDF band is simply our quantile function band with the axes

reversed.) Following page 16 of Haile and Tamer (2003), but adding hats, define

#1(p) = (p—vo)[l = Fy(p)], 9} =argmaxs(p), #; = #1(p}), (22)
p

#a(p) = (p — vo)[1 — Fi(p)], (23)

pr =sup{p < pi : f2(p) <A1}, pu = inf{p > pi : 7a(p) < AL (24)

As seen in our code, these are easy to implement and compute immediately.
The confidence interval’s finite-sample validity follows from the results of Haile and Tamer
(2003). They show that the bounds Fi(-) < Fy(-) < Fy(-) imply the optimal reserve price

p* satisfies p* € [pr, pu], so the confidence interval’s finite-sample coverage probability is

P(p* € [pr,pv]) = P(FL() < Fy () < Fy()) > 1 —a, (25)

A ~

assuming [F7(-), Fy(+)] is one of our uniform confidence bands with confidence level 1 — a.

A.2 Expectation of highest value

In an auction with n bidders with values V; (i = 1,...,n) with quantile function Qy(-), the

distribution of the highest value V., or its mean are commonly of economic interest. If the
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seller’s value of the auctioned object is zero, then V.., is the total surplus: the winning bidder
receives surplus V., minus the transaction price, and the seller receives the transaction price,
so the sum is V,,.,. This is true for any mechanism that allocates the object to the bidder
with the highest value. This measure of expected total surplus E(V,.,) is important for
considering the welfare loss of potentially inefficient alternative allocation mechanisms, or
for compare the welfare benefit with the costs of negative externalities (e.g., Armstrong,
2013, §2.2). In some cases below, we also construct confidence intervals for the expected

total surplus under counterfactual reserve prices.

A.2.1 Ascending auctions

For ascending auctions, consider the case when our uniform confidence band can be in-
terpreted as a band for the value quantile function, Qv (:). Recall that we interpret the
transaction price as (approximately) the second-highest value V;,.,_1, so we cannot directly
learn about V,,.,,, which is never observed. However, its distribution can be written in terms
of Qv (+). Specifically, by the probability integral transform, V., 4 Qv (Un.n), where U,,., is
the maximum of n random variables U; “ Unif(0,1), ¢ = 1,...,n. (That is, we can write
Vi = Qv(U;) for U; ~ Unif(0,1), and the increasingness of Qy () implies the highest U;
generates the highest V; = Qv (U;).)

First, imagine there is no reserve price. Recall the distribution U,., ~ Beta(n,1) (e.g.,

Wilks, 1962, p. 236), which has PDF fy;, . (u) = nu™"'. Then,

1 1
B(Vi) = BIQu(Un)] = | Qv o) du=n [ Quiw du
This is an increasing functional of Qy (), so Qr(-) < Qv () < Qu(-) implies

1 1
n/o Qr(w)u"  du < E(V,,) < n/o Qu(uw)u™ ! du.

Consequently, the left-hand and right-hand sides above form a finite-sample confidence in-
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terval:

given [Qr(-),Qu(-)] is a 1 — o uniform confidence band for Qy(-). Similarly, one-sided
confidence intervals for E(V},.,) can be constructed from one-sided uniform confidence bands
for Qv ().
Second, imagine the reserve price is p. The object is not sold (zero surplus) if V,,.,, < p,
so the integral does not start at u = 0, but rather at u = Fy(p):
1
E(Voin | Vi 2 p) = ElQv (Unin) | Unn = Fv (p)] = Qv (u) fu,., (u) du

Fy(p)
1

=n Qv (u)u"* du.
Fy(p)
This also matches the expression in Table 1 of Andreyanov and Franguridi (2024). This is
still increasing in Qv (+): higher Qv (-) corresponds to lower Fy (p), which also increases the
result. Thus, we can construct a finite-sample confidence interval similar to above:

P(n l Qr(wu" " du < E(Vp,) < n 1 Qu(u)u"! du)

Fu(p) Fr(p)

> P(QL() <Qv() < QU()) >1—aq,

~

again given [QL(-), Qu(-)] is a 1 — o uniform confidence band for Qy (). Here Fy(-) is just
Qu(-) with the axes reversed, and similarly for Fy;(-) and QL(-), so Qr(-) < Qv () < Qu(-)
implies Fp(p) < Fy(p) < Fy(p).

Note that the upper bound requires an assumed upper bound of the support of the
value distribution so that lim,_,; QU(T) < o00. Even if the value distribution’s support is
unbounded above, we can still construct one-sided confidence intervals with a lower bound
because (presumably) V > 0, so Q. (7) = 0 in the extreme lower tail. Additionally, we can

still compute confidence intervals for alternatives like a trimmed mean of V,,.,, that removes
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the dependence on the extreme upper tail.

A.2.2 First-price auctions

For first-price sealed-bid auctions with symmetric independent private values and unobserved
heterogeneity (of the type we consider), when only the winning bid B,., is observed, Arm-
strong (2013) provides bounds on E(V,,.,) in terms of E(B,.,), the expectation of the highest

bid. Specifically, simplifying the expression in Theorem 2, the bounds on page 386 are

n - 1
E(B,.)<EWV.)< b — E(B,,.

where b is the upper bound of the bid distribution’s support. A finite-sample one-sided

confidence interval for E(V},.,) can be derived from a one-sided uniform confidence band

satisfying P(QL(-) < Qp() > 1 —a:

( / o "—1duSE<VW>)

>P(Qu() <Qs() > 1-a

The upper bound of a confidence interval depends heavily on b, but could be derived similarly,

plugging QL() into the integral defining E(B,,.,).

A.3 Mean of value distribution

In the same setting as Appendix A.2, the mean of the value distribution E(V) is also of
economic and counterfactual interest. The following motivation is from Armstrong (2013,
§2.1). First, the mean E(V) provides the expected surplus if instead of being auctioned,
the object is assigned by a random lottery, a common mechanism used by the government
(Armstrong, 2013, §2.4). Second, E(V') can be used to compute the value of a nonrival
technology that could replace the auctioned object and be used by all participants. For
example, if n participants have been bidding on emissions permits, n E(V') is the expected

aggregate value of a new technology that reduces pollution (without affecting production
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efficiency) by the amount of the permit.

A.3.1 Ascending auctions

For ascending auctions where our uniform confidence band can be interpreted as a band for
the value quantile function Qv (-), a confidence interval for E(V') follows from arguments
similar to those in Appendix A.2.1 for the E(V},.,) confidence interval. That is, we can write

E(V) as an integral of the quantile function and plug in bounds, so

P</01QL(u)du§E /QV du</ Qu(u du)

> P(Qu() <Qv() < Qu() > 1—a,

and the corresponding one-sided confidence intervals (based on one-sided uniform confidence
bands) also have finite-sample coverage probability. As before, the same caveat about QU()
in the upper tail applies here, where an assumed upper bound of the value distribution’s

support is needed to get a finite upper bound.

A.3.2 First-price auctions

For first-price sealed-bid auctions with symmetric independent private values and unobserved
heterogeneity (of the type we consider), when only the winning bid B,., is observed, Arm-
strong (2013) provides bounds on E(V') in terms of E(B), the mean of the bid distribution.

Specifically, simplifying the expression in Theorem 1, the bounds on page 384 are

B(B) < B(V) < “—2 L

where b is the upper bound of the bid distribution’s support. A finite-sample two-sided

confidence interval for E(V') can be derived from our two-sided uniform confidence band for

Qp("):

n — n—1

f([@@@smms "””/@Udg



~

>P(Qu() £ Qs() <Qu()) >1—a,

and the corresponding one-sided confidence intervals (based on one-sided uniform confidence
bands) also have finite-sample coverage probability. Unlike for E(V,.,), here the influence of
b is much smaller, especially with a larger number of bidders n. As before, b is not required

for the lower bound one-sided confidence interval.

A.4 Expected revenue

We derive confidence intervals for the expected revenue, that is, the expected transaction
price. We focus on ascending auctions where our uniform confidence bands can be interpreted
in terms of the value quantile function @y (-), and we are interested in expected revenue for
an auction with counterfactual number of bidders n that differs from some or all of the
auctions in the data. In this context, the transaction price is (approximately) V., 1, so
expected revenue is E(V},.,,—1). This is closely related to our results in Appendix A.2 for
E(Vpn), so we keep the explanations here brief.

Like for B(V,.,), write V; = Qy(U;) for U; % Unif(0,1), 50 Vpun_1 = Qv (Upm—1), where
standard uniform order statistic Uy.,—1 ~ Beta(n — 1,2) has PDF fg(,_12)(u) = n(n —
Du™2(1 — u). Thus,

E(Vn:n—1> = E[QV(Un:n—l)] = /0 QV(u)fB(nfl,Q) du.

Because the PDF is non-negative, the lower bound is attained by plugging in a lower bound
for Qv (+), and the upper bound by the upper bound for Qv (-). Thus, given a finite-sample
uniform confidence band with P(Q.(-) < Qv(:) < Qu(-)) > 1 — a, a two-sided finite-sample

confidence interval can be derived:

P( [ st faosa @) du < BV < [ Qoo saf) du)
> P(QL() <Qv() < QU()) >1—a.
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Similarly, one-sided confidence intervals for E(V}.,—1) can be constructed from one-sided
uniform confidence bands for Qv (-). The same caveat as before applies about the extreme
upper tail of QU() being bounded only by an assumed upper bound of the support of the
value distribution, though the lower bound and corresponding one-sided confidence interval

does not require such an assumption.

B Proofs

Proof of Proposition 1. Under A1l and A2,

P(W < Qp(F5'(1)))

=P(Fp(W) < FB_I(T)) by applying F(-), and Fg(Qp(x)) =z by Al
= P(Fp(Bnx) < Fﬁ_l(r)) by definition of W = B,
=T.

The last equality is because Fp(B,) ~ Beta(k,n + 1 — k) by Al and A2, given results
from Wilks (1962, pp. 236-238). Thus, overall, P(W < QB(Fﬁ_l(T))) = 7, which means
QB(FB_I(T)) is the T-quantile of W, which is equivalent to Qp(7) = Qw (Fjs(7)) as stated in
Proposition 1.

For the CDF identity, let ¢ = Qp(7), so Fg(q) = 7. Given the quantile identity, ¢ =
Qp(T) = Qw(Fs(7)), and applying Fy (-) yields Fy(q) = F(T), given that Fyy (Qw(x)) =«
by Al. Finally, F;'(Fw(q)) = 7 = Fs(q). O

Proof of Theorem 2. With explanations for the equalities given below, under A1-A3, the
coverage probability of the one-sided lower-bound confidence function g (-; &) is

P(gr(m;a) < Qp(r) for all T € [0,1])

=P(Wy1 < Qp(n(l —a)) and ... and W,y < Qp(r,(1 — @)))

— P(Fp(Wya) <7i(1—a) and ... and Fg(W,.,) < 7,(1 - &))
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(ﬂj;l STl(l—d) and ... and BJ:JSTJ(l—d)>

P
P(Fﬁ(ﬂJ:l) < Fz(mi(l —a)) and ... and Fy(5,.5) < Fa(rs(1 — d)))
P(Fﬁ(ﬁle) <& a1 and ... and Fg(B.5) < 51—&,J,J)

=1-aq.

The first equality is from the definition of g, (-;&) in (3) and the stair-step shape of the
function combined with the non-decreasing property of @p(-). For example, temporarily
writing 7,.(1 — &) as 7, for simplicity, because g1, (7;&) = W for all 7 € [, 72) and Qp(-) is
non-decreasing (so Qg (1) > Qp(m) over that same range), it follows that g, (7; &) < Qp(7)
for all 7 € [m,7) if and only if W;; < @Qpg(71). The second equality follows from Al.
The third equality simply switches to the notation ;.. = Fg(W.,) from (1). The fourth
equality applies Fj3(-) to each term, where Fj(-) is the CDF of the marginal Beta(k,n+1—k)
distribution of each §; random variable. The fifth equality plugs in the definitions of the
7,(1—@) from (4). The final equality comes from the fact that by (26) the Fj(5;) " Unif(0, 1)

over j =1,...,J, so

(Fp(Bra)s F5(Br2) — F5(Bra), - Fp(Br) — Fs(Brg-1),1 — Fs(B.1))

J+1
jointly follows the Dirichlet distribution Dir(1,1,...,1) as given by Wilks (1962, pp. 236—

238) or Goldman and Kaplan (2018a, Thm. 4). Thus, by Method 1 of Goldman and Kaplan
(2018a), & is defined to set the final expression equal to 1 — a exactly.

Similarly, under A1-A3, the coverage probability of gy (-;&) equals 1 — « exactly, with
the same reason for each equality below including Method 1 of Goldman and Kaplan (2018a)

for the final step:

P(gu(r; @) > Qp(r) for all T € [0,1])
= P(WJ:l 2 QB(Tl(d)) and ... and WJ:] Z QB(TJ(d>>)

_ P(FB(WJ:l) >7(&) and ... and Fg(Wy.;) > TJ(&))
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P(ﬁj;l 2 7'1(&) and ... and /BJ:J Z TJ(&))
P(Fﬂ(ﬁj:l) Z Fﬁ(Tl(ONé)) and e and FB(/BJ:J) Z Fﬂ(TJ(d)))
P<FB(6J:1) > &a1 and ... and F3(By.y) > fd,J,J)

=1-oq. ]

Proof of Theorem 3. Under Assumptions A1-A3,

P(g.(m; &) < Qp(1) < gu(r; @) for all 7 € [0, 1])
=P(Qp(n(a)) < Wya <Qp(ni(1—a)) and ...

- and Qp(7y(a@)) < Wiy < Qp(rs(1 — a)))

= P(n(a) < Fs(Wy) <7(1—a) and ... and 75(a) < Fp(Wy.y) < 75(1 — @))
—P(n(a) < Bra <m(1—a) and ... and 75(@) < By < 7(1 — &))

—P (é{Fg(n(a)) < Fp(Brr) < Fp(r(1— a))})

=P ((J]l{ﬁd,J,T < F(Bra) < 5151,J,r}>

The equalities have the same reasons given in Theorem 2, except the final equality follows

from Method 2 (instead of Method 1) of Goldman and Kaplan (2018a). O

Proof of Theorem 4. See (8) for the quantile function band. For the CDF,

)—U

(F5'(L(q)) < Fy(q) < F;'(U(q)) for all g € R)

by Proposition 1
——

P(F;(L(e)) < F; (Fir(a)) < Fy'(U(q)) for all g € R)

= P(L(q) < Fw(q) < U(q) for all ¢ € R). O
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Proof of Theorem 5. Similar to the proof of Theorem 2,

P (i (;&) < Quw(r) for all T € [0,1])
= P(WJ:l <Qw(&-a1)and ... and W, ; < QW(flfd,J,J))
= P(FW(Wle) <& _ag1and ... and Fy (W,.,) < flf&,J,J)

=1-a,

where now the last equality follows from the fact that the continuity of Fyy (-) implies that
(Fw(Wya), ..., Fw(Wj,.;)) follows a Dirichlet distribution with every parameter equal to
one (Wilks, 1962, pp. 236-238) combined with Method 1 of Goldman and Kaplan (2018a),
noting that our &;_4,, in their notation would be B};d. That is, their Method 1 defines &
to set the last equality to 1 — a. (For the equality before that, the assumption that Fy,(-) is

continuous and strictly increasing implies Fy (Qw (x)) = z.) For the same reasons,

P (wy(r;&) > Qw(r) for all T € [0,1])
=P(Wy1 > Qw(&,s) and ... and Wy > Qw(&s,00))
= P(Fw (W) > €y and ... and Fiy(Wy.;) > &a.5)

=1-oa.
For the two-sided uniform confidence band,

Py (1;d) < Quw(r) < dy(r;a) for all 7 € [0,1])
= P(Qw(€as1) < Wy < Qw(&i_as1) and ...
- and Qw (éa.0) < Wiy < Qw(€i-a.0.))
= P(&au1 < Fw(Wya) <& gaypand .. and 55 < Fw (W) < &1a.)

=1—-a,

where the final equality now comes from Method 2 (instead of Method 1) of Goldman and
Kaplan (2018a). O
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Proof of Theorem 6. For the uniform coverage probability of g.,(-; &), as derived in the proof

of Theorem 2,

P(gr(m;ar) < Qp(r) for all 7 € [0,1])

- P(ﬁ];l S 7'1(]_ — ON./L) and ... and /BJ:J S TJ(l — dL)>,
which equals 1 — a by (13). Similarly, by the proof of Theorem 2 and then (14),
P(QB(T) < gU(T; &U) for all 7 € [0, 1]) = P(BJ:l > Tl(ONéU) and ... and /BJ:J > TJ(&U))
=1—-a. O

Proof of Theorem 7. As derived in the proof of Theorem 3,

P(g(m;ar) < Qp(r) < gu(r; dr) for all 7 € [0, 1])

=P(ni(ar) < Bsa <7l —ar) and ... and 75(ar) < By < 74(1 — ar)),
which then equals 1 — « given that ar satisfies (15). ]

Proof of Theorem 8. Median-unbiased means the probability that the estimator (Wj.,.) is

below the true value (7,.(0.5)-quantile of B) is 0.5. Using (11) and (12),
P(Wy, < F5'(:(0.5))) = P(Fp(Wy,) < 7.(0.5)) = P(Bs. < 0.5-quantile of 8,,.) = 0.5

because the distribution of 3., is continuous. O

Proof of Theorem 9. For the CDF bounds, starting from the inequalities derived in (16)
and (17), apply ¢~ *(-) and A7(-) to get the form stated. Note Fj(-) is a strictly increasing
function for any (k,n), so the greatest convex minorant and least concave majorant are both
strictly increasing and thus invertible.

For the quantile function bounds, let ¢ = Qp(7). Then, Fg(q) < g '(Fw(q)) becomes

Fp(Qp(1)) < g7 (Fw(Qp(7))), which becomes

Qw(g(7)) < @p(7)
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after applying Qw (g(-)) to both sides and using Qp(-) = F5'(-) and Qw(-) = Fj;'(-) given
Assumption Al. Similarly, F(q) > h™'(Fw(q)) becomes Qw (h(1)) > Qp(7). O

Proof of Corollary 10. Part (i): if k = n, then Beta(k,n + 1 — k) is Beta(n, 1), whose CDF
is Fj(x) = 2™; the results follow by plugging this into Theorem 9.

Part (ii): the key is that for k¥ < n (and k > 1), the corresponding Beta(k,n + 1 — k)
distribution is unimodal with mode (k — 1)/(n — 1) strictly between zero and one, so its
CDF Fj(-) is convex to the left of the mode and concave to the right of the mode, like the
example in Figure 1. Thus, the greatest convex minorant equals Fjs(-) up to the tangency
point t1,, and then connects to (1,1) with a straight line; and the least concave majorant
is the opposite, connecting (0,0) with a straight line to tangency point ts,, then following

Fj3(-) along the rest of its concave portion. O

Proof of Corollary 11. For the lower confidence bound function,

P(wr(g(r);a) < Qp(r) for all 7 € [0,1]) > P(wr(g(7); &) < Qw(g(r)) for all 7 € [0, 1])

P(wp(m; &) < Qw(r) for all T € [0,1])
=1-aq,
where the first inequality is from Theorem 9, the first equality is from the fact that g(-) is

continuous and increasing from g(0) = 0 to g(1) = 1, and the last equality is from Theorem 5.

For the upper confidence bound function,

P(wU(h(T); &) > Qp(r) for all 7 € |0, 1]) > P(@@U(h(T);d) > Qw(h(1)) for all T € [0, 1])
P (wy

=1-aq,

(1;6) > Qw/(r) for all 7 € [0, 1])

where similarly the (in)equalities are respectively from Theorem 9, the fact that h(-) is

continuous and increasing from h(0) = 0 to h(1) = 1, and Theorem 5.
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For the two-sided band,

w
—
IS
h
—
=
2
joR

) < Qp(1) < wy(h(r); @) for all T € [0,1])

> P (i, (9(7): ) < Qu(g(r)) and Quw ((r)) <ty ((r); &) for all € [0, 1])

I
)—U

(wr(m;a) < Qw(r) and Qw () < Wy (r; @) for all T € [0,1])

=1-a,

for the same reasons given above for the one-sided bands. O

C Pointwise inference

Here we provide methods and results for (pointwise) confidence intervals for individual quan-
tiles and interquantile ranges of the bid distribution, in the setting with a fixed number of
bidders. We also provide quantile confidence intervals with a varying number of bidders.
Assumption A5 is a regularity condition that guarantees we can apply other prior results
to obtain high-order pointwise coverage accuracy in Corollaries 13 and 14. Assumption A5

combined with the strictly increasing CDF in A1 implies fi (Qw (7)) > 0.

Assumption A5. At the quantile index of interest 7, the transaction price PDF fy,(-) exists

and its second derivative fi,(+) is continuous in a neighborhood of Qu (7).

C.1 Quantiles

Using the identity in Proposition 1, Corollary 12 says generally that we can construct a
confidence interval (CI) for Qp(7) using any quantile CI for W, after transforming 7 per

Proposition 1.

Corollary 12. Under A1 and A2, any CI for Qw(p) also covers Qp(T) with the same

coverage probability, where p = Fp(T).

Proof of Corollary 12. Immediate from Proposition 1. O
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Corollary 12 is a general result that allows us to use any established pointwise CI for
Qw(:) to be the CI for Qp(-) after a transformation of the quantile index. For example,
without the independence of A3, we can use a time-series quantile CI for Qu (p) as the CI
for Qp(7). If we further assume independent auctions as in A3, then we can get a more
precise CI with high-order accuracy as in Corollary 13.

We provide some intuition for the accuracy in the case of iid B; (and thus iid W; and

B;). Under A3 and (1) by the probability integral transform

Fs(B;) % Unif(0,1) = Fs(By.,) ~ Beta(r, J + 1 —1). (26)
Thus, the coverage probability (CP) of an upper one-sided confidence interval [IV;.,., 00)

using integer order statistic is

CP=P(W,, < F3' (1) =P(B., <7) o
= P(F5(B8s.r) < Fp(7)) = P(Beta(r, J +1 —r) < F(7)),

which is a known value given the known r and 7 (and J, k, and n). That is, given a
particular r and 7, we can compute the exact finite-sample coverage probability. However,
given a desired 7 and confidence level 1—a;, generally there is no integer r that sets (27) equal
to 1 — a exactly. We can either choose integer r to be conservative (CP strictly above 1 — ),
or we can try to get closer to 1 — « at the cost of some approximation error. Specifically,
Goldman and Kaplan (2017) show how using fractional order statistics like Hutson (1999)

yields only O(J~%/?[log J]J?) error. Note this is an asymptotic error with fixed n and J — oco.

Corollary 13. Under Assumptions A1-AS3 and A5, with p = Fz(7) as in Proposition 1, the
level 1 — « confidence intervals for Qw(p) in Goldman and Kaplan’s (2017) Theorem 4 have
coverage probability 1 — o+ O(J3/2[log(J)]?), or ezxactly 1 — « in the special case where the

fractional order statistic is an integer order statistic.

Proof of Corollary 13. The result follows from our Proposition 1 and Goldman and Kaplan’s

(2017) Theorem 4. That is, under A2, A3, and A5, Goldman and Kaplan’s (2017) Theorem
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4 provides one-sided and two-sided CIs that cover Qu (p) with 1 — a + O(J~%2[log(J)]?)
coverage probability, and under Al and A2, Proposition 1 says Qw(p) = @Qp(7) with p =
Fjs(7). Thus, these Cls cover Qp(7) with coverage probability 1 — a + O(J73/2log(J)]?).
Goldman and Kaplan (2017) also show that the CP of these Cls is exactly 1 — o when the

interpolating weights are 0 or 1, as also seen in our (27). O

C.2 Interquantile ranges

In addition, Proposition 1 facilitates Cls for any interquantile range (IQR) Qp(m2) — Qp(m)
of the underlying bid distribution. Specifically, Proposition 1 translates any IQR of B to a
particular IQR of W, and Goldman and Kaplan (2018b, §3.2) provide one-sided CIs for any
IQR of W.

Corollary 14. Under A1-A8 and A5, for confidence level 1 — a and any 0 < 7 < 7o < 1,
Theorem 3.2 of Goldman and Kaplan (2018b) provides confidence intervals for Qp(m) —
Qp(m) with 1 — a + O(J~21og(J)) coverage probability, by taking the corresponding confi-

dence interval for Qw(p2) — Qw (p1) with p1 = Fz(11) and pa = Fs(ms).

Proof of Corollary 14. Under A2, A3, and A5, for any 0 < p; < py < 1, Theorem 3.2 of
Goldman and Kaplan (2018b) provides CIs for Qy (p2) —Qw (p1) with 1—a+O(J~21og(J))
coverage probability. Under Al and A2, Proposition 1 says Qp(72) — Qp(11) = Qw(p2) —

Qw(p1) with p; = Fp(m) and py = Fg(72). Thus, the CIs for Qw(p2) — Qw(p1) cover
Qp(m) — Qp(r) with 1 —a + O(J~21log(J)) coverage probability, too. O

C.3 Quantiles with varying number of bidders

At a given 1 — « confidence level, we choose 71, that satisfies

P(Byr, <7)>1—aand P(By,41 <7)<1-—a, (28)
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choose ri;; that satisfies
P(Byyy >7)>1—aand P(Byy,-1>7)<1—a, (29)

and choose any (ro, roy) satisfying

P(Briy, <7)>1—a/2and P(Bjy,,+1 <7)<1—a/2; (30)
30
P(Byyyy >7)>1—a/2and P(Byyy,—1 >7) <1—a/2.

The upper and lower one-sided [W).,,,,00) and (—oo, W] and two-sided [W..,, , Wi, ]
are conservative Cls that cover Qp(7) with at least 1 —a CP. The (rap, 72r7) can be uniquely

determined if we impose enough additional objectives (like minimizing roy — raz).

Corollary 15. Under A1, A3, and A4, the upper one-sided CI [W .., ,00) with i, satisfying
(28) covers Qp(T) with exact known CP P(By..,, < T); the lower one-sided CI (—oo, Wy, ]
with ryy satisfying (29) covers Qp(T) with exact known CP P(B.,., > T); the two-sided
CI Wiy, Wrrgy| with ror, and rop satisfying (30) covers Qp(1) with exact known CP

P(/BJ:T‘QL S T S /BJZT‘QU)'

Proof of Corollary 15. By simulation, given (11) under A3 and A4, we know the values
of P(By, < 1) for r = 1,...,J, up to arbitrarily small simulation error. We can choose
T1L, 10, T2, and rop satisfying (28)—(30) accordingly. The CP of these Cls is at least 1 — «

and comes from the general equalities
P<WJ:T‘ < Fgl(T» = P(FB(WJZT) < T) = P(/BJ:T‘ < T)-
For example, the CP of the two-sided CI is

PWyo,, < F3'(7T) < Wipy) = P(Fp(Wyyy, ) <7 < Fs(Wiy,))
= P(/BJ:T‘QL S T S 6J2T2U> by A1
- P(BJW"zL < T) - P(/BJ:TQU < 7')

= P(BJ:T?L S T) + P(ﬁJZTZU Z T) -1
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